Introduction to Mathematical Modeling

Class Notes

Based on the lectures and class notes of Prof. Robert Moser

If you are willing to contribute by typing up future sections email me at

jcbadger@utexas.edu




1. Equations

The following equation sheets were provided by TA Gopal Yalla, http://users.oden.utexas.edu/~gopal/

teaching/2019_CSE389C.
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Kinematics of Deformable Bodies (pg) Mass
Lu=pX)-X (16) 1. M(B) = / odx (32)
Q
2. F(X)=Vp(X) =1+ Vu(X) (16)
2. / 00(X)dX = o(x)dx (32)
Q Q
3. C=F"F (17) ’ '
3. Material Conservation of Mass (38)
4. E=3(C-1) (17) 00(X) = o(z) det F(X)
5. v=a(p (a,t),t) (21) 4. Spatial Conservation of Mass (33)
9o(x) : _
D o~ +div(e(z)v) =0
6. ﬁqf %—% + v - grad ¢ (21) i
Linear & Angular Momentum
7. L =gradv (22)
dI(B,t) dvv = =
8 L=D+W (22) 1. T _/Qt gadw—Fb—l—Fs (27)
d
9. D= % (L +LT) (22) 2. / g—vdx —/ fdx —i—/ o(n) dA.
Q dt % o
10. W = % (L — LT) (22) 3. Cauchy’s Theorem
. o(n,z,t) =T(x,t)n T=1"
11. L, = FF~! (22)
' 4. Cauchy Stress
12. F =gradvl = L I" (22) T = (det F) 'PFT = (det F) "' FSFT
13. de£ F =det Fdivo (23) 5. First Piola-Kirchoff Stress
P=(det F)TFT =FS
14. Piola Transform (25)
To(X) = [det F(X)] T(X)F(X)~T 6. Second Piola-Kirchoff Stress
S =(det F)F'TF~T =F1p
15. Polar Decomposition Theorem (19)
F=RU=VR Energy
— R orthogonal; U,V sym. P.D.
C—FTF =2 1. Total Energy = k+ U
— k = kinetic energy, U = internal energy.
Divergence Theorem 23) 2. Principle Consv. Energy
d .
/div\Ide:/ U -7 dA. sk TU)=P+Q.
Q 09 — () = internal heating.
Reynold’s Transport Theorem 24
Y p (20 3. Q%:TZD—diVQ—F’I“
d v dt
— VUdxr = —dx + / Yo - ndx .
dt w wt ot Owy 4. po€p = S : E — Divgy + 79

ov ,
= /Wt (({)tdx + dlv(\I/v)> dx

— r = heat per unit volume.
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2"d Law of Thermodynamics

1. Clausius-Duhem

dn .. q 10
oq dlveqo_ 0,
L pigdo 7o
0oMo + Div 0 7 >0

— 0 =temp, n = entropy density

Constitutive Equations

1. Material Frame Indifference
F=Qr+c¢ = T*=QTQ"

2. MFI Solids

F*=QF  detF*=detF

3. MFI Fluids
T =—pl +2uD

4. Coleman-Noll (Dissipative)

g_ 0¥ 0¥
a; Q“aE’"f_ a0
T 0 —Zgn - >
8V9 0, 0(]{) V9_0

5. Coleman-Noll S = F(E) + I(E)

ov . -1
= _— N —_ = . >
F(E) Qan ,I(E): E q-V0>0

0

Electromagnetic Waves

1. Coulomb’s Law )

1911/ g2]
popdlel o
rz 4d7eg

2. Gauss’s Law
gn = €o E'ndA:/pdx
o0 Q
EQV-E:,O

— p = charge density

3. Ampere’s Law

B - ds = pgtenclosed, ¢ = current.

4. Ampere + Mazwell Law

. d
B -ds = pgi + MO%@‘I)E

d
%B-ds:,uo/j-ndA—l—uoeo/E-ndA
A dt Ja

. oF
V X B = j ‘f’MOGOE

5. Faraday’s Law

%E-ds:—d/B-ndA
dt J4
0B

E=——
V x 5

6. No Magnetic Monopoles

B-ndA=0
[o)9)
V-B=0

Waves

1. u(x,y) _ ,Uloei(k:-:pfwt)

— po = amplitude of wave

— k = wave number

— w = angular frequency

— X = 27 /k =wave length

— T = 27 /w =period of oscillation

— v = w/k = wave speed

2. General Wave Equation
Pu_ () 0%
otz \ k? ) Ox2

3. Electromagnetic Waves
E = Eoei(k-x—wt)’ B = Boei(k-x—wt)
— w/|k| =propagation speed
— k = k/|k| = direction on propagation
— ¢ =1/\/éopo = speed of light

4. FElectromagnetic Wave Equation
PE 1
— = —AF
ot oo

5. E-M Waves & Mazwell’s Equations
k-E=0 = k-Ey=0
k-B=0 = k-By=0
kx B =wB — kx E=cB 1
kxB=-SwE = kxB=-—-E

c c

F-B=0
|Eo| = c|Bol
k 2 1 27
ExB="EP =B
w C
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Quantum Mechanics

1. E=hw=hv

2. A=—
p

3. Wave Equation
W(ir, 1) = oo B/
— V(x,t) = wgei(’“*wt)
—k=2n/A=p/h
—w=2nv=E/h

h o
e

h 0
5. p¥ = (z&c)qj

6. Schrodinger’s equation (free particle)

'haj_’_ﬁagqj_o
! ot om dr
— E=p?/2m

7. Hamiltonian Operator H(q,p) = E

2 2 82
H(q,p) = 2— + V(g +V(x)

om PV 0= "5 502
8. Schrodinger’s equation (time independent)
Hy = Evy

— F constant, i.e., eigenvalue

9. Schrodinger’s equation (general)
ov = h* 0*W
LA v T
ot + 2m Ox? v 0
10. U0 = |U(z,t)|? = p(x,t)

—>/ (e, )2 = 1

—00

— d/ | U (z,t)|*de =0
dt J_

Dynamic Variables & Observables

1. Dynamic Variable
Q:Q(Q17q27"'7QN;plvap27"'pN) P
0=0(q.--- e e —ih—
Q Q(qlv ydN; —1 6(]1” y OQN)

2. (Q) = (¥,QU) = / T QWdq

3. Hermitian

(¥, Ag) = (Ay, ¢) Vo, € L?
4 05 =(Q%) - (@7
5. Uncertainty Principle )
1/ ~ —
ohols > <2 <[Q,M]>>
Hydrogen Atom

1. The complete hydrogen wave functions
Vnem = Rt (1) Yem (0, ¢)
n=1,2,... (describes energy level)
¢=0,1,...,n —1 (describes shape)
— 0 =s,p,d,f
m=0,+1,42,...,+¢ (describes orienta-

tion)
Ab Initio Methods

1. Many Atom & Electron Systems
H=T.(rN) + Ty (RM) + Verr (N, RM)
+ Vi (RM) + Vee (rV)

2. Born-Oppenheimer Approximation
V(™ RM) = e (PN, RM)x(RM)
o Hepectbe(r", RM) = Eopee(RM e (r™, RM)
— RM treated as parameter
By = (T (RM) + Varar (RM) + Eeee(RM)) x

3. Hartree Method
h(ri)gi(ri) = eigi(ri)
Yr(re,....rn) = P1(r)e(r2) - YN (ry)
— Solve 1; one at a time

— ignore elec-elec interaction
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Spin & Angular Momentum

h 0
1. L=gx L, =¢€r5iq-— ,
qxXp, j Ersj%"z. 945

2. [Ly,Ly) = ihLs, [La,Ls] =ihLy, [Ls,L1] = ihLo

L? = L3 + L3 + L3

3. [L?, L] =0
4. Ly =Ly +iLly,  L3(L+¢)= (uE+h)Lio

5. Assume for spin operator S

[S1,S0] = ihSs,  [Sa, Ss] = ihSy, [Ss,S1] = ihSs

6. S2Qsm = h23(1 + S)C]sma SSQsm = thSm

h h h
7.5 = 51 Sy = 502 S3 = 508

0 1 0 —i 1 0
o] = , 09 = , o03=
711 o 271 o 7o -1

8. Multielectron Systems

Vi (r1,m2) = C (Y1(r1)va(re) £ a(r1)ii(re))
— Y4 (r1,72) = +104(r2,71) (Boson: Z-spin)

— _(r1,r9) = —tb_(rg,71) (Fermions::Z-spin)

= 1 # o(Fermions) 2

9. Slater determinants — Simply a way to satisfy antisymmetry of wave functions.

Density Functional Theory

1. n(r) = N/ [(ryry,ro, .. .,rN_l)Ier

— pdf’s are indistinguishable.

5. / n(r)dr = N

N
3. <¢J,Zv(n)ﬂ)> :/v(r)n(r)dr

i=1
— expected value of potential in field of nuclei.

e {n D) = (1 4 [ [

i=1 j>i

~—



2. Dimensional Analysis

When modeling complex systems, we commonly have a set of applicable, reliable
theories, which are not ”closed.” We then need ” Closure models,” often representing

effects and phenomena that are not accessible by the reliable theory.

ExaMPLE: Continuum Mechanics:
Reliable Theory: Conservation laws

Closure Models: Constitutive models.

Reliable theory represents centuries of accumulated empirical knowledge, their
validity is generally not questioned for the problem at hand. Constitutive models are
basically "made up” to be consistent with what is known and available data. This is
part of the challenge of mathematical modeling. These closure models can be formu-
lated with the i) Empirical observations, ii) Invariance principles and dependency

assumptions, iii) Established theories and principles, iv) insightful guessing.

The invariance principles can significantly constrain the closure models we for-
mulate. Let us consider two broadly useful invariance constraints: Dimensional

invariance and Coordinate invariance.

2.1 Dimensional Invariance (Homogeneity)

A mathematical model of a physical system is a set of relationships among mathe-

matical descriptors of that system.

Question 1: Consider an object as a physical system. What descriptors

might be useful?

Dimensions, measures on properties.

These descriptors (measures of properties) are defined in terms of certain arbi-
trary references. The principle of dimensional homogeneity is this: The validity of
a model relationship cannot depend on the arbitrary references used to define the

descriptors—Dbecause these descriptors are arbitrary!

Consider a relationship between two descriptors: A = B in some unit system
U. In the usual way, we can express the same descriptors in terms of a second unit
system U, i.e. A’ = (A and B’ = CzB where C'y, Cz are conversion factors. To
be independent of our arbitrary unit system, we must have A’ = B — (', = C}.
But the unit system U’ is arbitrary, so it must be that C’y = C'; for conversion from

U to any other unit system U’.

This requirement of invariance to the unit system leads to the algebra of dimen-

sions. If two descriptors A and B have dimension (e.g. length, mass, time) denoted

7
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[A] and [B] respectively, then AB has dimensions [A][B] and A/B has dimensions
[A]/[B] where having the dimension [A][B] means that the conversion factor for

transforming units from U into U’ is C',C’,

EXAMPLE: Area has dimensions of [length]? or [L]?. Velocity has dimensions %
ExXAMPLE: Newton’s law implies F' = ma, then dimensions of F are [M] - [[L]]Q =
[M][L]
ik
EXAMPLE: Kinetic energy is given by 1/2mwv?, thus dimensions of kinetic energy
L [M][LP
2
[T]

This is of course trivial, but the requirement of dimensional homogeneity places

important constraints on any model of a physical system.

Consider a model of some physical system that asserts a relationship among n

descriptors of the system, x1,...,x,:
F(zy,z9,...,2,) =0

which satisfies the constraint of invariance to the unit system. Generally, the vari-
ables will have dimensions that can be expressed in terms of a set of m < n inde-

pendent dimensions or fundamental units (e.g. mass, length, time).

We can choose m of the n variables (WLOG, 1, ..., Z,,) that have independent
dimensions. Note that independent dimensions are analogous to linearly indepen-
dent vectors in linear algebra and can indeed be represented this way by expressing
each variable as a vector with coefficients equal to the power of a fundamental unit
present in its units. Now we are free to choose a unit system—so let us choose the

units in which x1,...,z,, are all one. In these units the variables Z; are given by,

1 1 <m
T = T Py .
xiH:Uj” m<i<n

j=1
where the powers Pj; are chosen such that z; are dimensionless. The assumptions of
m independent dimensions and m variables with independent dimensions guarantees
that we can find appropriate P;; (Linear Algebra). Expressing the model in these
units gives,
FQA,...,1,Zpmt1,...,2y) =0.
T

Since the first arguments are constants we can rewrite as,

F(ierla'--)in) - 0
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This is a big deal as we just reduced the dimensionality of our model by m.

This result is called the Buckingham II Theorem because Buckingham used II;

instead of 7; but the result was obtained much earlier.

The variables x1,...,x, which we used to non-dimensionalize the remaining

variables are referred to as scaling variables.

Question 2: How do you choose scaling variables?

There is no exact set of rules, but typically you want to choose variables that
you believe will have the strongest or most direct impact on the phenomenon
you are trying to model. This is especially important when later trying
to simplify your model, if you chose an insignificant parameter it is then

difficult if not impossible to remove it without going back to square one and

re-picking scaling variables.

The bottom line. If the dependencies of a model are known or can be postulated,

dimensional analysis can be used to infer simpler models and consolidate data.
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2.2 Coordinate Invariance (Tensor Analysis)

Cartesian tensor representation (in 3-D). Let us define three mutually orthog-

onal unit vectors €;,
1 i=j
0 i#j
where (-,-) denotes the inner product. Any vector ¥ € R? can be represented as a

linear combination of these basis vectors,

3
= E .’132‘6_;',
=1

where x; € R. Any x that can be represented in this way is called a rank-1 tensor

(scalars are rank-0 tensors).

A rank-2 tensor Y can be represented in terms of basis vectors by defining what
we call a tensor product. The tensor product of two vectors @ and b—denoted @® b

is the operator that assigns for each vector ¢ the vector (l; - ©)a; that is,
i®b:=(b- o).

Note that a tensor product is a homogeneous linear operator that maps a vector (&

in the definition) to another vector (@) scaled by the inner product of b and ¢

In particular, we know that homogeneous linear operators on R? are just 3 x 3

matrices, so rank-2 tenors can be represented using 3 x 3 matrices. In particular,

3 3 3
) D N CELATE
i=1 j=1 k=1
3 3 3 3 3
=D DD visud | & =D [ D Yyuds | & = 7, a vector,
i=1 \j=1k=1 i=1 \j=1

But note this is a pain to carry around all the summations and unit vectors so we

adopt the Einstein summation convention.

Einstein summation convention:

Tensors are represented as indexed objects, e.g. x;, ¥;j
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In any term, an index can appear at most twice
A repeated index implies summation over that index

A non-repeated index implies multiplication with unit vector with that index

EXAMPLE:
3 3

2 = YijTj = E YijZj | €
i=1 \j=1

Scalars and Invariants Invariants of vectors/tensors are just scalar functions of
those vectors/tensors. They are called invariants because they are invariant to the

coordinate system in which the tensors are expressed.
ExaMPLE: Which of the following are scalar invariants?
a;j
Qii
b;
bib; <

A5 Qi —

For rank-2 tensors in 3-D, two important results:

The Cayley-Hamilton Theorem. A matrix is a solution to its own characteristic
equation. This means that A" for n > 2 is a linear combination of I, A, A% (A is a

rank-2 tensor).

The key point of this theorem is that any analytic tensor function of a tensor
F(A) is a linear combination of I, A, A%, with coefficients that are scalar functions

of the invariants of A.

There are only 3 independent invariants of a 3-D rank-2 tensor. This
implies that any scalar function of a tensor A can be expressed as a function of it’s

eigenvalues.

A 7standard set” of invariants are defined as the coefficients of the characteristic

equation. That is, the eigenvalues A of A are the solutions of:
N LN+ DLA—I;=0
where,
L = Ay
I = % (Aiidjj — AijAji)
I3 = det(A)
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Another commonly used set of invariants is:
Iy= A

1
2
IIT4 = det(A).

The Cayley-Hamilton theorem, and the result on the number of independent

scalar invariants allows us to write any analytic tensor function F' of a tensor A as,
F(A) = vi(I, 12, I3)I + 2 (11, 12, I3) A + v3(I1, I, I3) A®.

Suppose instead that a tensor A is a function of some vector r. What can we

say about the general form of this function?

Consider two arbitrary vectors a,r. Then,
aiAijbj = f(a,b,r),

but we know that the scalar function f must be expressed in terms of the invariants

that can be formed from a, b, r. These are,
|a’7 ‘b’7 ‘Ha a;bi, a;r, bir;

Furthermore, the left hand side is clearly a bilinear function of a, b, thus we must

choose only scalar invariants which are bilinear in a, b; we are therefore limited to
a;ri, biri
Which can be multiplied by some function of |r|. This implies,
a;Aijb; = g(|r)a-b+ h(|r[)a-rb-r
which in turn implies that,

Aij = g(|r]) + h(|r)rir;.

Cross products and tensor consistency. Finally, in dealing with cross products

in tensor notation we introduce the ”alternating tensor” or ”Levi-Cevita Symbol”

1 if 4, j, k is an even permutation of 1, 2,3
€k = 4 —1 if4,j, k is an odd permutation of 1,2,3 (2.2.1)

0 otherwise.

The challenge in introducing this tensor is that if we swap any two of our basis

vectors we change the sign of this tensor—meaning this tensor is not coordinate
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system invariant. It is however almost coordinate system invariant, up to a sign,
thus we call it a ” pseudo-vector.” Note however that if we were to apply the tensor
again, (introduce another cross product in our term) that the result would again be
a vector (—12 = 1). Coordinate system invariance then imposes the restriction that

models for pseudo-vectors must be expressed in terms of pseudo-vectors.

ExAMPLE: Which of the following would be a permissible/valid model?

axb=cxd —
a=bxd
a=bxecxd —

We conclude this section by giving the tensor representation of vector calculus
differential operators:

Gradient: (Vo) = gf
Divergence: (V-¥) = %\;j’ (2.2.2)
Curl: (V X \I/) = fijk%

Bottomline. Tensor consistency and dimensional consistency impose significant
constraints on model forms.



3. Kinematics of Deformable Bodies

3.1 Motivation

Continuum mechanics applies a form of Newton’s law to a continuum, rather than

discrete masses. Instead of F' = md we use:

— = ﬁ, where M = m#
dt

Consider some domain 2 within the material (continuum):

N

Question 1: What is the momentum of the material in Q7 What forces

are acting on it?

The momentum is the sum (integral) of momentum of constituent particles.

Two types of forces are considered, body and surface forces.

The analog of F = md (conservation of momentum) is:

B . .
/gﬁdx:/fbdx+ fsdA
ot Jg Q o0
where o is the mass density, f; is the body force per unit volume acting on 2, and

fs is the surface force per unit area acting on 0f2.

Question 2: What physical phenomena might fi, and fs represent?

for gravity,
fs: stress, pressure,

Consider two subdomains of a continuum material, 1,€s. Neglecting body
forces (their model will depend on corresponding ”force fields”) we can ask what
the momentum of the material is on either subdomain and write the conservation

of momentum for each:

o) -
— ovdx = fs1dz
ot Ja, o0

0 / S
— ovdx = fsodx
ot Ja, o0y

14
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¢ owtrniniam

// M idea Ll

S S

N

Question 3: What should fs1, fso depend on? How would this be different
for a fluid or solid? Should fs1, fs2 be the same at points where 0821, 029

intersect?

The key point here is that fs will depend on the orientation of the curve
(surface) 0N (i.e. the surface normal of the boundary). For solids we care
about deformation, for fluids we care about rate of deformation. The surface

forces will not be the same where domains intersect since they will depend

on the orientation of the boundary.

Models for fs, fp are needed to complete the description of the motion of the
continuum. We again neglect fp, focusing only on f; for now. In particular, we
hypothesize that for solids, internal surface forces f; will depend on deformation—
or strain. For fluids, we hypothesize instead that internal surface forces fs will
depend on the rate of deformation—or strain-rate. The insight behind such choices
will become clear eventually, but for now we build up the analytic tools necessary to
define continuum motion, paying particular attention to developing representations

for strain and strain-rate that we will use to model surface forces.
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3.2 Solids

Material configurations and motion. Consider a deformable body B. The
material points within B can be labeled by a vector X representing the position
with respect to the origin in some ”reference configuration” occupying some region
Qo C R3.

The motion and deformation of the body can then be expressed at some time
t by a function x = ¢(X,t). @(X,t) is bijective and it cannot turn the material
inside-out, thus
det (Vp(X,t)) > 0.

The deformation of the body is denoted
Deformation

u=pX)—-X (3.2.1)

where the dependence of u,p on t has been neglected. Note that ¢ is a vector
field, so its gradient V¢ is a rank-2 tensor. This rank-2 tensor will be called the

deformation gradient and denoted:

Deformation Gradient

F(X)=Ve(X) =1+ Vu(X) (3.2.2)
or equivalently,
Op; Ou;
Fii(X)= = = 6;;
(0 =ax, =%+ x,

The motion is rigid if the body does not deform. This requires
p(X) = d+ Qz,

where a € R? is a translation and Q is a unitary tensor—a rigid body rotation.
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Question 4: Should the internal surface forces be affected by rigid body
motion? Why or why not?

No they shouldn’t since the continuum is not compressed or altered, just
shifted and rotated.

Deformation and Strain. We now consider the deformation of differential line
segments. Let dX denote a differential segment in the reference configuration, it

will be mapped to
dr = FdX.

The deformations we are interested in (non-rigid body) will result in changes of the

lengths of line segments. Considering the length of these segments,

dSg = [dX|* = dX - dX = dX;dX;
dS? = |dz|* = (FdX) - FdX = dX" FTFdX = dX; F}. F;; dX,
1)
~ N——

¢ Cik

Thus we define the Cauchy-Green deformation tensor, a rank-2 tensor C' that

quantifies ”stretching” of continuum in different directions as

Cauchy-Green Deformation Tensor
C=F"F. (3.2.3)

Tensor C is symmetric positive definite. Additionally, we can define the Green-St.

Venant strain tensor E that denotes the change in length of line segments as

Green-St. Venant Strain Tensor

E- %(c _n. (3.2.4)

Note that tensor C can be viewed as the dilation of a line segment, while E denotes
(half) the actual change in length of the segment (e.g. a segment stretched to a
ratio of 1.1 times it’s original size only changed .1 in length—1.1 would be value of
C' in this direction, .1 would be (twice) the value of E in this direction). Thus if ¢
is a rigid-body motion, then £ = 0.

Principle values and directions of deformation. Since E is symmetric it has

real eigenvalues and orthogonal eigenvectors. These eigenvectors are the principle
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coordinates or principle directions of strain F. In this coordinate system, E =

E;jé; ® é; and
1/\2 e .
s(Ar—=1) ifi=j
Ej = 2 (A~ 1) (3.2.5)
0 ifi#j
where )\12 are the eigenvalues of C' and it is customary to write AZZ since C = FTF.
Since E = %(C — I), eigenvectors (principle directions) €; are also eigenvectors of

C corresponding to )\22. Consider how the differential line segments in the principle

directions transform into the current configuration:

\i_\L
mh“
- v
&SM\S_Q\
o

Note in particular that the images of principle directions are also mutually orthog-

onal.

Question 5: Why are the images of vectors €; also mutually orthogonal?

By the properties of SVD of C, see conditions for orthogonality of right

singular vectors V.

Shear strains (non-principle deformations). Now consider what happens to

differential segments aligned with a more general set of orthogonal bases:

=/
£

~b
)

~

=M

The images of dSy€;’, that are not the eigenvectors to C' and E are not mutually
orthogonal since the projection along direction €; is scaled according to A; which

generally are not equal.

The apparent rotation of the non-principle basis vectors is encoded in the off-
diagonal elements of F when expressed in these coordinates. They are referred to

as shear strains v;; and can be viewed as a consequence of anisotropic stretching.
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The following equations for shear strains are not given in the notes but are included

here in case they come in handy:

Shear Strain

2E;j
V1+2E;i\/1+2E;

siny;; =

Angle 7;; measures the deviation of the angle between ¢€;, €j from perpendicular.

Relating shear and principle strain—the Polar Decomposition Theorem.

Consider two deformations:

ﬂ S\rw J‘{{W‘M—(y\ A gs‘b Qk'i?iv\sl‘ﬂv\v Camrlmj(;,.\

or Brs
v ) ():j‘(n)

Ly

X #4 (%056 3 )0t 8

A (K. sl -x 018 ShO
)(.,_—uLg lS[.\g - K,_CRLB) cose
(¥, 230+, 5T} 3in

Py

For a given ~ the two can be related by a scalar o and rotation angle 6. In particular,

the two deformations will have the same C and E.

Theorem 3.2.1 (Polar Decomposition Theorem). For any invertable F', 3 unique
R, UV s.t.

1. R is unitary (i.e. a rotation)

2. U,V are symmetric positive definite

3. F=RU=VR.

The proof is outlined on pg. 19 of the book.
When F is the deformation gradient:

Polar Decomposition
F=RU=VR

C=F"F=UTR"RU = U?
B=FF"=RVVTRT = V2
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So the left and right deformation gradients do not depend on R. This is clearly
the explanation for our example: in the shear case, R # I; in the distortion case,
R = I. Thus a pure shear in 2-D is the composition of a 2-D distortion and a

rotation.

In general, the Polar Decomposition Theorem implies that any local deformation
as characterized by the deformation gradient is composed of a distortion and a
rotation—thus DEFORMATION TENSORS AND STRAIN TENSORS ARE INDEPENDENT
OF ROTATION.

Question 6: Recall—we started this discussion expecting internal forces to
depend on the deformation, is the deformation tensor/strain tensor a good
candidate for this dependence?

Yes.

NOTE. This theorem has significant real-world consequences. For example, consider
a rod in torsion (think a drive shaft or a bolt with a wrench applied to it). Picture
a differential material element on the surface of the rod, it is in nearly pure shear.
The principle stresses and directions are then a 45° rotation from the axis of the
rod. This is often how failure occurs in shafts under torsion, note the nearly 45°

angle of the fault in the following image.
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3.3 Fluids

We now turn our attention to modeling internal surface forces in fluids. Note that
fluids may undergo deformation without carrying residual stresses into a new refer-
ence configuration (e.g. think water bottle being shaken). Thus for fluids we consider

the dependence of internal surface forces on the rate of deformation instead.

Consider the motion as a function of time:

T — 9%
’ v() gff Lagrangian (material description)
i =) =%
(3.3.1)
RO |
vie) = 33 (goil(az, ’ ) Eulerian (spatial description)
a(z) =% (o (,1),1)

The Lagrangian frame describes the motion of a point that originated at X
throughout time. The Eulerian frame describes the motion of particles passing
through point z throughout time.

Now consider the material time derivative of some field quantity ¥ in each frame

of reference. Elementry multivariate chain rule gives:

Laeraneiam: dV,,(X,t) 0¥, +8\Ilm8X,~ 0V, 67\11
agranglatt: dt ot dm; ot Ot  Ot|y

dV(z,0)|  OW| OV, 0| OV  9U O

=Z il T Y Ty grad W
di ‘X ot |, " ow ot |,y ot Vo o U

Eulerian:

We write these relations again for clarity,

AV, (X,t) o

Lagrangian: = —
dt ot |y
d¥(xz,t ov
Eulerian: E;’ ) ’X =5 +wv-grad ¥

In the Eulerian description, it is convenient to have a special nomenclature for

% e we define:
Total Derivative

DV d¥| 9

=8| =S 4y gradv 3.3.2
Dt = dt|y  o¢ Ve (3:3.2)

as the so-called material time derivative, or substantial derivative.
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Quantifying rates of deformation. In the Eulerian description we define the

velocity gradient tensor L as
Velocity Gradient Tensor

L :=gradv (3.3.3)

We can consider the rate of change of the (Lagrangian) deformation gradient F’

now as:

. 0 0y
F = — = _— =
(,%ch \% N Vo
— F o avi N c%i axi
v an - a’L'j an,
thus
F =gradvF = L, F (3.3.4)

where L, is L expressed in Lagrangian frame. We can also observe the identity
Ly =FF7! (3.3.5)

We note that L can be decomposed into symmetric part D and anti-symmetric

part W, i.e.
L=D+W. (3.3.6)
where,
D= % (L + LT> (strain-rate tensor) (3.3.7)
= % (L - LT> (rotation-rate tensor) (3.3.8)

Note that Wv = %w X v where w = curlwv is the vorticity.

We will now illustrate the reason behind the naming of the symmetric part D

(strain-rate tensor) and anti-symmetric part W (rotation-rate tensor).

Consider a the rate of change of a differential line segment dS, but first note

that

. aC 0
—(dX -CdX)=dX - ——dX =dX - =(F"F)tdX
m( CdX)=d atd d a( Ytd

=dX - (FTF+ FTF)dX
=dX - ((LF)"F + F'(LF))dX
=dX - (F'(L+ L")F)dX.
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Then,
0dS?

ot

—dX - [(FT(L + LT)F)dX]
= (FdX) - [(L + LT)(FdX)]

= (dz) - [ (L + LT)(d)| = 2(dz) - [Ddlz]
Thus the strain-rate tensor is exactly what it claims to be, the rate that segments
are stretched (strained). At the beginning of this section we hypothesized the depen-
dence of surface forces on the rate of deformation. It can be shown (see homework)
that under the assumption that the current configuration is the reference configu-
ration (usually a good assumption for fluids as the choice of reference configuration
is somewhat arbitrary), D = E. Under these assumptions the tensor D is also ro-
tation independent. The strain-rate tensor D could therefore be a good candidate

for modeling such forces (foreshadowing).

In addition to quantifying the strain and rotation rates, we can quantify the rate

of volume change as

det F = det F divo. (3.3.9)
This identity will come in handy shortly.

Divergence theorem. Before continuing we briefly note the Divergence Theorem,
which will allow us to transition between volume and flux integrals. Let ¥ represent

some vector field, then

Divergence Theorem

/div\l!d:c:/ U - A dA. (3.3.10)
Q oN

Reynold’s Transport Theorem. Conserved quantities like mass, momentum,
and energy are carried by the material. In writing conservation laws for continua in
an Eulerian description it will be convenient to determine the material derivative of

an intensive quantity integrated over some volume. Let ¥ be the quantity of interest.
We want to know % Wdx in some subdomain w;y corresponding to a subdomain
Wi

t
wp in the reference configuration. In particular we note that the preceeding integral
is difficult to evaluate because the domain of integration is changing with time. The
following identity provides the multivariate analogue of the Leibniz rule (for 1D

integrals with varying bounds of integration).

The material occupying w; at time t was in some region wg € €)g in the reference
configuration—and the region occupied by this material evolves continually in time

as shown.
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fime £
Fine t+5t

—

(_J -
Tl t-%¢

Ua R .
?r(imia} of O \n rfers ""’"F‘a

The time derivative we want is of the material occupying w; at time ¢, but following

the material. So we can write,

d d d
L wae =2 | W, det FdX = / —(qu det F) dx
dt J,, dt /., L, dl
= / ot +v-grad ¥, | det FdX + / v, det FdX
wo wo

The term inside the first integral is obtained for the time derivative of ¥,,, using the
multivariate chain rule, as ¥, is dependant on variables (z(t),t). Switching back

to the Eulerian integral,

:/ (%f—kwgradi’)detﬁ’d:c—k/ ¥ div vdz

= / <%‘f + div(\Ilv)> det Fdz

Finally, applying the divergence theorem we get,

Reynold’s Transport Equation

d ov
— Udx = —d Yv - nd
i y X wtat a:—i—/am V- ndx
(s
:/ ((ztdx—l—div(\llv)) dx (3.3.11)
Wt

This result is known as Reynold’s Transport Theorem. The surface integral can
be interpreted as the net flux of the ¥ quantity carried by the material across the

boundary of w.

The Piola Transformation. The Piola transform is detailed on pg. 17 of the book
and will be considered in more detail later. While we do not go into detail here,
we note the main equality and the resulting transformation for surface normals that

will allow us to internal surface forces between reference and current configurations.
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The following identity holds for tensor fields defined at two times, Ty at tg and
T at t:
/ To(X )it (X) dAg — / T(w)n(z) dA (3.3.12)
Qo

if the following equality is satisfied:

To(X) = [det F(X)]| T(X)F(X)~T.

This result can be used to establish the following correspondence between surface

normals at different times:

CofF' n,

o 3.3.13
ICotF ] (3:3.13)

/i/\l/:



4. Eulerian Conservation (Fluids)

As we return to conservation laws for continua we could proceed in various ways.
In particular, each of the conservation laws we derive will have both Eulerian and
Lagrangian forms. While it may in some sense be natural to develop these two
representations simultaneously, our focus here is on constructing a model for con-
tinuum mechanics. For fluid mechanics the choice of reference domain is somewhat
arbitrary so we often prefer an Eulerian or spatial representation. For solid me-
chanics however, material largely maintains the same spatial relation (locally) as
some reference configuration and a Lagrangian approach is often desired. For this
reason we have decided to present Eulerian conservation laws in this chapter, and
defer Lagrangian conservation for the next. Note however that the derivations in
this chapter are not necessarily limited to fluids until we begin constructing models

and assume dependencies.

This chapter proceeds as follows: We begin by developing Eulerian conserva-
tion of momentum to derive overarching fluid mechanical equations. In defining
momentum conservation we introduce the concept of surface stresses o, and we de-
viate slightly from rigorous derivation of conservation to define a model for surface
stresses that will lead to the famous Navier-Stokes equations for Newtonian flu-
ids. We then return to conservation to develop Eulerian representations of mass
conservation and energy conservation. These later conservation laws lead to equa-
tions commonly studied under the guise of thermodynamics in engineering fields.
In particular we hope to emphasize the inextricable connection between these fields

through conservation laws.

26
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4.1 Momentum

Question 1: What is momentum?

Recalling our formulation of Newton’s law in a continuum however we can

instead write d:irtw =F , thus it can also be seen as the integral of force. In

particular when no force is applied momentum remains constant—Newton’s

first law. It is this relation that we seek to conserve when we speak of

momentum conservation.

Conservation of momentum is the fundamental relationship that describes mo-
tion of a body under the action of force. The momentum of a body, denoted I(5,t),

is given by
1(B,t) :/ ovdx.
Q

From Newton’s law,

dI(B,t) d dv
_ dr = Y e = Foo, 4.1.1
dt dt /Q e /Q Car ' (4.1.1)

where F,.; are the net forces on body B. As described in the claimed in the begin-
ning of the previous chapter, these forces are body forces (F,)—exerted volumetri-
cally, and surface forces (Fs)—exerted on the boundary of a region. Writing this

relationship as before (in the previous chapter) we have,

a/ ovde = Fy+ Fy = | fydx+ f.dA (4.1.2)
ot Jo, Q a0

Body Forces. Let f(x,t) be the force per unit volume, then the body force Fj, is

ﬁb: fb($,t)d$.
Q4

ExXAMPLE: for gravity, f = gg.

Surface Forces. Forces exerted on external surfaces may have different origins but
they enter the formulation in the same way. Let o be the force per unit area acting

on the body occupying ;.

For external forces, we can consider this to be imposed at the surface of an actual
body. Momentum must be conserved everywhere, so (4.1.2) must hold for any
subdomain 2 of the material, not just for those domains whose boundaries align
with physical boundaries. Thus in addition to imposed forces, we will have internal

forces—that can be imposed on the many surfaces passing through any material
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point. Note in particular that these internal forces depend not only on the point at
which a surface passes through, but the orientation of the surface passing through
that point (as can be reasoned by considering material anisotropy and the varying

force responses obtained in different orientations).

The following hypothesis and theorem identify a model (dependencies) for sur-

face stresses o.

Cauchy Hypothesis: There is a vector field o (%, ¢, n) that defines the force/area
(stress) at point x in the current configuration, which depends on the normal (out-

ward pointing) 7 to the surface 92. Newton’s laws imply that

Theorem 4.1.1 (Cauchy Stress Theorem). Assume the following conditions:

1. body forces f continuous on 2
2. o(Z,t,n) is continuously differentiable w.r.t. n at constant x

3. o(Z,t,n) is continuously differentiable w.r.t. = at constant n

Then 3 a tensor field T(z,t) > o(&,t,7) = T(z,t)n, and T(x,t) = T(x,t)7 where
T(x,t)n is a rank-2 tensor that maps normal vector to force per unit area on surface
of Q2.

The proof of the Cauchy Stress Theorem can be found on pages 37-38 of the book,
but the basic idea is to consider a differential tetrahedron and apply conservation

of momentum and conservation of angular momentum.

In short, this theorem allows us to represent the surface stress o as the product
of a (rank-2) tensor T'(z,t) and surface normal n. Surface forces Fs then take the

form

—

FS = / T(.%',t) : TALdAt
o
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While we yet lack a model for the tensor T, in terms of the displacements and
displacement rates that were the subject of the previous chapter we begin to have
some idea of the form such a model might take. We will develop this model in
time—for fluids in this chapter and for solids in the next—but first we further

develop momentum conservation (4.1.2).

Eulerian (Spatial) Conservation of Momentum. Substituting the Cauchy
stress tensor T representation of surface forces and applying the Divergence Theorem

equation (4.1.2) can now be written,

d/gﬁdx:/ﬁdx+/didex.
dt Jo Q Q

We wish to derive a differential form of this relationship, thus aim to combine
each of these integrands under a single integral. We can achieve this by applying

Reynold’s transport theorem to the term on the right hand side yielding;:

/8(@1}) +div(917®17)d:1::/ﬁdaz+/dide:c
o Ot Q Q

and combining integrands,

Momentum Conservation (Eulerian)

/ [8(917) + div(07 ® 7) — fb — div T] dx = 0. (4.1.3)
Q| Ot

Since €2 was arbitrary, this immediately implies the differential form,

Differential Momentum Conservation (Eulerian)

d(ov)

ot div(er® 7) — fy—divT =0. (4.1.4)

This is the Eulerian representation (since 2 was the current configuration domain).
As tensor o¥ ® ¥ is not symmetric however there is some ambiguity to how the
divergence operator should be applied. Writing this relationship instead in Cartisean

tensor notation removes the ambiguity:

Differential Momentum Conservation (Eulerian)

89?72' 69171-173- _ f—» _ 8TZ
ot ' ow; " O,

=0. (4.1.5)
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We still lack a model for T'. However, once we have developed such a model
we will see that under certain assumptions (4.1.5) will take the form of the famous

Navier-Stokes equations. We turn our attention to developing such a model.

Modeling the Cauchy Stress Tensor T'. In Chapter 3 we hypothesized that the
internal surface forces in fluids are dependent on the rate of deformation or strain.
The reasoning for this hypothesis is that fluids can be deformed from a starting
configuration and will again settle in a different configuration with no tendency to
return to the starting configuration. Also in Chapter 3 we derived a relationship for
the so-called strain-rate tensor D. Such a tensor is independent of rotations of the
underlying coordinate system and is a good candidate to model surface stresses o

in the context of fluids. We assume therefore the dependence of T on D,
T =T(D).

Thus we have a rank-2 tensor T as a function of another rank-2 tensor D. Without
assuming anything about the structure of either quantity we can apply the Cayley-
Hamilton Theorem (discussed in Chapter 2) to get a general form of the relationship
as:

T = al +bD + cD?

where a, b, ¢ are scalar functions of the three scalar invariants of D. It would be
difficult to quantify all these functions experimentally or otherwise, so we make the

following assumption:
ASSUME: T is a linear function in D.

This assumption leads to the definition of Newtonian Fluids, fluids where internal
stresses depend linearly on strain-rate. This is a fair assumption for a wide class of
fluids including water, oil, and others, but is a poor assumption for others including
some important fluids including blood. However, models for these non-Newtonian
fluids often rely on very similar assumptions, we will point out where one might

modify this assumption to include a broader class of fluids.

From the assumption of linearity, we can immediately remove the dependence of
T on ¢, as the D? term is not linear. Similarly, since scalar invariants of D depend
on D, the scalar function b must necessarily be constant. Finally, only one scalar
invariant of D is linear in D, i.e. tr[D], so function a must be a scalar multiple of

tr[D], possibly plus some constant. This gives the form,
T = o+ ptr[D] +~vD

where «a, 3,7 are constants (in D). We can rewrite this expression in the form

T =P+ ktr[D]] + 2u (D - tré)D]I>
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where constants are now given the names,

P— Hydrodynamic pressure
k— Bulk viscosity

p— Shear viscosity

The bulk viscosity x is commonly assumed to be zero. This is the standard model for
internal stresses of Newtonian fluids; substituting this model for 7" into (4.1.5) gives
the Navier-Stokes equations as promised. To modify this model for non-Newtonian
fluids, a common practice is to make p a function of an invariant of D. The class
of fluids that this extends to are known as shear-thinning or shear-thickening fluids,

since the shear-viscosity is a function of shear-rate.

If we were to substitute 7" into (4.1.5) note that we would have three equations,
one for each component of velocity (plus three equations imposing the symmetry
of T)—but we have a number of unknowns including: v;, o, P, k, p. It turns out
that parameters p will depend on additional variables like temperature 7', but this
will be dealt with later when we consider energy conservation. The point here is
that our system is severely under-determined. We now derive additional equations
for conservation of mass and conservation of energy but note that this pattern of
under-determined-ness will persist, necessitating constitutive equations (the topic
of Chapter 6).



CHAPTER 4. EULERIAN CONSERVATION (FLUIDS) 32

4.2 Mass

We consider the conservation of mass first as it is fairly straight-forward to derive.

Question 2: What is mass? How is it measured?

A measure of how much stuff is in an area. It can be measured as density

times volume.

Consider a body B occumpying a domain )y in the reference configuration. Its

mass is given by
My(B) = / 00d X,
Qo

where gg is the mass density field in the reference configuration. At some time ¢ the

same body occupies ; and has mass density o(z,t). At time ¢, the mass is

M(l’j’):/Q o(z,t)dx. (4.2.1)

Question 3: How are My and M; related? Why?

They are the same since the mass of particles does not change and €); tracks

particles through space.

We then have that

/ 00(X)dX = o(x)dx (4.2.2)
Qo Q

Until now we have not limited ourselves to a Lagrangian or Eulerian frame and the
preceeding analysis holds for both. We again defer the Lagrangian formulation for

now, as the Eulerian formulation is often desired for fluids.

Eulerian (Spatial) Conservation of Mass. The Eulerian (spatial) conservation

of mass can be obtained by observing that (4.2.2) implies that

d

el dr =
pr th(x) r=0

Recalling Reynold’s transport theorem for a general field ¥,

N
gt W\Ildx:/w%tdx—i—/awlllv-ndx

and applying it to the density field o(x) we get the spatial description of conservation

/Qt [8%(:) + div(@(x)v)] da = 0,

and since (); is arbitrary we get,

of mass,
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Mass Conservation (Eulerian)

do(x)
ot

+ div(o(z)v) = 0. (4.2.3)

To better understand the meaning of this expression, we can re-express it using

the divergence theorem on some spatial region w.

8Q(x)dx = —/ ov - ndA
w ot ow
S — S

rate of change of mass in w rate at which mass leaves w
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4.3 Energy

Another conserved quantity of interest is the energy. Let € be the total energy per

unit volume. Then energy conservation will follow the general outline of :

d
— edx = Sources.
dt Jq,

Question 4: What constitutes the energy of a continuum? What are the

possible sources?

The energy consists of kinetic energy x and internal energy U. Possible

sources include power, or rate of work denoted P and heating rate Q.

Thus we have simply that

d .
% Qt(fi‘f‘U):P‘i‘Q

Writing out this relationship in a concrete form we get,

P Q

—~
d 7. v S
< <W+Qe) do = f-mx+/ 6-17dA+/ rdm—/ i,
dt Jo, \ 2 o) o9 o) 09

where, e is the internal energy per unit volume, r is the volumetric heating rate,

and ¢ is the heat flux (with ¢ pointing into the volume, or opposing 7). We begin

to analyze this by expanding the stress term in P:

GQt 8Qt 8Qt

_ awTi-dx:/ (waﬂuﬂj@w) s
O al'j Q4 83:j a:Ej

:/ (v-divT + T : gradv) dx
Q¢

:/ (v-divT'+T:D)dx,
Q4
Where T : D denotes the contraction of T' and D, or the trace of their product. so,
r=[ 7. (divT+f) dw—l—/ T:Dde.
Qt Qt

But, from momentum conservation,

N dv
divT + f = gdi; + div(o7 ® 7)

S0,

J
P—/ U-(QU—Fdiv(gU@ﬁ))dx—i-/ T:Ddx
Q dt Q
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which, by expanding terms, adding the Eulerian conservation of mass equation,

refactoring gives, and finally applying Reynold’s transport theorem to the field ¥ =
oU - U
2

P:d/ Qv.vdm—i—/T:de.
dt Jo, 2 I

Note now that the left hand side in this term is equal to the kinetic energy term in
€. The equality between these terms is known as the conservation of kinetic energy,
or the kinetic energy equation and is redundant with momentum conservation, so
we can cancel these terms. To get () into a form amenable to our analysis we simply

apply the divergence theorem to the right most term, giving

Q= r —div{dz.
Q
Combining now all these terms into the conservation of energy equation, and
cancelling the kinetic energy terms as noted we arrive at the internal energy equa-

tion,
Internal Energy Equation (Eulerian)

d
— ,Qed:r—/ (T:D+r—divq) de (4.3.1)
dt Q: Qs

which enforces the first law of thermodynamics. Applying Reynolds transport the-
orem on the left we arrive at the differential form of (Eulerian) internal energy

conservation,
Differential form of Internal Energy Conservation (Eulerian)

B)
% +div(oe?) =T : D + 7 —div{ (4.3.2)

Thermodynamics and Entropy. As any student of thermodynamics will know
however, there is also a second law of thermodynamics which must be satisfied. This
law—that the entropy of a closed system cannot not decrease—is not a conserva-
tion equation, but rather a constraint on the internal energy equation. Entropy,
a measure of the microscale randomness in a system, is a somewhat non-intuitive
concept compared to other quantities we have thus far encountered. We neglect a
rigorous definition here, however a simple explanation of this law is that things do
not become more ordered absent some input of energy. Physical manifestations of

this law are everywhere: gas fills a room on its own, liquids mix, and heat flows from
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hot to cold regions. Here we are particularly interested in entropy in constraining

the direction of heat flow.

From thermodynamics we have the notion of ” Thermodynamic state variables”

Temperature (absolute) — 6

Entropy — S

If we denote () as the heat added to a system at a constant temperature 6,

between times to > t1 then the second law of thermodynamics implies,

S(ts) — S(t1) — % > 0.

When equality holds a process is reversible. The concept of reversibility is key in
determining theoretical limits of performance and underlies measures of efficiency

in engineering. For the time evolution we have,

2"d Law of Thermodynamics (Entropy Equation)

ds

X _X > 4.3.3
dt - ( )

| Q-

For a continnum, we define the variable 1 as the entropy per unit mass, thus
S = ondx
Q

and,
d q-n r
= mw+/ —dA—- | —dx>0.
dt N o0, 9 Q, 9
Finally, applying the divergence theorem to the surface integral, and applying
Reynold’s transport theorem we have,

Entropy Equation (Continuum, Eulerian)

/Qt [aagtn + div(on?) + div% = g dx > 0. (4.3.4)

and, since the domain §; is arbitrary we get,

Clausius Duhem Inequality (Eulerian)

—

+&ﬂmm+dw%—gzo. (4.3.5)

9en
ot
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Note that in defining our system of conservation equations we have introduced
many more unknowns than equations. We will eventually remedy this in Chapter
6 where we develop constituitive or closure equations for our system. Note that up
until this point we have made very few assumptions, only in defining our model for
surface stresses o and in defining our model for the resulting Cauchy stress tensor
T. Thus, while we noted this representation is especially useful for fluids, it is valid

for any continuum material.



5. Lagrangian Conservation (Solids)

The have up to now defined conservation equations for momentum, mass, and energy
in an Eulerian frame. We now turn to defining similar conservation laws for a

Lagrangian frame that are more convenient in dealing with solids.

5.1 Mass

We begin with conservation of mass due to its simplicity. We start with relationship

(4.2.2), given here for reference

| @xix = | owyda.
Qo Q

The integral in x can be transormed into an integral in X since z = ¢(X) and
dr = det F’[dX. The factor det ' can be understood as the ratio of differential
volume dz to dX We thus have that

/Q (00(X) — o(p(X))det FdX =0

From which we can conclude (since €, is arbitrary) that

Mass Conservation (Lagrangian)
00(X) = o(p(X)) det F(X). (5.1.1)

This is the Lagrangian or material description of the conservation of mass.

38
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5.2 Momentum

We give the Eulerian conservation equation again here for reference,

/ XY | div(ot @ 7) — J — div Tdz = 0.
q Ot

To obtain a Lagrangian representation of momentum conservation equivalent to
(4.1.3), we can perform a change of variable, i.e. "transform” from x to X. For
the first three terms of (4.1.3) this is a straight forward process, again multiplying
by a factor det F' to transform differential volumes dx to differential volumes d.X.
However, for the last term in (4.1.3) we need a way to relate the changing orientation
and size (stretching) of differential areas. The goal is to find a tensor field Tp(X) >
DivTy = det F'divT. The Piola transform presented briefly at the end of Chapter 3

provides the appropriate tool to accomplish this objective.

Piola Transform. The derivation of the Piola transform is given on pages 16-18
of the book. The result is, if

Ty(X) = [det F(X)] T(X)F(X)T,
then

Piola Transform

DivIy = div T det F.

Observe,

/ DivIpdX = divT'det FdX = / divT dx.
Qo Q

Qo

and by the divergence theorem,

/ Toho dAg = / ThdA
Qo [2)9]

Tensor T is a linear transformation from 7 (CC) to a CC force/CC area. Tensor
Tp is a linear transformation of a normal 79 (RC) to a CC force/RC area. Since
To = Cof F, ||Cof F|| is the area scaling from the reference configuration to the

current configuration. The direction of Cof F'n, is then in the direction of 7, and

CofF n,

" [CofF ||

Tensor Tj is given the symbol P(X), the first Piola-Kirchhoff Stress Tensor,
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15t Piola-Kirchhoff Stress Tensor

P=det FTF™T =T CofF (5.2.1)

We can now have the tools to rewrite the conservation of momentum equation

(4.1.3) in Lagrangian form,

Momentum Conservation (Lagrangian)

9%u

where,

00 = 0(p(X)) det F
fo=f(e(X)) det F.

But note, tensor P is not symmetric (since F' and therefore its cofactor are not
symmetric). But, since P = det FTF~T, it follows that PFT = det F T is symmetric
(since det F' is a scalar and T is symmetric). A symmetric tensor is also recovered
if we map the CC force/RC area to an RC force/RC area. This is accomplished by
pre-multiplication of F~!, and we define the second Piola-Kirchhoff Stress Tensor

S in this way.
2nd Pjola-Kirchhoff Stress Tensor
S=F'P=det FFITF T (5.2.3)
In terms of S momentum conservation becomes,

Momentum Conservation (in terms of S)
2

0“u .
QO@ = DlVEg/-i-fO (5.2.4)

The tensor S is a linear transformation of a normal 79 (RC) to an RC force/RC

area (fully RC map).
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5.3 Energy

We conclude with the derivation of Lagrangian energy conservation (and entropy

equation). We proceed by treating each of the following terms in order.

Q ot ~—~—

(i) (@) (iv)

%—i—div(geﬁ) dx:/ T:D+ r —divqgdx
0, —~— =~
—_——
(i)
(i) Observe,

Ooe . L de L
= + div(gev) = o <8t + dlv(ev)>

e
:Q<8t+v-grade)
_ De

= 00€0

where the integrals have been neglected and,

00 = 0(p(X)) det F
ey = e(go(X)).

Note that eg is not scaled by the volume ratio det F' as it is measured per unit

mass not per unit volume.
(ii)
/ T:Ddx = / T :gradvdet FdX
Qt Q0

D*p; 0Xy,
19Xt 0y

= T;jFyFy;' det F

— Iy (TijFﬁJ det F)
= F Py = FyFij Sy,
= (FTF) 0 S
=F:S=S:F

where the integrals have again been neglected after the first line.

(iii)
r =rgdet F
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(iv) See homework,
div ¢= Div ¢

where,
Go = (Cof F)T ¢

Substituting the preceding relationships we arrive at the Lagrangian conservation

of internal energy,
Energy Conservation (Lagrangian)

00€o = S : E— Div gy + ¢ (5.3.1)

Finally, the entropy equation can be transformed by combining trivial analogues

of the preceeding transformations,

Clausius Duhem Inequality (Lagrangian)

ootio + Div%o . %0 >0 (5.3.2)



6. Constitutive Equations (Closure Models)

Consider the Eulerian conservation equations (note that this form of Eulerian con-
servation is obtained by applying product rule and applying conservation of mass,

it does not simply assume p is time independent as this is not generally true):

Eulerian Conservation

Mass % +div(gv) =0

Lin. Momentum 0 (8&}) + ¥ o grad 17) =divl + fz;

Ang. Momentum T =TT

Energy Q(%%—ﬁ-grade) =T:D+r—divq
0 ~ . q

Entropy 0 (5? + v - grad 77) + le% — % >0

Given initial conditions, we want to solve these equations for evolution of vari-
ables describing state of the continuum (body). Note however that we have far more

unknowns than equations.
Counting unknowns we have,

o v(oru) T f
1 3 6 3

Total
20 16

where the crossed out variables are not counted because they are determined by

e ¢ ¢ n b
1 37 1 1

external data and other physical phenomenon (e.g. gravity, E&M, chemistry), and
the conservation of angular momentum equation implying the symmetry of T is used

to reduce the number of unknowns in 7" to 6.

Now counting equations we note,

Mass Momentum Energy | Total
1 3 1 5

Thus we clearly require additional relationships. We begin by identifying quan-
tities that characterize the state of the body (5 we hope) that we will call state
variables. A convenient choice is,

Solids: o, (v = 1), (or e)
Fluids: o, 7,0 (or e)

We need to formulate relationships to determine remaining quantities from these.

These relationships are:

43
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e determined by properties of the material

e models of phenomena (atomic) not represented in the continuum approxima-

tion
We need consitituitive models for:

T — inner atomic forces and/or momentum diffusion
¢ — heat conduction
e — thermodynamics and inner atomic forces

1 — thermodynamics

In addition to dimensional and coordinate invariance, we will require that our

constitutive models follow these principles:

Determinism — no dependence on the future state.

Material Frame Indifference (MFI) — invariance to changes in the reference

frame, i.e. no dependence on rigid motions (uniform velocity or rotation)

Physical Consistency — cannot violate conservation laws or Clausius Duhem
(274 law)
Material Symmetry — If the material is invariant to a group of "unimodu-

lar” transformations (e.g. rotations; reflections; continuous rotation group or
isotropy) then constitutive model must also be invariant to these transforma-

tions

Local Action — Constitutive model depends only on "local” state; essentially

depends on the state and finite number of spatial derivatives at a point.
Dimensional Consistency — dimensional and coordinate invariance

Other Considerations — well-posedness, Equipresence
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6.1 Application of MFI to T for Solids.

Two observers can be moving or rotating differently. The motion observed by one ob-

server, z(t) is related to the motion observed by the second observer, x*(t) through,

" (t) = Q) z(t)+ c(t)
—~— —~—

rotation translation

where Q and ¢ do not depend on x. Since rotations are unitary transformations, it
must be that

We expect (hypothesize) the Cauchy stress tensor 7' to depend on x, X, and ¢
(or equivalently u,t). But, note, to have T" independent of ¢(t) we instead need to
consider derivatives of u, i.e. F' and other higher order derivatives.

Suppose Q = I, ¢ # 0, ¢(0) = 0. Then MFI and locality principles require that
T:’T(F,hi h va 1veS,X)

and where we have assumed that T depends only on the first derivative of u, F.
Thus we have,
T(X,7)=T(F(X,7),X) for T >t

Now Suppose Q # I. Observe,
F*=QF and det F* = det I’

with
n=Qn = o (n*)=Qac(n).

We know that o(n) = Tn and o*(n*) = T*n* thus we get that
o*(n*) = T"n* = Qo(n) = QTn = QTQ ' n*
which implies that,
MFI Constraint
T =QTQ". (6.1.1)
But note, this implies that the relationship
T ="T(F)

must have the property that
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MFI Constraint (Solids)

T(gﬂ) =QT(F)QT (6.1.2)

F*

for all Q(t).
Notice that for C = FTF,

C*=F'Q" QF =C.
T >

We need to satisfy (6.1.2) and will thus make an educated guess that the relation

takes the form,

T(F)=FT(C)FT. (6.1.3)

Then
TQF)=QFT(C)FTQT=QT(F)Q"

satisfies (6.1.2) so is consistent with MFI.

Finally, because of the polar decomposition theorem, F' = RU where R is or-

thonormal and U is symmetric and positive definite. So MFI implies,
TW)=T(R"F)=R"T(F)R = T(F)=R"TWU)R
Recalling that C = U?, R=FU !, and RT = U~'FT we have that

T(F)=FUT (C%) U-LFT = FT(C)FT

T(C)
where the last equality follows from (6.1.3) and since U = C 2 we can write,
- 1\ 1 1 1\ 1
Te)=(ct) T(eh)(c})
so this is the ONLY form satisfying MFI.

In this last expression we have expressed U as C 3 to make the dependence on C'
explicit as hypothesized in (6.1.3). We have finally that any constitutive relationship

for T' depending on F' must take the form (expressed now in terms of U) of

MFI Solids

T=T(F)=FU'T(U)U'FT (6.1.4)
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6.2 Restricted Classes of Constitutive Relations

Thermo-elastic. For this class of constitutive relations we assume that quantities
T,qd,e,n at a point depend only on present values of the following state variables at

the point:

Solids: F, 0,V
Fluids: D,0,V0,p

Homogeneity. For this class of constitutive relations we assume we have the same
material everywhere (reference configuration uniform) so no explicit dependence on
X.
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6.3 Application of MFI to Fluids

A fluid is a material for which dependence of the Cauchy stress tensor T on deforma-
tion limited to dependence on det F. As a consequence, the reference configuration
becomes irrelevant. Also since gp = det F'g, the dependence on det F' is already

included with dependence on g in an Eulerian representation.

An ideal fluid (also inviscid fluid) is one in which 7' is isotropic, i.e.
Stress in Ideal Fluid
T=—P(x,t)I (6.3.1)
which clearly satisfies MF1 requirements since I commutes with tensor operations

(note dependence of g, 6 suppressed here). From thermodynamics, a constitutive

model for P in terms of p at 0 is an "equation of state.”

In a viscous fluid, T = —PI + F(L) where L = gradv and dependence on g, 0

has been suppressed.

MPFI Considerations. Observe,
L=FF!'=gradv
and
L*=F*(F9 '=QLQ" +Q
where Q = QQT is the rotation rate. But note,
0+0T=QQT +QQT =QQT = =0

thus,
Q=-ar. (Antisymmetric)

Considering MFI we can see that

MFI Fluid

L*
—

FQLQT +9) =QF(IL)Q"

Thus, by eliminating Q in the equation above and (and recalling D = (L + LT))
we see (this follows because applying MFI to D = %(L + L) gives D* = QDQT)

We then need that
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MFI Fluid (Stokes)

D*
—

F(QDQT) =QF(D)Q"

for an isotropic fluid—this is a Stokes fluid.

If we further assume that F is linear in D we obtain the general form for a

Newtonian Fluid,

Stress in Newtonian Fluid

1
T=-PI+2u <D - 3tr[D]I> + ktr[D]I

where,

P — pressure
p — viscosity (shear viscosity)

k — bulk viscosity (commonly assumed to be 0)

and P, u,x can depend on p,0. The bulk viscosity represents the irreversibility
of volume change and is typically small for fluids at reasonable conditions (thus

assumed to be zero).

Special case of incompressible flow. Valid in the limit as H—f” — 0 with ¢ is
the speed of sound. In this limit:

divi=0 = tr[D]=0
o = constant

T =—P;, + Thise where tr[Tyisc) = 0

where constitutive relation needed for Tiyisc, and P;, determined by divev = 0. For

a Newtonian fluid, Tyisc = 2uD.
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6.4 2" Law Consistency

We must adhere to the second law of thermodynamics, i.e. satisfy the Clausius-

Duhem inequality,
DA T B
wd T
ot 0 6

For solids (Coleman-Noll). One approach to enforce the 2°¢ law in solids is
the so-called Coleman-Noll approach.

Consider the Helmholtz free energy
U =e—0n.
We develop a relation for ¥ by subtracting the conservation equation for e from 6

times the conservation constraint (Clausius-Duhem) for 7:

at

on . q
i_r>
(geat +9d1v0 7‘_0)

< %—T D—r—i—dlvq—O)

A df q
— 00— — T : D—— >
th Qndt + 7 gradf > 0

or, in expressed in the reference configuration

—

— 00U — ool + S : E — % V0 > 0. (6.4.1)
Suppose,
Yo =(E,0,V0)

Then o 8@0 o0

Uy = 3 E+% +78V9 V.
Substituting this into (6.4.1) we obtain that,

o o : oY
E — 0— 0o -VO— 2. VO >
<S QO@E) °<ae +”°> 20 VI~ V0

However, notice that this must hold for arbitrary sign of F, 6, Vé, so it is con-

venient to let coefficient on these be zero,

oY _ oY oY
OE’ =" ave

Then we have simply that

S—Qo =0.

—

q0
——.V6 >0.
7 0
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Rearranging and switching back to the current configuration we see,
—q-gradf >0

Thus heat must flow from hot to cold.

In this case where S = Qog% the strain is non-dissipative—i.e. work done on the

body to affect deformation can be recovered.

More generally S may depend also on E , which will lead to dissipation. Then,
S =F(E)+I(E)

where

0
FE) = wit

and

I(E'):E'—%-VGEO.
Before considering 2" law consistency for fluids we note that the above assump-
tion that
oY

= %8

implies that instead of identifying a tensor function to model S we may instead be
able to identify scalar function. In particular the previous equality assumes that
material deformations are reversible. In the case of material deformations in the

elastic regime this is fair assumption. We will return to this later.

For fluids. For a viscous fluid in the Eulerian representation, we assume v depends
on #,grad 6 only. That is, 1(6, grad §). We have,

T =1Z(D)
where,
I(D): D — g - grad 6 > 0.
Then
v v,
K 0 Ogradf

leads to u,x > 0.

We return to the governing equation for a Newtonian fluid. The Newtonian
constitutive law for T is
T = —PI 4 2uD + rtr[D]

where D = D = $tr[D]I is the deviatoric part of D (constructed such that tr[D] =

0). Most often we have the following dependencies,

= p(0) k=0 P=P(e,0)
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e.g. P =0oR0, (ideal gas)

We also have the Fourier heat conduction law,

Fourier’s Law

¢= —kgradf (6.4.2)

where k = k(0) is the thermal conductivity of the material.

For a thermally perfect material, we have that e = e(6) and
Specific Heat

de

“_c 4.
—==C (6.4.3)

If we additionally assume the material is Callorically perfect, i.e.
C, = constant

we get
e=C,0.

Substituting these into the Eulerian equations we get the Navier-Stokes equa-

tions,

Navier Stokes Equations

% + div(p?) =0

—

o0v -
— + ot - gradv = —grad P + div(2uD) + grad(k div v
05 008 g (2uD) + grad( ) (6.4.4)

0 ~
QCygt + 0C, v - gradd = —Pdivv + 2uD : D

+ & (div ©)? + div(k grad §)

This system is now closed if we have constitutive relations for parameters u, s, k
and an equation of state (e.g. ideal gas law) for P. The following dependencies are
commonly used: P(6,0), u(6),k(8),x = 0.

Additionally, to be able to solve this set of differential equations we need initial

and boundary conditions.
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Initial Conditions include:
o(z,0) = po(x) U(x,0) = Up(x) 0(x,0) = bp(x)

Boundary Conditions include:

<PI—|— kdiv ol + 2,uD) = g(z,t) }or
0= vz, 1)
—kVO-n =g(z,t) }
0 = 0(t) or

There are many other equivalent forms. For example:
Conservative form of momentum equation

d(ov)

5 iv(o7 @ 7) = — grad P + 2div(pD) + grad(x div 7)

Conservative form of energy equation

d(oF)
ot

+ div(e7E) = — div(P%) 4 2div(D%) + div(s grad 6)

where, F = %27 .

The Navier Stokes (N-S) equations describe a wide variety of observed phenom-
ena in fluids including: turbulence, sound waves—compression waves traveling at

oP

2 _ orF
speed a, where a* = o

If we non-dimensionalize these equations the natural scaling is,

LT U0
xr= — v = = Q = —
0 o 00
(6.4.5)
A P . tiy ~» 0
ano ) 90
where ag is the speed of sound at reference thermodynamic conditions.
Rewriting the momentum equation we have,
Aa'f) ~ A - . 1 —_ A 1 N
Qa + 00 - gradd = Wgradp + %dlvTviSC (6.4.6)
where M = U—g and Re= Q%{?a In the limit as M — 0, for the pressure gradient

term to be finite we must have

P = Po(t) + M?P'(z,t)
N—— ———

ord. 1 & ind. of z  ord. 1 pressure fluctuates



CHAPTER 6. CONSTITUTIVE EQUATIONS (CLOSURE MODELS) 54

from equations of state P = P(g, ) (e.g. ideal gas P = pR#) thus, suggests that

though other behaviors are possible—leading to different equations.
Keeping terms of order 1 only in (6.4.6) gives,

% — radP 4 v
éaitf + 00 gradd = —gradP’ + o-divTisc

For mass conservation,

94

a£+@-gr/a\d@=—@&i\va —  divi=0

Thus,

Toise = 2D + idivol
0
(T T L2, p
:u<gradv+gradv>+ fi—g,u iwvol

Further /i — 1 and (Ti:/(gr/a\d@T) = g?z;i((i;@) = 0, therefore
divTyise = divgradd = A,
the vector Laplacian.
00 — — 1~
6— + 00 - gradd = —gradP’ + — Ad.
Q@t + ov - gradv gra + Re 0

Note that

e P =
QOC% Qoa2
/
= — = M*P
oa
R /
— P =—

Expressing everything back in dimensional variables

Incompressible Navier Stokes

—

0v .
- 7-orad ¥ = — grad P’ AT
007, + 00¥ - grad grad P’ + o A7 + f (6.4.7)

divi=0
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These are the incompressible Navier Stokes Equations—mnote that no constitutive

relations for P’ are needed. We still need boundary and initial conditions however.

Initial Conditions:
need ¥(x,0) = Up(x) with divip =0
Boundary Conditions: several types for example

1. Inflow — ¥ is specified
2. Walls — ¥ = 0 (no-slip condition)
3. Free stream — Tyijsen = 0 (no stress)

4. Outflow — Tyisen =0
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6.5 Heat Equation
Take what we did with energy and heat flux, i.e.

de = C,df q7= —kgrad#,
then if there is no deformation we get,

Heat Equation

oC, 96

5 = div(k grad ) +r

with & > 0 required by the 2"¢ law.

(6.5.1)
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6.6 Elasticity

For a deformable body (solid) with uniform 6, no heat flux (¢ = 0), homogeneous,

and isotropic.

The free energy constitutive dependence simplifies to
U = )(FE).

We then call ¥ the stored energy function or strain energy function. This is a

hyperelastic constitutive relation.
Since % is an isotropic scalar function of a tensor it must take the following form:

invariants

——
Y =W(Ig, IIg, 11g).

Then,
Oy oW Oolg  OW Ollg oW Olllg

= 9E oI, OE " 0Ily 0F | ollly 0F

For example, g%?; = 0 implies that %% =1
J

Similarly we should get

0llg _
olllg _1 2 9 2
5 =3 (tr[E]* — tr[E®]) I + (E® — tr[E]E)

Equations then become,

Elasticity Equations

9%u

. oW
005 = Div ((I + Vu)aE) + Fy

(6.6.1)
1 T T
E—g(Vu—i-Vu + Vu Vu).
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6.7 Linear Elasticity

Assume all displacements are small, then non-linear terms become negligible,
1 T
E%ezi(Vu—IrVu )

What do Young’s Modulus and Poisson’s ratio mean? Consider a cylinder under

uni-axial loading. In the central region, far from clamped ends must have,

F
Sll = Z, 522 = 533 =0.
Also,
Ouy _ Oug
8.%‘2 - 81‘3
due to isotropy. Then,
811,1 6UQ
S11 = (2 A)=— + 22—
1= (2u+ )8x1+ e
0u1 8’&2
Sog = A—+ (2 20)— =0
22 s + (21 + 2)) o
(‘9u2 A Bul o 8U1

Ory  2u+2n0r,  om
then we have,

0 0
St = (2u + A(1 — 2y))8—2 = Ea—z

2, . , .
If gt’g is zero these are the Lamé equations,

Lamé Equations

82Uk azui = azui
92,00, | Momom, Joi = 05 (6.7.1)

(A+p)

These describe many important phenomena such as elastic wave propagation. Bound-
ary conditions — no displacement, specified traction. Furthermore, if S is linear in
FE, in general

1
W = iEijkéekéeij

and
ow

= Ejjreere
and symmetry requires that,

Eijke = Ejike = Eijor = Eyij
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thus,

Guk
Sij = Eijkf@
So we have finally that,

Linearized Lamé Equations

82ui 0 Guk -
_ E.. a i 1.2
Oz T ax; ( ”“an) + /o (6.7.2)

For an isotropic material, most general form is
Ez’jké = )\(5”(5]{16 T 1% ((iik(sjg T 5%5]']@)
and p, A and the Lamé constants

vE E

A= AT a =) o +v)

FE is Young’s Modulus, v is Poisson’s ratio.
Then
S = Mr[E] I+ 2uE = Adivu + u <Vu + VuT)

Finally, notice that for v — 1, then A\ — oco; so for S to remain finite, tr[E] — 0
and divu — 0.



A. Calculus Identities

The following reference pages were created by my good friend and mentor, Dr. Vladimir Solovjov
and are avaliable with many other engineering and math resources on his webpage, http://www.
et.byu.edu/~vps/ME505.


http://www.et.byu.edu/~vps/ME505
http://www.et.byu.edu/~vps/ME505

Chapter IV Vector and Tensor Analysis

1IV.2 Vector and Tensor Analysis

September 28, 2019 259

Leta(r),b(r),F(r) :R; > R; be vector fields, go(r), u(r) :R; > R be scalar fields,c € R [see B&T, p.168]

Vo = grad @ S
Ox;
Vo _ diva - Ga, _ Oay
Yox,  0x,
0
Vxa = curl a i S
Ox,
V- Vo = divgrad ¢ =Ap =V'gp o 8 © =0,0,0 Laplacian operator
Ox, Ox;
VxVep =curlgrad ¢ =10 vanishes identically
d’a.
V(V-a) = grad div a 5, 4 _ O[04
"oxox, ox | ox,
V-(an) = div curl a =0 vanishes identically
0 o’
Vx(an) = curl curl a gl..ka— ‘%m& = (c,‘,.‘,t,g,dmi
" ox, ox, Y 0x,0x,

1. Ap+y)=Ap+ Ay
2. V(p+y)=Vo+Vy grad (p+y) = gradp+ grady
3. V[V-(a+b)|=V(V-a)+V(V-b) grad div(a+b)= grad div a+ grad div b
4. V-(a+b)=V-a+V-b div(a+b)=diva+divb
5. V-(ca)=cV-a div(ca) = cdiva
6. Vx(a+b)=Vxa+Vxb curl (a+b) = curla+curlb
7. Vx(Vx(a+b))=Vx(Vxa)+Vx(Vxb) curl curl (a+b) = curl curl(a)+ curl curl (b)
8. Vx(Vxa+Ve)=Vx(Vxa) curl (curla + gradp) = curl (curla)
9. Vipy)=yVo+oVy grad (py) =y grad + pgrady
10. V-(pa)=¢V-a+a-Vo div(pa) = pdiva+a- grady
11. V-(axb)=b-(Vxa)-a-(Vxb) div(axb)=b-curla—a-curlb
12. Vx(pa)=p(Vxa)+Vepxa curl (pa) = pcurla+ gradpxa
V? Laplacian Laplacian
137 Vx(Vxa)=V(V-a)- ﬁ a curl (curl a)=grad (diva)- Aa
14. V(a-b)=ax(Vxb)+bx(Vxa)+(a-V)b+(b-V)a :l%djcb+%a
15. Vx(axb)=a(V-b)-b(V-a) curl(axb)= a divb—b diva
For composite functions @[ f(r)] and a[ f(r)], the chain rule is applied
16. V(p[f(r)]:i—}on grad (p[f(r)]:j—}ogradf
17. v-a[f(r)]:(vf).§ div a[f(r)]:gmdf-;l—fa
18. da

an[f(r)]z(Vf)xdf

curl a[f(r)] = gradij—;

* [Vx(an)l: i 9 [aa"’j = [V(Vﬂ)lf[(v-v)al tensor notations for #13.

ax

Laplacian of a vector field can be calculated
) X (V-V)a =V(V-a)-Vx(Vxa)
using gradient, divergence and curl operators
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and are avaliable with many other engineering and math resources on his webpage, http://www.
et.byu.edu/~vps/ME505.


http://www.et.byu.edu/~vps/ME505
http://www.et.byu.edu/~vps/ME505

Coordinate Systems

Cartesian coordinates (x, ¥, z)

Cylindrical coordinates (r,6,z)

Spherical coordinates  (r,¢,0)

F3 Z
A |
e
Zz -
T ELD * (r,0,2)
A
k -
:
I_. LA - S
7 : 5 < k’zs
L] 1 -
. - # €p
= *
x
x=rcos@ x=rcos¢@siné
y=rsind y=rsingsind
2=z z=rcosf
r=x7 yZ r2=x2+y2+22
_Jy
tan@—; tan¢:z
X
== z z
tan =—= —-——
rooyx+y + 2
Basic vectors
i=(100) e, = icos@+jsin6 e =icosgsin@+jsingsind+kcos
i=1(0.10) e, = -isin@+jcos® e, =-isinf+ jcos¢
k = (0,0.1) e, = k e, =icosgcos@+ jsingcos@—ksin6

&
] ] ;
e -
k &
Line elements  dx,dy,dz

Differential areas

dA, = dydz
d4, = dxdz
dA. = dxdy
Differential volume
dV = dxdydz
Arc length

ds’ =dx’ +dy’ +dz’

# i ARt

dr,rd8,dz

dA, = rd0dz
dA, = drdz
dA, = rd@dr

dV = rdrd@dz

ds’ = dr’ +r’d6’ +dz’

dr, rsin@dg, rd@

d4. = r’ sin0d¢do
dd, = rsin0dpdr
dd, = pdgdp

dv = v’ sin0dpdOdr

ds’ = dr’ +v’ sin’ 0dg+1r’d6’




scalar field u(r)

uth)
/
r

Gradient Vu

¥

u(x,y,z)

u(r,@,z)

ou 10ou ou
Vu=|—,—,—
(Gr r o6 62)

u(r.¢,0)

ou I Ou I0u
Vu=|———,—
or rsin@ o¢ r o6

Ou I Ou Ou
a_” +6_uj+6_uk = e t+t——e,+—e, | = 6—” .+ ! 6ue¢+16ueg
ox oy oz or r oo 24 or rsin@ O¢ r o6
. 2 2 2 2
Laplacian V“u _ 8_u+8_u ou Vi = 10 ra_u N Vi = izﬁ(,ﬂa_”}r
ot o’ o ror\ or reor or
2 2 + ! a2—u+ ! 9 [sint?a—uj
+i6u ou r’sin® @ 0¢° 1’ sin@ 00 00
o9’ o
vector field F (r) (FXF‘FZ) (F.Fy.F.) (E,F¢,F9)
’{',-'/' F, =F cos@+F,sin0 F, =F,cos¢sin@+F,singsind+F, cos &

Divergence
divF =V -F

curlF = VxF

ST
Q|0 =

oF,  OF, oF,

oy Oz

TRl =

OF, ©OF,\. (0F @F, ).
—= i = ——= |j+
oy Oz 0z  Ox

OF, ©OF
+| ——-——7"1k
ox Oy

F,=F, sin0+F, cos0
F,=F,

F. =F cos@—F,sin0
Fy =F sin@+F,cos 0
F.=F,

F
iﬂ(rE)Jria_eJran
ror r o8 oz

r re9 ez
1o o of_
rior 060 oz

E /F, F
10F, OF,
=Lt +
r ol oz

oF  oF
+ - e, +
0z Or
i{a(”Fv) B aF,}e

r or %

Fy=-F sing+F, cos¢
Fy=F, cos¢pcos0+F, singcos@—F, sin6

F. =F, cospsin@—Fsing+Fj,cosPcost
F,=F, singsin@+F;cosp+F, singcosd
F =F cos@—F,sin0

1o, 1 OF,
I 6r<r ‘)+rsin9 o¢ i
1 0
2 (sinOF
+rsin680 (sm@) g]

e, re, rsinbe,
) o 0 0

¥ sin@|or 00 %

F,. rF, rsin0F;

] 6(F¢sin¢9)_a£ o
rsin@ 00 o |’

o(rF,
+1{M_6E}¢+

r|  or 00

i ) 6(7"F¢)
—| ——sind———= e,
rsin@| 0¢ or
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