Main Formulas
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Local Conservation Equations

Material (Lagrangian) |

Spatial (Eulerian)

Conservation of Mass

00 = odet F

Jdo . B
n + div(ov) =0

Conservation (Balance) of Linear Momentum

0%u

DivFS +fy = 00—
kS +1o Uy

ot

diVT+f:g<a—V+v- gradv)

Conservation (Balance) of Angular Momentum

S=98" T=T"
Conservation of Energy
00é0 = S : E — Divqy + 1o g%+gv~grade:T:D—divq+r
Second Law of Thermodynamics
Qﬁo—l—Div%—%zO Q%—l—gv-gradn—l—divg—gzo

Maxwell’s Equations

Integral Form

‘ Differential Form

Gauss’s Law

eo/ E-ndA:qQ:/pdx eV-E=p
o9 Q
Faraday’s Law
d B
/E-ds:——/B-ndA VXE:—a—
dt J, ot

The Ampere-Maxwell Law

fB-ds—uo/j-ndA—i-,uoeo/
A A

n-@dA

V x B = ugj
ot o) + Ho€o

JE

ot

The Absence of Magnetic Monopoles

/ B -ndA=0
o9

V-B=0




Additional Formulas
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Kinematics of Deformable Bodies
1.
2.
3.

10.

11.
12.
13.
14.

15.

16.

v =2a(p"

u=pX)-X
F(X) =Vp(X
C=F'F

) =1+ Vu(X)

= 5(C-1)

H(z,1),1)

Dy _ oY
Dt ot
L= grad v

L=D+W

+v- grad ¥

1
—(L+L"
S(L+LT)

1 T

L, =FF!

D=

F= grad vF = L, F
det F' = det Fdivu

Piola Transformation

To(X) = det F(X)T(z)F(X)™ "

Polar Decomposition

F=RU=VR

— R orthogonal, U,V symmetric, PD.

—C=U"U

Reynolds Transport Theorem

\I/dx—/—dx+/ Yov.-ndA

Mass and Momentum

1.

\)

M(B) = /Q ods

.[;WMMX— [ o)

Material Cons. Mass
00(X) = o) det F(X)
Spatial Cons. Mass

do
a + div(pv) =0

dI(B,t) dv
dt / 05

Force and Stress

1. Total Force
F—

Q

fdx +

o(n) dA
o

Balance Lin. & Ang Momentum

1. Principle of Balance Lin. Momentum

dt

2./
3./Qt

= F (F = ma).

d

Ddw = fda:+/ o(n) dA.
dt Q4 o

zxg@dz:/ a:xfd:v—l—/ x xo(n)dA
Qi BQt

dt

4. Cauchy’s Theorem

o(n,x,t)

5. divl'+ f = o—

=T (z,t)n

T=1"

dv  Ov
i (a +wv - grad v)

6. Cauchy Stress

T —

(det F)"'PFT =

(det F)"'FSFT

7. First Piola-Kirchoff Stress

P =

(det FYTF" =FS

8. Second Piola-Kirchoff Stress

S:

9. Power
P:/ f~vda:—|—/ o(n)-vdA
o

0
P:dk—l—/ T : Ddx

dt

(det F)F'TF~

T:F—lp

1
10. k:—/ ov - vdzx.
2 Ja,

Conservation Energy

1. Total Energy = k+ U

— k = kinetic energy, U =

internal energy.

2. Principle Consv. Energy

dt

— Q=

d

Lru) =

P+Q.

internal heating.

3. 0 ®_r.p- divq +r

dt

4. 00€o

:SZE—DdiO—FTO

— r = heat per unit volume.



2nd Law Thermodynamics

1. Clausius-Duhem Inequality

"
otio + Div% — >0
— 6 =temp, 1 = entropy density

Constitutive Equations

1. Material Frame Indifference
r=Qr+c = T =QTQ"

2. MFI Solids
F*=QF

3. MFI Fluids
T =—pl+2uD

det F* =det I

4. Coleman-Noll (Dissipative)

G OV v
a; QR ’7; Y,
T 0 —Zgn - >
avg 0, er V9 = 0

5. Coleman-Noll S = F(E) + I(E)

ov . 1
F(E):Qoa—E 7I(E)3E—§C]0'V920

Electromagnetic Waves

1. Coulomb’s Law

|q1]g2| 1
Fopddiel o
r2 4megy

2. Gauss’s Law
qQZGO% E-ndA:/pdx
a0 Q

GOV - B = 1%
— p = charge density

3. Ampere’s Law

B - ds = pptenciosed, ¢ = current.

4. Ampere + Mazxwell Law
d
B - ds = pygi —o
j{ S /lol‘i*,uoeodt E

d
?{B-ds:uo/j-nd/l—i-uoeo—/E-ndA
A dt J 4
0

, E
V X B = pj +M0€o§

5. Faraday’s Law
E-ds:—i/B-ndA
dt J4

0B
= _22
V x Y

6. No Magnetic Monopoles
/ B-ndA=0
)
V-B=0

Waves

1. u(z,y) = poe’®e=
— 1o = amplitude of wave
— k = wave number
— w = angular frequency
— A = 27 /k =wave length
— T = 27 /w =period of oscillation
— v = w/k = wave speed

2. General Wave Equation
0%u B w?\ 0%u
o2 \ k%) 0x2

3. Electromagnetic Waves
E = ‘Eoei(k‘-:):f(.ut)7 B = Boei(k-xfwt)
— w/|k| =propagation speed
— k = k/|k| = direction on propagation
— ¢ =1//éopo = speed of light

4. FElectromagnetic Wave Equation
O’E 1
— = —AF
ot oo

5. E-M Waves & Maxwell’s Equations

k-B=0 = k-By=0

kxE=wB — kxE=cB

kxB=-—wE = kxB=-—-E
C c

E-B=0
|Eo| = ¢| Bo|

k 1
ExB="|EP=-|EPk
w C

Electromagnetic Wave
~4—— Magnetic Field (B)

Electric -
Field (E)

< E Propagation
b Direction
ZEEza S~



Quantum Mechanics

1. E=hw=hv
2 A=l
b

3. Wave Equation
\I/(ZE, t) _ ¢O€i(px—Et)/h
— U(x,t) = hpe kD
—k=21/A=p/h
—w=2mv=FE/h

h 0
4. BV = (—;§> v

h 0
U= |V
o P (zax)

6. Schrodinger’s equation (free particle)

oV h? 9%
h— 4+ ———=0
! ot + 2m Oz
— E=p*/2m
7. Hamiltonian Operator H(q,p) = E
P2 i 92
(@,p) = 5 -+ V() = —5 o5 +V(z)
8. Schrodinger’s equation (time independent)
Hiy = E

— F constant, i.e., eigenvalue

9. Schrodinger’s equation (general)
ov KO

h—+ —— V¥ =0

ot * 2m 02

10. U*U = |U(z,t)|* = p(x,t)

R / Oz, )P = 1

—00

d/ |U(z,t)|%dz =0

— E N
Dynamic Variables & Observables

1. Dynamic Variable
Q = Q(Q1>Q2a 5 4NiP, P2 pN)

3 _ A 0 L0
Q_Q(QD ana_Zha_qu'” 7_Zh%)

3. Hermaitian

4 op={@) - (@p
5. Uncertainty Principle

U&ﬂz(%QQMDf

Hydrogen Atom

1. The complete hydrogen wave functions
wnfm = Rn€<7n)nm(67 ¢)

n=1,2,... (describes energy level)
¢=0,1,...,n— 1 (describes shape)
—{ =s,p,dtf

m=0,£1,42 ... £/ (describes orientation)

Spin & Angular Momentum

1. L=gxp, L;= ersjqri—?i, =L+ L+ L3
i 9gs
2. [Ll, LQ] - ’ith, [LQ, L3] == ihLl, [Lg, Ll] = ’thQ

3. [L* L] =0

A Ly =L +iLly,  Ls(Lid) = (u+h)Leg

5. Assume for spin operator S
[S1,82] = ihS3,  [S2, Ss] = ihSy,

6. SQQsm - h25(1 + S)qst S3QSm — thSm

h h h
7. 512501, 522502, 532503

0 1 0 —i 1 0
P71 00 270 ol BT o -1

8. Multielectron Systems
Vi (r1,12) = C(Y1(r1)a(ra) £ ¢a(r1)a(r2))
— 4 (r1,72) = +14(re,r1) (Boson: Z-spin)
= _(r1,m) = —_(rg, 1) (Fermions:%Z—spin)
= 1y # o(Fermions)

9. Slater determinants — Simply a way to satisfy
antisymmetry of wave functions.

ADb Initio Methods

1. Many Atom & Electron Systems
H =T.(r") + Tn(R™) 4+ Vo (rY, RM)
+ Varnr (RM) + Ve (r™)

2. Born-Oppenheimer Approximation
¢(TN7 RM) = ¢e(rN’ RM)X(RM)
o elecwe(rna RM) = Eelec(RM),lvbe(rNa RM)
— RM treated as parameter
eE, = (Ty(R™) + Vas(RM) + Euee(RM)) x

[Sg, Sl] - ZhSQ



3. Hartree Method
h(ri)gi(ri) = eidi(r:)
Y (ry, ... rn) = Yu(r)a(re) - Y (ry)
— Solve 1; one at a time
— ignore elec-elec interaction

Density Functional Theory

1. n(r) = N/ [(r, 1,79, . .. ,TN_1)|2dr

— pdf’s are indistinguishable.

2. / n(r)dr = N

3. <1/1,Zv(7’@-)1/1> :/v(r)n(r)dr

— expected value of potential in field of nuclei.

0 3 o B (R g e

i=1 j>i



Vector Calculus Identities Gopal Yalla

e Divergence Theorem: / V- -ddr= / ®-nds
Q o0

e Stokes Theorem: / VXxo- do= f d - ds
0 a0

Properties

e Distributive Properties
V(Y +¢)=Vi+ Ve
V.-(A+B)=V-A+V-B
VXx(A+B)=VxA+VxB

e Product Rule for gradient
V(Y¢) =9V +9y Ve

e Product of a scalar and a vector
V- (bA)=A Vi + (V- A)
V x (PA) =¢(V x A)+ (Vi) x A

e Quotient rule

- (j) _9Vf—fVyg

g g9
(A) (V-A)g— A Vg
v-(2) = >
g g
v x (é):(VxA)ngng
g g

e Chain rule
V(fog)=(fo9)Vy
V(foA)=(VfoA)VA
V- (Aof)=(A"of) Vf
Vx(Aof)y=—(A"of)x Vf

e Vector dot product
V(A-B)=(A-V) B+ (B:- V) A+ Ax(VxB)+Bx (VxA)

e Vector cross product
V- (AxB)=(VxA)-B-—A (VxB)
Vx(AxB)=A(V-B)-B(V-A)+(B-V)A-(A-V)B
=(V-B+B-V)A-(V-A+A-V)B
V- (BAY) -V (ABY)
V- (BAT - AB")

Second Derivatives

e Curl of the gradient
V x(Vg)=0

e Divergence of the curl
V- (VxA)=0



¢ Divergence of the gradient

Vi =V - (Vo)

e Curl of the curl
V x (VXA):V(V-A)—VZA

Important Identities

e Addition and multiplication
A+B=B+A
A-B=B-A
AxB=-BxA
(A+B)-C=A-C+B-C
(A+B)xC=AxC+BxC
A-BxC)=B:-(CxA)=C-(AxB)
Ax(BxC)=(A-C)B-—(A-B)C
(AxB)xC=(A-C)B-(B:-C)A
(AxB)- (CxD)=(A-C)(B-D)—(B-C)(A-D)
(A-BxC)D=(A-D)(BxC)+(B-D)(CxA)+(C-D)(A xB)
(AxB)x(CxD)=(A-(BxD))C-(A-(BxC))D

e Differentiation

* Gradient
V(i +¢)=Vi+Vo

V(o) =0V +9 Ve
VA-B)=(A-V) B+ B-V)A+AXx(VxB)+Bx(VxA)

Divergence
V.-(A+B)=V-A+V-B
V:-WA)=yV-A+A- -V

V- (AxB)=B-(VxA)—A (VxB)

* Curl
Vx(A+B)=VxA+VxB
V x (YA) =9V x A+ Vi x A
Vx(AxB)=A(V-B)-B(V-A)+(B-V)A—-(A-V)B

Second derivatives

V- (VxA)=0
Vx(Vy)=0
V- (V) = V3

V(V-A) -V x(VxA)=V?A

V- (¢V) = ¢V + Vo - Vi

YV — ¢V =V - (V¢ — ¢V1)

V2(¢h) = ¢V + 2V - Vib + PV 26

V2(pA) = AV +2(Vip - V)A + VA

V(A -B)=A -V’ B-B-V’A+2V-((B-V)A+BxV xA)

Third derivatives

VA(Vy) = V(V - (V) = V(V*)
VEV-A)=V-(V(V-A))=V-(V?A)
V3V xA)=-Vx(Vx(VxA))=Vx(V2A)

7



e Integration

* Surface-volume integrals

aVA-dS:///V(V-A)dV

avwdsz///vwdv
av(ﬁxA)dS—///V(VxA)dV
av¢(v¢'ﬁ)d52///‘/ (692 + Vo - V) dV
ov [(WVe — Vi) -0l dS = oy [wg—i—wg—:ﬂ s = / / V(w%—w%) dv

* Curve-surface integrals

A-dt= //VXA - ds
as

wdﬁ—// (h x Vi) dS
VoA - dl = asA - de.



