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Abstract
The boundary representation or B-rep is the prevalent geometry description in computer aided
design (CAD). It combines aspects from explicit and implicit geometry and is incompatible with
many downstream applications such as finite element analysis (FEA) and computer aided manufacturing (CAM). We develop a semi-automatic frame-field guided parameterization approach that
converts trimmed B-rep geometry to conforming, watertight analysis-suitable NURBS. The resulting geometry description is simultaneously suitable for design as well as analysis and therefore
avoids the need for further meshing and geometry-processing. While existing frame-field based
global parameterization methods offer the high quality necessary in our application, they suffer
from several robustness issues. Current challenges mainly stem from the lack of integrability of the
frame-field which causes the computed parameterization to fold-over, particularly near parameterization singularities. We propose specialized constraints that incorporate properties of an analytical
solution that resolve the poor behavior near singularities. Furthermore, we present a convenient
and efficient solution framework that directly incorporates such constraints into a reduced basis.
Improved behavior around parameterization singularities simplifies the extraction of a quadrilateral
layout. This layout is subsequently fitted with C 0 NURBS to yield a conforming watertight model
that is analysis suitable. The latter is illustrated by performing isogeometric shell modal analysis
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on several geometric models.
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1. Introduction
Originally computer aided design (CAD) was envisioned as an interactive environment to support the product development process as a whole [15, 46]. This holistic view included the conceptual
design phase, in which shape and form are sought to support design objectives, all the way through
5

to detailed design, with frequent intermediate recourse to engineering analysis. Although CAD has
in many ways been very successful, it has fallen short of its original intent to serve as an interactive
environment for efficient product development. A complete industry exists nowadays to support a
“leaky” design-through-analysis pipeline. According to a report of Sandia National Laboratories
in 2005 [5], the time spent creating analysis suitable geometry (which includes many steps, such as
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de-featuring, geometry decomposition, meshing, and mesh repair ) completely dominates the time
spent performing analysis. In recent years this trend has worsened because advances in computing
power and efficiency of numerical solvers have cut down the analysis times while not much progress
has been made to reduce the time spent on geometry pre-processing.
Isogeometric analysis was introduced by Hughes et al. [28] to improve the interoperability be-
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tween computer aided design and finite element analysis by unifying the underlying technology that
supports both disciplines. Its promise is to eliminate the tedious process of geometry repair, feature
removal, and mesh generation, while, at the same time, maintaining a single exact representation of
geometry at all stages of the design process. Although isogeometric analysis has proven its fidelity
as an analysis technology, some key issues, inherited from traditional CAD, have remained.
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The prevalent geometry description used in CAD is the so called boundary representation or
B-rep. As the name suggests, geometry is represented by its bounding surfaces. There are two
major bottlenecks that impede the design-through-analysis process:
• Apart from shell or boundary element analysis, in general, a three dimensional volumetric
parameterization is required to perform finite element analysis. Hence, one challenge is to
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generate a volumetric description from a boundary representation.
• Boolean operations, ubiquitous in computer-aided design, use a process called trimming that
leads to a non-conforming description of geometry that is largely un-editable and incompatible
with downstream applications such as finite element analysis, optimization and manufactur3

(a) CAD model car body

(b) Visual representation B-(c) Brep data structure
pillar

B-pillar

Figure 1: The mathematical representation in CAD of a structural component of a car, the B-pillar, consist of
1280 trimmed NURBS surfaces that do not form a single conforming or watertight model. (Urick, B. Private
communication. 2018)

ing.
30

The former is commonly referred to as the volumetric problem, while the latter as the surface
problem.
In this work we focus on the surface problem. An example illustrating the severity of the
surface problem is depicted in Figure 1. Complex CAD models are made out of thousands of
NURBS patches that are plagued by “dirty geometry”, such as slivers, gaps and overlaps. Such a
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geometry representation is useless in downstream applications such as finite element analysis (FEA)
and computer aided manufacturing (CAM) without thorough geometry repair and cleanup.
1.1. Limitations of the boundary representation
A B-rep is defined by a topological structure called a cell complex, a collection of NURBS
surfaces and a collection of trim curves, see Figure 2. The trim curves serve to divide the surfaces
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into their visible and masked regions. The cell complex prescribes how the collection of NURBS
surfaces are glued together to form an open or closed poly-surface.
The trim curves of the boundary representation generally do not align with the parametric directions of the surface representation and thus are only represented approximately (and disparately)
4
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Figure 2: Boundary representation (B-rep) of a CAD solid model [36]

in both model and parametric space. The B-rep paradigm combines aspects of explicit parametric
45

geometry with implicit geometry, which leads to several problems [31, 36, 43]:
1. Many surface operations are prohibited after a Boolean operation (i.e. a subtraction, intersection, or union) has been performed. The reason for this is that an edit could potentially
change the topology of the model, which is not allowed by most CAD systems.
2. Major geometric features are introduced that are not aligned with the parametric directions
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of the underlying surface patches. This can lead to loss of shape control near trim curves for
those surface operations that are permitted by the CAD system.
3. Trim curves may be represented slightly differently depending on the geometry kernel of the
CAD system. This can lead to loss of accuracy, or worse, to undesirable surface artifacts, like
gaps and overlaps, when converting to a common exchange format such as STEP.
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4. Trim often leads to non-conforming geometric models that have undesirable gaps and overlaps
that pollute downstream processes.
It turns out that trim is not only detrimental for the interoperability with downstream applications, such as finite element analysis and computer aided manufacturing, but it also constitutes
5

a major impediment for computer aided design itself! For these reasons, the Handbook of Solid
60

Modeling [33] advises design engineers to avoid, if possible, Boolean operations. This represents a
dilemma, because trimming is among the most used operations in order to model complex models
of engineering interest [51]. Riesenfeld, Haimes, and Cohen [46], eminent researchers in the field of
computer aided design, urge for a complete reevaluation of present-day tools and practices.
1.2. A new modeling paradigm

65

Traditionally, meshing has been regarded as a separate process that converts a design model
into an analysis model. This process is in general tedious and labor intensive and leads to model
inaccuracies. The motivation for this work is to embed re-parameterization techniques directly
within CAD, thereby enabling the modeling of watertight conforming CAD geometry that is directly
compatible with downstream applications such as FEA and CAM. In this sense we share a common
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philosophy with the recent work of Urick et al. [57]. Our methodology is based on recent advances
in topological vector field design and processing [58], quadrilateral meshing [6] and watertight
spline representations [48]. Before we explore the state of the art in existing technologies we briefly
summarize the workflow, which is illustrated in Figure 3.
Assume that a given B-rep is of sufficient quality such that a linear triangulation can be obtained.
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Features such as B-rep vertices and boundaries are extracted directly from the B-rep and serve as
input for the computation of a frame-field (see Figure 3d). Additional information, such as the
principal curvature directions obtained directly from the B-rep, can also be included. The framefield is then used as a guide to obtain a high quality quadrilateral parameterization. We are
interested in the coarse quad-layout structure, which is obtained by tracing the separatrices, that
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is, the parameterization iso-lines that emanate from singular points. The coarse quad-layout is used
as a template to build a spline space. Each face in the layout corresponds to a conforming NURBS
patch. If desired, these can be smoothly connected using technology such as T-splines [49] with
improved treatment of extraordinary points [56]. Finally the spline surface is fitted to the original
boundary representation to obtain a conforming and editable representation of the geometry.

6

Trimmed B-rep

Generate linear triangulation of
B-rep and extract B-rep features

(a) Model

(b) B-rep

Compute a guiding frame-field

Compute a high quality quadrilateral parameterization

Determine the coarsest quad layout

(c) Background triangulation

(d) Frame-field
Build spline space on
coarse quad-layout

Fit the spline surface
to the trimmed B-rep

(e) Quadrilateral parameter-

(f) Conforming watertight

ization

NURBS model

Conforming B-rep

Figure 3: Proposed workflow of obtaining a watertight conforming representation from a B-rep. The B-rep consisting
out of trimmed NURBS patches in (b) is triangulated (c) and feature points and lines are extracted. Subsequently
a frame-field (d) is computed that follows the prescribed features. Guided by the frame-field a quadrilateral parameterization is computed (e). Finally, the coarse layout structure of the model parameterization is determined and
a new, conforming and watertight NURBS model (f) is constructed that fits the original B-rep within a specified
tolerance.
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1.3. Prior work
Quadrilateral surface meshing has been a topic of intense research for many decades. Recently,
the field has seen a rejuvenation with many new and original contributions from the graphics
community. For an overview we refer the reader to [7].
Meshing algorithms can be classified into local and global methods. Local meshing algorithms

90

(e.g. [4, 39]) are generally efficient, robust and are able to fit local features accurately. However, they
do not provide much control over mesh singularities, which can lead to highly irregular unstructured
meshes. Furthermore, even the most robust methods are generally “quad-dominant,” meaning they
require a small number of triangles. In contrast, global algorithms [6, 11, 20, 23, 30, 34, 35] are
capable of generating highly regular parameterizations containing few mesh singularities. Many

95

are able to accurately capture both local and global geometric and topological features [22, 27, 37].
Furthermore, some methods provide interactive control over placement of singularities [16] and
control over global patch layout [12, 53]. In this work we focus solely on global parameterization
methods because these methods provide the type of regular quadrilateral patch layouts that can
be used as a basis for building analysis suitable splines. We do note that global parameterization
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is still an active area of research and obtaining robust and efficient implementations is challenging.
1.3.1. Frame-field guided re-parameterization
Let M = (V, E, F ) denote an orientable open or closed linear surface triangulation. The sets
V , E and F refer to its vertices vi , edges eij and faces fijk , respectively. A cut-graph G of M is
a subset of the edges in E such that M \ G is a simply connected mesh. We consider a special
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cut-graph of M that also extends to a prescribed set of topologically admissible cone-singularities
p ∈ M [45], derived from a frame-field F on M . The fundamental domain M 0 = (V 0 , E 0 , F 0 ) is
a topological disk consisting of all faces in F (F 0 ≡ F ) and can be straightforwardly obtained by
cutting M along G [29].
A quadrilateral surface parameterization of M is defined by two parameterization functions,
denoted by
{ Ψi ∈ C 0 (M 0 ), i = 0, 1 } .

8

(1)

When carefully prescribed these functions define a quadrilateral grid on M when sampled at a
110

suitably chosen set of iso-parameter lines. Particularly, if their values at cone-singularities are
integers and transitions across the edges in G are seamless and of integer value, then these functions
define an integer grid map [6, 7, 8, 9, 18, 40]. Although there is progress [13] existence of arbitrary
parameterizations is yet an unsolved problem.
Typically, these methods proceed by minimizing an energy
E(Ψ) :=

Z
1
X
1
2

i=0

|Fi − ∇Ψi |2 dA

(2)

M0

subject to transition constraints along G and integer constraints, Ψi (p) ∈ Z, at cone-singularities
115

p ∈ M . Here { Fi ∈ F, i = 0, 1 } denote the linear independent components of a frame-field that
have been computed a-priori. There are several difficulties with this approach:
1. The vector fields Fi , i = 0, 1 may be far from being integrable (curl-free), in which case the
computed parameterization functions typically exhibit undesirable behavior such as folds and
large deviations from the original, smooth fields.

120

2. Mixed integer programming problems are NP-complete, and thus difficult and expensive to
solve.
3. The two coordinates of the parameterization may overlap near parameterization singularities.
A complete, robust implementation of frame-field guided global parameterization will have to deal
with the above issues. Previous work in [18, 45, 59] has focused on curl-free frame-fields that improve
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the first item. Other methods, for example [38], eliminate the use of integer constraints. [21]
presents a post-processing strategy to deal with ill-behavior around parameterization singularities
and other undesirable artifacts.
1.4. Contributions and outline
The contributions of this paper are summarized as follows:
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1. We present a global quadrilateral surface meshing pipeline to re-parameterize B-rep geometry
to conforming watertight NURBS geometry. Our approach builds on many aspects such as
frame-fields (Section 2), global parameterization (Section 3), layout extraction, and NURBS
9

fitting (Section 5). Several examples show how re-parameterized NURBS models can be used
directly within structural shell analysis codes (Section 6.2).
135

2. We introduce specialized constraints in Section 3.2.4 that lead to well defined behavior near
parameterization singularities. The computed parameterization is guaranteed to be inversionfree in the one-ring around a singularity by locally incorporating properties of an analytical
solution. This means that parameterization separatrices can be traced effectively, without
the need for additional post-processing, leading to simplified layout extraction (Section 5.1).
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3. In Section 4 we present a convenient and efficient framework for handling linear constraints in
general optimization problems. Constraints are built into a reduced basis using a special nullspace method. The basis satisfies the prescribed linear constraints exactly and is maximally
sparse, thereby preserving the sparsity of the original problem. The final linear system of
equations is symmetric, positive definite and can be efficiently solved using Cholesky or the
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conjugate gradient method.
The first contribution is aimed towards the development of computer aided design techniques
that yield analysis suitable geometric models, by construction, throughout the process of design.
Success of the proposed technology depends on the solution of several open challenges discussed
in the previous sub-section. Our second and third contribution completely resolve challenge (3) of
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those listed in Section 1.3.1. Future work relating to the remaining challenges and other interesting
avenues for research are discussed in the conclusion, see Section 7.
2. Computation of frame-fields
In this section we briefly review the computation of a guiding frame-field on surface triangulations, feature alignment and extraction of frame-field topology by a process that is called frame-
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field matching. The approach is based on previous advances in topological vector field design and
processing [58] and, in particular, the works in [32, 40].
2.1. Preliminaries
Input of the proposed methodology is a valid B-rep computer aided design model. It is assumed
that the model is of good quality such that a valid conforming triangulation can be extracted with
10
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relative ease. In practice this means that it has a valid cell-complex, manifold structure, and does
not have sliver surfaces nor undesirable gaps that exceed the matching tolerance of the CAD system.
A B-rep model that does not satisfy these conditions requires manual/semi-automatic clean-up
using embedded CAD-tools or dedicated software such as CADfix1 . An example of a valid B-rep is
shown in Figure 4. B-rep features, such as G0 boundary curves, G1 feature lines and sharp corners
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are automatically extracted. Subsequently, a conforming triangulation M = (V, E, F ) is computed
that accurately captures the main features of the B-rep geometry. The discrete spaces used to
represent frame-fields as well as the parameterization functions are based on linear interpolation of
vertex-data on a triangulation. All computed fields are ultimately pulled back to the actual B-rep
surface geometry, and hence, even a fairly coarse linear approximation of parameterization fields
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does not negatively effect the geometrical error made in the re-parameterization process.
2.1.1. Implementation
This work follows the approach proposed in [40] in which a frame-field is represented by a
cross-field in a particular metric. First, a smooth metric is computed by minimizing a standard
discrete Dirichlet energy over the space of symmetric positive definite tensor fields. In contrast
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to [40] we use a vertex-based discretization for the unknown tensor fields, instead of a face-based
discretization. Our implementation of cross-fields follows that of [32]. We refer to these works for
additional details regarding theory and implementation and highlight here several details important
for our application.
Remark 2.1. The main advantage of a vertex-based representation over a face-based representation
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is that feature, boundary and corner constraints can be strongly applied with ease. One of the
main advantages of the face-based approach, compared with vertex-based fields, is that consistent
field tracing is easily implemented, see e.g. [38].
2.2. Feature constraints
Figure 6 illustrates the type of constraints that are implemented at feature vertices. Locally,
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the behavior of the frame-field is controlled via a so-called feature angle, denoted by θfeature . Given
1

See https://www.iti-global.com/cadfix

11

G1 feature curves

G 0 boundary curves

singularity

feature vertex

Figure 4: Features are automatically derived from the B- Figure 5: The frame-field is constrained to satisfy G0 and
rep. These include angles at feature vertices, G0 feature G1 feature curve alignment and alignment at corners.
curves such as boundaries and G1 feature curves between

Note that angles close to 90 deg are treated differently

B-rep faces.

than angles close to 180 deg.

a feature angle, the frame-field vectors are defined, up to a possible scaling. If the scaling is
unknown we choose the vectors to have unit-length. This uniquely defines the metric tensor and
cross-field vector at these vertices and these values are used as boundary alignment constraints in
the optimization problem.
190

2.3. Frame-field matching
The individual components of a frame-field are not necessarily ordered consistently. The process
that recovers the 4 individual components of a cross- or frame-field is called matching and is
illustrated in Figure 7. Figure (a) shows a frame-field with singularities of index −1/4. The first,
unordered, component is shown in Figure (b). The first linearly independent component of the
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frame-field, recovered after performing matching, is depicted in Figure (c). The process consists of
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(a) 0 ≤ θ < θfeature

(b) π − θfeature ≤ θ < π + θfeature

(c) θfeature ≤ θ < π − θfeature

(d) π + θfeature ≤ θ < 2π − θfeature (e) π − θfeature ≤ θ < π + θfeature

(f) 2π − θfeature ≤ θ < 2π

Figure 6: Alignment constraints close to feature vertices in green. The feature angle θfeature , set to 45 deg, provides
precise control over the behavior at a feature vertex.

the following steps
1. Identify faces that contain a frame-field singularity.
2. Compute the fundamental domain M 0 obtained by slicing M along edges of a cut-graph G
from all interior boundary components, including the faces with singularity, to the exterior
boundary in such a way that M 0 is homeomorphic to a disk.2
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3. Compute a vertex-spanning-tree: a tree data-structure that connects a start vertex to every
other vertex in the fundamental domain M 0 along a single unique path.
4. Compute matching difference between frame-field vectors located at adjacent vertices. This
yields an integer corresponding to every edge eij that measures the number of π/4 rotations
necessary to rotate the vector at vertex vi to smoothly align with the vector at vertex vj .
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5. The cumulative sums of the matching differences along the paths of the vertex-spanning-tree
2

Here we assumed that we are working with open surfaces of genus 0 with k boundary components. For general

surfaces one has to compute a basis for the 1st cohomology group of the surface and use these to slice the domain
to obtain disk-topology.
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yield the rotation of every frame-field vector to align smoothly with the frame-field vector at
the start vertex.
For further reading on direction field matching we refer to [58]. For general references on compu210

tational geometry and mesh processing algorithms, including topics such as fundamental domain,
cut-graphs, shortest path algorithms, and vertex spanning-trees, we refer to [10, 17, 19, 29].

(a) Frame-field

(b) Unmatched 1st component

(c) Matched 1st component

Figure 7: Frame-field matching. (b) The four individual vectors at every vertex are not ordered consistently. To
obtain the individual components of a frame-field we have to consistently match them across the simplicial surface.
The matched first component are shown in Figure (c). The second component can be obtained similarly. Note that
the individual vector fields are continuous everywhere except across the edges of the cut-graph.

3. Configuration space of admissible parameterization functions
The two linearly independent components of the frame-field , { Fi ∈ F, i = 0, 1 }, provide
topological and alignment constraints for the computation of a global, conforming parameterization.
215

In particular, after the matching process we know
• position and index of the parameterization singularities
• which component is tangent along the boundary of M

14

• the change in component across edges of the cut-graph G.
In this section we use this information to construct a discrete configuration space of admissible
220

parameterization functions that has the appropriate topological and alignment constraints built-in
to the space. Subsequently, we use this space to compute a parameterization that minimizes the
energy functional E(·) in (2).
3.1. Preliminaries
Consider the following discrete space

X 0
|V |
0
h
0
Xj φj (x) | Xj ∈ C, j = 1, . . . , |V |
S (M ) :=
j=1

(3)

Here { φj (x), j = 1, . . . , |V 0 |, x ∈ M } denote the classical linear hat functions defined on the
225

fundamental domain M 0 . Note that the degrees of freedom are defined as complex numbers. Sup
pose Ψh ∈ S h . Its real and imaginary components will be referred to as Ψh0 := Re Ψh and

Ψh1 := Im Ψh .
The configuration space of admissible parameterization functions is a subspace of S h , denoted
and defined by
Sch := { Ψh ∈ S h : C(Ψh ) = 0 }

(4a)

Here C(·) denotes a set of linear constraints. In the coming sections we shall discuss each of the
following constraints in more detail



Remove non-trivial kernel from E(·)








Continuity over cuts in the cut-graph G



C(Ψh ) ⇔ Tangential boundary conditions






Template constraints near singularities






Path constraints between singularities

(4b)

We consider parameterization as a flow problem, similar to the setting of [30]. The configuration space Sch , with additional integer constraints, can also be identified as the space of integer
230

grid maps [6, 7, 8, 9, 18, 40]. In contrast to these works, we do not require that the value of
15

the parameterization at cone singularities are integral, alleviating the need for a mixed-integer
optimization. Instead, we allow user-prescribed path constraints that align iso-parameter values
between multiple parameterization singularities. A disadvantage of this approach is that mesh extraction is more involved because now tracing iso-parameter lines involves tracing of floating-point,
235

rather than integral, values.
3.2. Parameterization constraints
In this sub-section we discuss each of the constraints in (4b) in more detail. Subsequently, we
show how to build the constraints into a reduced (sparse) basis such that they are satisfied by
construction. This enables fast solvers such as Cholesky or the conjugate gradient method to be
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used to solve the resulting matrix problem.
3.2.1. Constraints that remove the kernel
The energy in (2) is not definite on the space of functions S h . Elements of S h are defined up to
a constant. In order to obtain a unique solution it is important that this constant is set a priori,
thereby removing the non-trivial kernel from the resulting set of matrix equations. A simple way
to achieve this is by specifying a constraint on the average
Z
Ψhi dx = 0, i = 0, 1.

(5)

Ω

3.2.2. Continuity constraints across cuts
The two linearly independent vector fields { Fi ∈ F, i = 0, 1 }, which are obtained from the
frame-field after the matching process, are continuous everywhere except across edges of the cutgraph, see Figure 7. It is here where the components switch direction. Consequently, special
continuity constraints along edges of the cut-graph are necessary to couple the two components of
the parameterization, { Ψhi , i = 0, 1 }, such that their tangent component is continuous across the
cuts
∂Ψh
∂Ψh
(x− ) − (1i)kmatch
(x+ ) = 0 ∀x ∈ G.
∂t
∂t

(6)

Here kmatch ∈ { 0, 1, 2, 3 } is an integer that prescribes the change in coordinate direction across an
edge of the cut-graph. We refer to [58] for additional details on this subject.
16
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3.2.3. Tangential boundary constraints
Recall that under the metric computed in Section 2, components of the frame-field were aligned
to various surface features, including the boundary. Let ∂Mtangentiali denote the set of feature curves
and boundaries that Fi , i = 0, 1 was forced to align with. To align the parameterization iso-lines
with these feature curves and boundaries we have to add additional constraints that express this
tangency relation
∂ h
Ψ (x) = 0 ∀x ∈ ∂Mtangentiali .
∂t i

(7)

These constraints can be applied strongly for every edge on the feature curve or boundary.
3.2.4. Template constraints at singularities
The solution of the frame-field is always under-resolved in the vicinity of frame-field singularities,
no matter the mesh-size (see, e.g. [50]). With mesh refinement this unresolved area shrinks.
250

However, the character of the solution is independent of the mesh-size and therefore behavior
around singularities remains problematic. Minimization of the energy in (2), without a proper
treatment around singularities, generally leads to local fold-overs in the Ψh0 -and Ψh1 - coordinates
of the parameterization. In [21] this problem is addressed in a post-processing step. We address
this issue directly within the solver by incorporating properties of an analytical solution near
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singularities.
Singularity template
Consider a singularity with valence3 ν. We wish to construct a conformal mapping, Gν

:

C 7→ C, that is rotationally symmetric, with angle θν = 2π/ν, about the singularity located at
origin 0 ∈ C. The mapping has a branch-cut aligned with the real axis. Let coordinates y ∈ C
be parameterized in terms of polar coordinates such that y = r cos(θ) + i · r sin(θ), with angle
θ ∈ [0, 2π) and radius r ∈ R+ . The domain of the mapping can be divided into ν sections. Point
y ∈ C is located in section k(y) = bθ(y)/θν c. With these definitions, the conformal mapping Gν
3

Recall that valence and singularity index of a frame-field are related by: index = 1 − valence/4.
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(a) Valence 1

(b) Valence 2

(c) Valence 3

(d) Valence 4

(e) Valence 5

(f) Valence 6

Figure 8: Conformal mappings around singularities of different types. Note that the mapping is continuous everywhere except at the branch cut.

can be constructed as
Gν (y) = exp (i · k(y)π/2) ((y) exp (−i · 2k(y)π/ν))ν/4

(8)

The conformal mapping Gν (·) is fixed for a given valence ν and is constructed only once. For this
reason we call this a singularity template. When considered in the form
Gν (y) = u(y) − v(y) · i.

(9)

we can distinguish between the two separate coordinates of the mapping. Figure 8 shows several
examples of Gν (y) corresponding to different mesh valence numbers. The blue iso-lines correspond
to the u-coordinate while the red iso-lines correspond to the v-coordinate. As can be observed
18
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in the figures, the mappings are smooth everywhere except across the branch-cut. In practical
applications we only consider valence 3 and 5; these are the type of singularities that emanate from
the frame-field computation.
Application of template constraints
To improve the behavior of the numerical solution we constrain it in the 1-ring neighborhood
N1-ring around each face containing a singularity to interpolate an analytical solution of a valence
three or five conformal mapping, see Figure 9. To achieve this, the 1-ring neighborhood is first
flattened using triangle flattening [16]. Let x ∈ C denote coordinates of N1-ring with origin o, chosen
as the barycentric mean of the face containing the singularity, and consider the two-parameter family
of mappings gν [R, S] : C 7→ C, defined by
gν [R, S] (x) = RGν (x − o) + S.

(10)

The two complex degrees of freedom R, S ∈ C or, equivalently, the 4 real degrees of freedom
a, b, s, t ∈ R such that
S =a+b·i

(Translation)

(11)

R=s+t·i

(Rotation and scaling)

(12)

are not known a priori and should follow from the solution to the global parameterization problem.
Consider the set of m global vertex coordinates xιk ∈ N1-ring , k = 1, ..., m and consider the local
coordinates yk = xιk − o, k = 1, ..., m. The constraints on the global parameterization functions
Ψi , i = 0, 1 can then be stated as
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(13)

Here Ψi (xιk ), i = 0, 1 denote the two parameterization functions evaluated at vertex position xιk .
The matrix in (13), denoted by B̂ ∈ Rm×4 , is designed such that the parameterization functions
Ψi (x), i = 0, 1 interpolate, by construction, the chosen conformal mapping at a selection of vertex
positions xιk , k = 1, ..., m near the singularity
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Ψ0 (xιk ) = Re(gν [R, S](xιk ))

(14)

Ψ1 (xιk ) = Im(gν [R, S](xιk ))

(15)

The matrix B̂ is fixed for a singularity of valence ν and set of local vertex coordinates yk , k = 1, ..., m
and is determined in a pre-processing step to the global parameterization.
It can be checked that B̂ is of full rank. Hence, there exists a matrix Ĉ ∈ Rm−4×m such that
ĈB̂ = 0.

(16)

Matrix Ĉ can be interpreted as the linear constraints acting on the vertex values Ψi (xιk ), i =
0, 1, k = 1, ..., m such that they interpolate the chosen conformal mapping in the one-ring around
the singularity. Matrix Ĉ is computed using the null-space machinery presented in the next section.
270

3.2.5. Path constraints
An iso-line is a curve parameterized by one of the coordinate functions, while keeping the other
one constant, at least when not traversing a cut of the cut-graph. Suppose γ : [a, b] 7→ M is
a path on M that does not traverse an edge of the associated cut-graph G. By the fundamental
theorem of calculus we have
Z

dΨhi = Ψhi (γ(b)) − Ψhi (γ(a))

(17)

γ

Hence, if we wish that the parameterization coordinate Ψhi has the same value at γ(b) as it has at
γ(a) then the flux over γ should cancel. If curve γ crosses an edge of G then a similar result holds,
but we need to take into account the switch in component direction.
Figure 10 shows an example of a parameterization before and after the path constraints have
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been added between parameterization singularities. In this work we allow the user to specify path
constraints using a graphical user interface embedded within the CAD system. First, the user
selects two singularities that need to be matched, as well as a topological path connecting the two.
20

(a) Template valence 3: top

(b) Template valence 3: perspective

(c) Template valence 5: top

(d) Template valence 5: perspective

Figure 9: Interpolation on the cut-mesh of the Ψh0 -coordinate of a conformal mapping with a valence 3 and 5
singularity. The Ψh1 -coordinate is similarly interpolated. Note that the cut-path to the face that contains the
singularity coincides with the branch-cut of the conformal mapping. These constraints are applied within the
parameterization such that locally, around the singularity, the parameterization is well defined and inversion-free.

21

A default path could be the shortest path on M given by Dijkstra’s algorithm. Then, the most
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likely component of the parameterization is chosen automatically based on the minimum of the
R
computed fluxes, γ dΨhi , i = 0, 1, see Figure 11. Finally, the new path constraints are used in the
next parameterization solve leading to the result shown in Figure 10.

(a) Without path constraints

(b) With path constraints

Figure 10: Path constraints can be added by the user leading to improved layouts.

4. Sparse null-space solution methodology
Minimization of the Dirichlet energy in (2) within the configuration space of admissible parameterization functions Sch leads to a saddle point problem of the following form

   
A CT
x
b

  =  
C 0
p
0
22

(18)

(a) ∇Ψh0 along a path connecting two singularities

(b) ∇Ψh1 along a path connecting two singularities

Figure 11: The total flux of both components of the parameterization is computed along a path connecting two
singularities. Component Ψh0 has a smaller flux across the path than Ψh1 . It thus makes sense to place a zero-flux
condition on component Ψh0 of the parameterization.

Here A ∈ RN ×N is a symmetric positive semi-definite matrix4 associated with the quadratic functional. Matrix C ∈ RM ×N , assumed to be of full rank5 , collects the constraints. x ∈ RN denotes
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the vector with degrees of freedom corresponding to the parameterization functions and p ∈ RM
are Lagrange multipliers. By formulating the problem as a saddle point problem we have lost the
positive (semi)-definiteness of the unconstrained problem. This is disadvantageous because it limits
the use of fast direct and iterative solvers such as Cholesky factorization and the conjugate gradient
method, respectively. Furthermore, instead of reducing the effective number of degrees of freedom
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with M , due to the presence of M linear constraints, we have actually increased their total by M
Lagrange multipliers.
By constructing an explicit basis for the null-space of the constraint matrix C we can, instead,
N equals 2|V 0 |.
5
This assumption simplifies the discussion. The solution strategy we propose does not need C to be of full rank.
4

In practice, we allow constraints that are linearly dependent.

23

solve a direct problem that involves inverting a symmetric positive definite matrix. The key ingredient of a null-space method [3] is the availability of a matrix Z ∈ RN ×N −M , of full rank, that
satisfies
range (Z) = ker (C)

(19)

In other words, the columns of Z span the null-space of C. The saddle-point problem can then be
solved for x by first solving
ZT AZy = ZT b

(20)

in terms of an auxiliary variable y ∈ RN −M . Assuming the constraints in C properly remove the
null space of matrix A, it follows that, ZT AZ is symmetric positive definite and can be pre-factored
with Cholesky or solved iteratively using the conjugate gradient method. The solution x can then
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simply be recovered by x = Zy.
The different types of null-space methods depend specifically on the specific properties of Z and
the way it is computed. For example, a null space basis can be computed using QR-factorization.
The resulting matrix Z might, however, be quite densely populated. For an overview we refer
to the work by Benzi, Golub and Liesen [3]. In our setting it is important that Z is sparse in
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order to preserve the sparsity of the original unconstrained problem. In the following we propose a
strategy that leads to maximally sparse null-space bases. The approach is similar to those proposed
in [24, 54, 55], in which non-uniform degree univariate B-splines and Tchebycheffian splines were
constructed. An alternative approach that has features in common with ours is presented in [9].
4.1. Sparse basis for the null space of a single vector
First consider the case of a single constraint, cT x = 0, with c ∈ Rn . Geometrically, we can
consider the solution x ∈ Rn to be restricted to an n − 1-dimensional subspace of Rn . Therefore,
it is possible to transform the original constrained problem to an unconstrained one with n − 1
degrees of freedom. Let P : Rn 7→ Rn denote the permutation matrix such that c̃ = Pc has the
following sparsity structure

c̃ T = 0 · · ·

0 c̃K c̃K+1 · · ·



c̃n ,
24

|c̃k | ≤ |c̃k+1 |.

We seek a matrix Z̃ ∈ Rn×n−1 such that range(Z̃) = ker(c̃ T ). Furthermore, we require Z̃ to be
maximally sparse and have columns with unit 1-norm, which improves conditioning. In general,
this is an l1 optimization problem. In this simple case, however, we can determine Z̃ explicitly.
Firstly, assume Z̃ has the following sparsity structure

1

 ..
.




1


Z̃ = 
Z̃K,K


.

Z̃K+1,K . .


...

Z̃n−1,n−1

Z̃n,n−1
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(21)

The non-zero values are uniquely determined by requiring that c̃k Z̃k,k + c̃k+1 Z̃k+1,k = 0 and |Z̃k,k | +
|Z̃k+1,k | = 1 for k = K, . . . , n − 1. Algorithm 1 encodes the discussed logic. It can be verified that
Z̃ is of full rank, is maximally sparse and is a basis for the null space of c̃. Finally, note that we
require the inverse permutation of Z̃, that is Z = P−1 Z̃.
4.2. Sparse basis for the null space of a matrix
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Using induction, the described approach can be extended to the setting with more than one
constraint. This logic is encoded in Algorithm 2. The numerical stability of the described approach
remains to be studied. We do note that we have not witnessed any unstable behavior in practical
computations.
5. Quadrilateral layout and NURBS fitting
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The template constraints at singularities lead to well-posed behavior around singularities. The
computed parameterization is guaranteed to be inversion-free within the one-ring elements that are
constrained. Consequently, all ν separatrices - iso-lines of the parameterization emanating from
parameterization singularities - corresponding to a valence ν singularity are uniquely defined and
can be successfully traced away from the singularity, across the triangulation M . If the parameter-
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ization is inversion-free then its separatrices, assumed of finite length, uniquely divide the surface
25

Algorithm 1 Computation of a basis for the null space of a single vector
1:

function nullspace(c ∈ Rn )

2:

c ← Pc

3:

if abs(cn ) <  then

4:
5:

. Order the values of c according to their absolute magnitude

Z ← identity matrix (size: n × n)
else

6:

Z ← zero matrix (size: n × (n − 1))

7:

k←1

8:

while k < n & abs(ck ) <  do

. Treat zero values

Zk,k ← 1

9:

k ← k+1

10:
11:

end while

12:

while k < n do

13:

v ← ck /ck+1

14:

Zk,k ← 1/(1 + abs(v))

15:

Zk+1,k ← −Zk,k ∗ v

16:

k ← k+1

17:

end while

18:

Z ← P−1 Z

19:

end if

20:

return Z

21:

. If c is trivial return identity matrix

. Treat non-zero values

. abs(Zk,k ) + abs(Zk+1,k ) = 1

. Apply inverse permutation

end function

up into a set of quadrilateral patches [21]. This so called quadrilateral layout, depicted in Figure
12, provides the main structure that is used to build a conforming, watertight NURBS parameterization. To every face in the layout we associate a quadrilateral NURBS patch. Using NURBS, the
continuity between patches will typically be limited to C 0 . Unstructured spline technologies, such
325

as T-splines, can additionally provide higher order continuity between patches.
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Algorithm 2 Computation of a null space basis
1:

function nullspace basis(C ∈ RM ×N )

2:

Z ← identity matrix (size: N × N )

3:

for k = 1 : M do

. Initialize null-space basis
. Loop over constraints

4:

Z̃ ← nullspace(Ck: )

5:

Z ← Z ∗ Z̃

. update Z

6:

C ← C ∗ Z̃

. update C

7:

end for

8:

return Z

9:

. Compute nullspace of k-th row of C

end function

Figure 12: The coarse quadrilateral layout forms the main topological structure used to reconstruct a multi-patch
watertight NURBS parameterization.

5.1. Fitting problem
The fitting stage can be separated into an in-plane (intrinsic) and out-of plane (extrinsic)
problem. The in-plane problem can be solved within the parameter space of the initial B-rep and
27

only involves approximation near the trimming curves. The out of plane difference between the
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initial B-rep and the new conforming spline surface is where most of the approximation enters.
Refine-ability of spline basis functions imply that the error due to approximation can be made
arbitrarily small. Several projection methods may be useful here such as Bézier projection [52] and
Coon’s patches [36, 42]. Other references of interest are [48, 57].
Although spline-fitting is a well studied subject, there is remarkably little prior work done in
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the context of the considered application. We have identified several important criteria
1. Flat faces should remain flat.
2. Convex shapes should remain convex.
3. Conic shapes should be represented exactly.
4. Boundary curves and other feature curves, such as creases or those bordering fillets, should be
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represented, if possible, exactly. This does not include Boolean intersection curves, because
these cannot in general be represented with low to medium order polynomials [47].
5. Free-form surfaces should be fitted up to a user-defined tolerance.
Note that some of these requirements may be at odds with one-another, e.g. convexity and optimal
approximation do not usually go hand-in-hand. Consequently, the fitting stage represents a non-
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trivial step within the re-parameterization pipe-line.
5.2. Implementation
In this paper we use cubic rational Bézier patches to rebuild a watertight representation. First,
each edge in the quadrilateral layout is approximated by a cubic rational Bézier curve. For the inplane problem, we use a Coon’s patch to reconstruct a rational surface from the boundary data, see
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[36, 42]. Out-of-plane fitting can be performed by solving a Hermite interpolation problem. Consequently, the resulting watertight and conforming B-rep is G1 continuous between patch interfaces.
A more advanced approach, using e.g. T-splines, is left for future work.
6. Results
Traditionally, meshing has been considered a separate, intermediate process in between design
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and analysis. Instead, we apply re-parameterization techniques directly within CAD as part of
28

the design process. This results in computer aided design models that are directly suitable for
downstream applications such as finite element analysis. In this section we discuss implementational
aspects of the methodology and apply it to several computer aided design models of engineering
interest. The framework yields computer aided design models that are, by construction, analysis
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suitable. In this chapter this is illustrated by shell modal analyses applied to several parts of the
unclassified generic hull vehicle model, provided by the U.S. Army Combat Capability Development
Center (CCDC) Ground Vehicle Systems Center (USACCDCGVSC)6 .
6.1. Implementation in Rhino/Grasshopper
A proof of concept of the proposed methodology is implemented in Rhino 6 for Windows using
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the RhinoCommon C# SDK7 . This includes support for sparse and dense linear algebra, triangulation of B-rep CAD geometry, computation of cross- and frame-fields, topological operations such
as cut-graphs, computation of a quadrilateral parameterization, extraction of quad-meshes, and
finally, native implementations of watertight and conforming NURBS geometry. Rhino ships with
Grasshopper8 which provides a visual programming interface for Rhino and has access to Rhino
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geometry objects. We use it to combine the different stages in the pipeline: (1) B-rep triangulation; (2) frame-field computation; (3) computation of the fundamental domain and extraction of
individual frame-field components using matching; (4) global parameterization; (5) layout extraction. Grasshopper also provides an interface that allows selection of path-constraints in the global
parameterization step.
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6.2. Isogeometric shell analysis using LS-Dyna
Figures 15 and 16 show two re-parameterized B-rep models from the generic hull vehicle. This
includes the model that has been used throughout this paper to illustrate several aspects of the
methodology and a more complicated model. The figures illustrate several of the details discussed,
such as alignment of the parameterization with main features and global coarse patch structure. We
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recall that the workflow discussed automatically places singularities of a certain type in desirable
6

The CAD files are published as supplementary materials to this paper.
https://www.rhino3d.com/download/Rhino-SDK/6.0/release
8
https://www.rhino3d.com/6/new/grasshopper
7
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(a) Trimmed spline surfaces

(b) Untrimmed spline surfaces
Figure 13: Trimmed representation of the outer hull plating of the DEVCOM Generic Hull vehicle model.

30

Figure 14: Conforming parameterization of mid-surfaces of the outer hull plating of the DEVCOM Generic Hull
vehicle model.

locations. The global patch layout is subsequently optimized by the user by prescribing a small set
of path constraints connecting singularities. Finally, the B-rep is rebuilt according to the obtained
patch layout using cubic rational Bézier patches. Both models exactly describe the circular holes
and fit exactly the prescribed features of the initial B-rep. Note that symmetry across the main
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axis has been used to create the watertight NURBS models.
We perform isogeometric shell modal analysis on the two models using LS-DYNA of Livermore
Software Technology Corporation9 , an industrial, general purpose finite element code. LS-DYNA
features a shell NURBS element and has several aspects of isogeometric analysis implemented,
including explicit / implicit dynamics, eigenvalue problems and large deformation analyses involving
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contact [1, 2], combined with a large class of constitutive models. The analysis models, depicted in
Figure 15d and 16d are obtained by uniform h-refinement using global knot insertion [41].
9

https://www.lstc.com/
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(a) B-rep

(b) Control net watertight model

(c) Coarse watertight model

(d) Refined watertight model

Figure 15: A B-rep is re-parameterized into a conforming, watertight model consisting of 78 cubic rational
Bézier patches. Figure (b) shows the NURBS control net and Figure (c) and (d) the Bézier mesh corresponding to the coarse and fine discretization. The refined model, which is used in modal analysis, consists of 10 × 10
uniformly refined cubic NURBS patches that are C 2 within the patch and C 0 in between patches.
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(a) B-rep model

(b) Control mesh coarse watertight model

(c) Bézier mesh coarse watertight model

(d) Bézier mesh refined watertight model

Figure 16: A B-rep is re-parameterized into a conforming, watertight model consisting of 146 cubic rational
Bézier patches. Figure (b) shows the NURBS control net and Figure (c) and (d) the Bézier mesh corresponding to the coarse and fine discretization. The refined model, which is used in modal analysis, consists of 10 × 10
uniformly refined cubic NURBS patches that are C 2 within the patch and C 0 in between patches.
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We have used the following setup
• Reissner-Mindlin shell formulation.
• Linear isotropic material with density ρ = 7800 kg/m3 , Young’s modulus E = 200 GP a and
395

Poisson’s ratio ν = 0.3 (aluminum).
• Plate thickness h = 12mm.
• Full Gaussian quadrature.
• Consistent mass.
The Reissner-Mindlin shell simulates shear deformable shells and features rotational degrees of
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freedom. Consequently, we require only C 0 -continuity in between elements and patches. We refer
to Benson et al. [2] for further details.
Figures 17 and 18 show a selection of the low modes obtained from the discussed linear modal
analysis. The color plots show the maximum displacement of the mode under consideration.
7. Conclusions and recommendations
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Although computer aided design has in many ways been very successful it has fallen short of its
original intent to serve as an interactive environment for efficient product development. Many of
the problems trace back to a particular geometry description developed in the early 70’s, called the
B-rep or boundary representation. The B-rep combines aspects of explicit parametric geometry with
an implicit representation that arises during Boolean operations using a process called trimming.
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The description is non-conforming, often fraught with inconsistencies such as gaps and overlaps, and
therefore incompatible with downstream applications such as finite element analysis, optimization
and manufacturing [36]. This paper has focused on a combination of techniques that, ultimately,
should alleviate some of the complications arising from trim. The methodology is based on framefield guided global parameterization and watertight spline representations.
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(a) Mode 7

(b) Mode 8

(c) Mode 9

(d) Mode 10

Figure 17: Several mode shapes of the bracket corresponding to the refined watertight NURBS model shown in
Figure 15d. The color highlights maximum displacements.
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(a) Mode 5

(b) Mode 6

(c) Mode 7

(d) Mode 8

Figure 18: Several mode shapes of the bracket corresponding to the refined watertight NURBS model shown in
Figure 16d. The color highlights maximum displacements.
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7.1. Contributions
Frame-field guided parameterization methods offer the kind of high quality meshes necessary
within the context of computer aided design. These methods, however, suffer from several theoretical and practical problems leading to lack of robustness. Typically, these methods involve integer
constraints, which are difficult and expensive to solve. A more pressing issue is that the computed
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parameterization may have folds and other undesirable artifacts due to an input frame-field that is
far from being locally integrable. Undesirable folds are especially common near parameterization
singularities.
We proposed specialized constraints that led to well defined behavior near parameterization
singularities by locally incorporating properties of an analytical solution. The computed parame-
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terization is guaranteed to be inversion-free within the constrained neighborhood of the singularity.
Consequently, all separatrices are uniquely defined and can be successfully traced away from the
singularity. This significantly simplifies the quad-layout extraction process, alleviating the need for
complicated post-processing as proposed in [21].
These and other linear constraints were build into a reduced basis that spans a configuration
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space of feasible parameterization functions. The enabling technique used is a new null-space
method that, besides satisfying the specified constraints exactly, is optimally sparse. Consequently,
the sparsity of the original problem is preserved, thereby enabling fast solution techniques such as
Cholesky and the Conjugate Gradient method. The proposed algorithm is simpler to implement
and leads to sparser null-spaces bases than the approach developed in [9].
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Several criteria were discussed to reconstruct spline parameterizations on coarse quadrilateral patch layouts obtained from the global parameterization method. We used rational cubic
Bézier patches combined with Coon’s patch interpolation to rebuild watertight and conforming
NURBS parameterizations of the trimmed B-reps. Finally, we used LS-Dyna to perform isogeometric shell modal analysis applied to several of the re-parameterized NURBS models in order to
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illustrate their analysis suitability.
7.2. Directions for future work
The following list addresses limitations of the proposed technology and provides recommendations for future work:
37

(i) The proposed methodology assumes that a valid triangulation can be obtained directly from
445

the B-rep geometry. We found that current CAD systems do not have all the necessary tools
to generate valid triangulations of B-rep geometry for complex models. Specifically, in the
setting where B-rep models have defects that exceed the tolerance of the CAD system it is
generally not possible to obtain a topologically valid triangulation without significant manual
intervention. Recent work on robust triangulation and tetrahedral meshing based on the
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winding number could prove useful here [25, 26].
(ii) The minimization problem in (2) does not lead to robust results when the frame-field is far
from being curl-free or locally integrable. There exists current research into methods that
produce integrable frame-fields, see [18, 44, 59]. Another direction would be to use only the
directional information of the frame-field, not its magnitude, see e.g. [38].
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(iii) In this work we used manual constraints to line up singularities. While this avoided the
use of integer constraints, it would be good to have a means of automatically selecting such
constraints. The dual strip weaving method proposed in [11, 12] could provide a means of
achieving this without the need for integer variables.
(iv) Models with different levels of detail require areas with local refinement. Hence, instead of
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a quadrilateral mesh or layout the objective could be a T-mesh. A few works provide a first
approach in this direction [14, 38].
(v) Our approach to spline fitting used C 0 NURBS patches to rebuild a B-rep. It is cumbersome
to maintain geometric continuity between patches unless continuity is build into the basis.
Technologies such as T-splines remedy these issues. Future work includes a combination
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of item (iv) above and technologies such as T-splines, together with more advanced fitting
techniques.
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[32] Knöppel, F., Crane, K., Pinkall, U., and Schröder, P. Globally optimal direction
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