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Construction of DPG Fortin Operators Revisited

Leszek Demkowicz
Oden Institute, The University of Texas at Austin

Abstract

We construct a general family of DPG Fortin operators for the exact energy spaces defined on a
tetrahedral element.

1 Introduction

Petrov-Galerkin method with optimal test functions. Consider a general variational problem,

uelU
(1.1)
{ b(u,v) =1lv) veV

where U, V' are Hilbert trial and test spaces, b(u,v) is a continuous bilinear form satisfying the inf-sup
condition,
b(u,v
up 100

T =2 Yullu
vev lvllv

and [ € V" satisfies the compatibility condition,
l(v)=0 veVy={veV:buv)=0 YuecU}.

By the Babuska-Necas Theorem [11], Thm. 6.6.1, the problem is well posed.

Petrov-Galerkin discretization of (1.1) introduces discrete trial and test spaces U, C U, V}, C V of

equal dimension, and approximates (1.1) with its discrete counterpart,

up € Uh
(1.2)
b(uh,vh) = l(vh) vy € Vi

If a discrete inf-sup condition is satisfied,

b Up, Up
sup [ofen, vn)| > Yallun|lo
v €V thHV

then, by Babuska Theorem [1], the discrete problem is well-posed as well, and we have the a-priori error

estimate,
b .
fo =y < L0 g = o
N Yh wp €U,

approximation error —
the best approximation error



Unfortunately, the continuous inf-sup condition does not imply the discrete one, and coming up with a stable

pair Uy, V}, of equal dimension for U # V may be challenging.
The Petrov-Galerkin Method with Optimal Test Functions [7, 6],starts by replacing problem (1.1) with

an equivalent mixed formulation,

peV,uelU
(1, 0v)y + b(u, dv) = 1(dv) eV (1.3)
b(ou, 1) =0 ouelU

where the additional unknown %) is (the Riesz representation of) the residual and, on the continuous level, is

equal zero. Instead of discretizing the original problem, we discretize now the equivalent mixed problem,

Yn € Vi, up € Uy,
(¢h, 5vh)v -+ b(uh, 5Uh) = l(5vh) ovp, €V (1.4)
b(éuh, T;Z)h) =0 dup, € Uy, .

The Brezzi theory [3] calls for the satisfaction of two inf-sup conditions. The discrete inf-sup in kernel
condition is trivially satisfied due to the coercivity of the test inner product. The discrete LBB condition
coincides now with the original discrete Babuska condition with one important difference - V}, need not be
of the same dimension as Uj;. With a sufficiently large space V},, the discrete inf-sup condition is easily
satisfied. The classical way of proving the discrete inf-sup condition is to construct the so-called Fortin

operator [2],
II:Vsosv =IlveV,

[Mvlly < Crllvllv (1.5)
b(oup, v —v) =0 dup € Uy.
With the existence of the Fortin operator, the continuous inf-sup condition implies its discrete counterpart

with 7, = 7/Cr. Obviously, we want the continuity constant Cr to be small.

Discontinuous Petrov-Galerkin (DPG) method with optimal test functions. In the DPG method, we
enlarge the test space V}, to a broken test space V},(75,) at the expense of introducing yet additional unknowns
- Lagrange multipliers, the so-called traces 4y, € Uy, defined on the mesh skeleton. For localizable test inner
products, the Gram matrix corresponding to (¢p, vy)y becomes block-diagonal, and the residual )y, is
eliminated at the element level. The ultimate global price for stability is the introduction of the additional

unknows - the traces. The broken counterpart of (1.1) looks as follows.

welU aelU
(1.6)

b(u,v) + (G, v)r, =1l(v) v e Vi(Th)
where the bracket represents additional terms defined on the mesh skeleton. It has been shown in [4] that the

broken variational formulation is well-posed and it inherits the stability of the original problem with same

order stability constants.



The abstract conditions for the Fortin operator in context of the DPG method look as follows.

IT: V(Tp) 2v — v € Vi (Ty)

Mollven) < Crllvllvm)
b(up,v —Iv) + (tp,v —Hv)p, =0 Vuy, € Uy, Uy € U, .

Construction of Fortin operators for conforming test spaces is challenging. Value of the operator — I1v, has to
land in the (conforming) discrete test space which suggests the use of techniques used in the construction of
interpolation operators : taking values at vertices, edge and face averages etc. However, the Fortin operator
has to be defined on the whole energy space, and these operations are illegal for general members of such

spaces.

With broken test spaces, the global conformity is not an issue, and we can settle for a local construction

of the Fortin operator:

II:V(K)>v —IveV,(K)
vy iy < Crllvllvig (L.7)
bK(uh,HU - v) + <11h,HU — v)aK =0 VYup €Uy, uay € Uh

where V (K') denotes the test space on element K, and V},(K') denotes its discrete counterpart. Clearly,
satisfaction of the local conditions implies immediately satisfaction of the global conditions as well. The
main point in the construction of the Fortin operator is to use operations that are well-defined on the whole
energy space. The finite-dimensionality of the range and Uniform Boundedness Theorem imply then auto-
matically the continuity of the operator, see Exercise 2. We also want the continuity constant to be at least a)
independent of element size h and, possibly, b) independent of polynomial order p. As the Fortin constant

enters the ultimate stability constant for the DPG method, we also want it to be as small as possible.

Construction of the Fortin operator involves the original bilinear form and the skeleton term resulting
from breaking the test space and, therefore, is problem dependent. However, if we restrict ourselves to
standard test spaces: H', H (curl), H(div) (with standard norms), and make a simplifying assumption about
the material data to be element-wise constant, one can strive for constructing general Fortin operators that
will serve all problems satisfying the simplifying assumptions. This was done in [8, 4]. In what follows, we

will generalize ideas from [9]. For an example of a non-local Fortin operator, see [5].
We will restrict ourselves to affine tetrahedral elements.

The motivation for the construction comes from the ultraweak (UW) variational formulation for two

model problems. The first one is the classical diffusion-convection-reaction problem:

—dive+cu =f in
alo—Vu+albu =0 in
U = Ug onl’,
o-n =oy only,.



An element K contribution to the bilinear form in the UW variational formulation is:

~ ~

br((o,u,6-n,0),(r,v)) = (6, Vo+a 1) g + (u,co+divr + (a71b) - 7)g — (6 -n,v)ox — (U, T -n)ox

where, consistently with the logic of using the first Nedelec exact sequence spaces for discretization we

have,
u € PPYHK),o0 € PPH(K)?

@ € y(PP(K)) =: PY(OK)
&-n€Y(RTP(K)) = P2 HOK).
After integration by parts,

b ((o,u,6-n,1), (1,v)) = (" o=Vuta  bu, 7) g +(—divotcu, v) g +(o-n—6-n,v) o +(u—1i, Tn) oK -

This leads to the following orthogonality requirements for the Fortin operators.

(p, 11824y — ) =0 ¢ € PPHK)

1.8
(6, 11y —v)pe =0 ¢ Py HOIK). -

(w,HdiVT —7) =0 € PP YHK)3

i (1.9)
(6,7 —7) - nYox =0 ¢ € PLOK).

Our second example deals with the UW formulation for three-dimensional Maxwell equations,

(B, H e L*(Q), Ey, H, € H/?(curlp, T)
(LE, Vi x F)+ (n x B, Fy)r, +iw(H, F) =0 F e H(curl, Tp)
(H, Vi, x G) + (n x H,Gy)r, — ((0 +iwe)E,G) = (J™P,Q) G € H(curl, Ty)
Ey = Eoy, onl'g
H, = Ho, onlg.

Recalling that approximate £, H € PP~!(K)3, and approximate Et, H, belong to the tangential trace of

Nedelec space NP (K), we arrive at the orthogonality conditions for the Fortin operator,

(Y, I™MF - F)g =0 ¢ ePPY(K)

1.10
(nX¢,chrlF—F>aK =0 (256’}/th ( )

where 14 NP (K) denotes the image of tangential trace operator of N?(K).

2 Auxiliary Results

We will need a few fundamental results on polynomial spaces defined on a tetrahedron. The first four
lemmas deal with bubble spaces.



Lemma 1
Let PY 3 (K) denote the subspace of PPT3(K) of H* bubbles on element K. Let u € Py (K), and

(Wwx =0 Ve P H(K).
Then v = 0 and, consequently,

— >[3>0.
wePPH3 () wepr—1 (k) || [|ull

As spaces P} +3 (K) and PP~Y(K) are of equal dimension, the order of spaces in the inf-sup condition can

be reversed,

inf sup M >p3>0.
e XY Oy o ) I
|
Proof:  Function v must be of the form:
U=Ay...\30
where )\;, i = 0, ..., 3 are affine coordinates, and v € PP~!(K). Choosing ¢ = v gives

(w,u)K:/)\o...Agv2:0 = v=0 = u=0.
K

The result implies that the supremum

(¥, u)k|
sup
vepr—1(x) 1Yl
defines a norm on u, and the inf-sup condition follows then from the equivalence of norms in a finite

dimensional space. |

The following result can be found in [10].

Lemma 2
Let RTET (K) denote the subspace of RTPHY(K) of H(div) bubbles on element K. Let T € RTH(K),
and

(Y, 7)xk =0 Vo e PPYEK)L.

Then T = 0 and, consequently,

inf sup M 2 B >0.
reRTET () pepr-1(x)d [PII7]]



As spaces RT@H (K) and PP~ (K )d are of equal dimension, the order of spaces in the inf-sup condition
can be reversed,

(4, 7) ke

inf sup  — - = 8> 0.
vePr L) ity [TIHIY]

Proof: It is sufficient to prove the result for the master tetrahedron. Choosing ¢ = Vu, u € PP(K) and
integrating by parts, we obatin,

0= (Vu,7)g = —(u,div7) g .

As u and div 7 are both of order p, this implies that divr = 0. This implies that 7 is a curl of an element of
Nedelec space N'P(K) and, in particular, it must be a polynomial of order p, i.e. 7 € PP(K ). As 7 satisfies
the homogeneous normal BC, there must exist 1); € PP~!(K) such that

Ti = & -

Testing with such a 1 gives,

[ro= [ Selor=0 > w=0 = r=o

The result implies that the supremum
,T
sup (¥, 7)x|
wepr—1(k)d 1]l
defines a norm on 7, and the inf-sup condition follows then from the equivalence of norms in a finite

dimensional space. |

Lemma 3
Let N} *2(K) denote the subspace of NP*2(K) of H(curl) bubbles defined on tetrahedron K. Let F' €
NET(K) ,and

(¥, F)x =0 vy € PFHK).

Then F' = 0 and, consequently,

F
inf sup M =38>0.
FeNPH2(K) pepr—1(x)3 10N 1 F|

As spaces N§ +2 (K) and PP~Y(K)? are of equal dimension, the order of space in the inf-sup condition can

be reversed,
F
i sp WPl
YEPPLK) pe e ey 1OIHIE]



Proof:  Again, it is sufficient to consider the master tetrahedron. Let F' € MY +2(K ). Let ) € PP(K)3.
Then
(zp,V X F)K = (V X Ib,F)K =0.

As the curl operator sets H (curl) bubbles into H(div) bubbles, Lemma 2 proves that V x F' = 0 and, in
particular, F' € PPT1(K)3. Any H (curl) bubble on the master tetrahedron must be of the form:

F = (16283, 326183, 93612)

with some scalar factors ¢;. As F'is of order p + 1, ¢; must be of order p — 1. Selecting ¢ = (¢1, P2, ¢3),

we conclude that ' = 0. The rest of the reasoning is the same as in the proof of Lemma 2. |

In order to cope with boundary terms, we will also need a 2D equivalent of Lemma 3.

Lemma 4
Let N¥ LK) denote the subspace of NPT (K) of H(curl) bubbles on the master triangle K. Let F €
./\/'é7+1 (K), and

(W, F)k =0 Vi € PP(K)?.

Then F' = 0 and , consequently

F
N (YT

W, 2Kl _ 5.
FeNPH () pepr-1 (k)2 [V 1]

As spaces Né’ +l (K) and PP~Y(K)? are of equal dimension, the order of space in the inf-sup condition can

be reversed,
oo WP
p

in ———=0>0.
YePP=1(K)? FENPT2(K) [Pl

Proof:  The result follows directly from the 2D version of Lemma 2 and the relation between the two 2D

exact sequences. See also Exercise 4. i

The next three lemmas deal with polynomial spaces satisfying the orthogonality constraints necessary
for Fortin operators. We will upgrade slightly the orthogonality assumptions (1.10)s replacing them with:

(p,IF - F)g =0 ¢ ePPHK)?

Q.11
(nx ¢TIV — FYore =0 ¢ € y(PPK)3)



Lemma 5
Let F € H(curl, K) satisfy the constraints:

(U, )k =0 Yy € PP~YHK)3

(2.12)
(nx¢,Flax =0 V¢ e PP(K)>.
Then curl F satisfies the constraint:
(x,curl F)g =0 Vx € PP(K)? (2.13)
which, in turn, implies,
(n,curl F-n)pg =0 Vi€ PPTYHK). (2.14)
Conversely, let F € H(curl, K) satisfy (2.13). Then, there exists u € PPT2(K) such that
v, F+Vu)g =0 Vop € PP~YHK)3 and,
( ) (K) 2.15)

(nx ¢, F+Vu)gx =0  VoePP(K).

Proof: Taking 1) = curl F in (2.12)1, and utilizing (2.12)5 gives (2.13). Use x = Vn in (2.13) to
obtain (2.14).

Let F' € H(curl, K') now satisfy (2.13). It is sufficient to show (2.15);. The second property follows
from the first one with ¥ = V¢ and (2.13). We view (2.13) as an overdetermined variational problem for

Vu and, in the spirit of the DPG method, we consider the mixed problem:

Y € PP7YK)3, u € PPT2(K)
(V. 0k + (Vu, 69) = —(F,09) oy € PPHK)?
(Véu, )k =0 Su € PPT2(K).

We claim that the constraint for v is equivalent to 1) = curl Fy where Fyy € PP(K))3 with a zero tangential
trace. Sufficiency follows from integration by parts. To show necessity, we test first with du € P} 0
obtain,
( divy ,0u)=0.
——
ePP=2(K)
Taking du = dive Ag... A3 where \;, ¢ = 0,...,3 are affine coordinates, we conclude that divy = 0.

Testing next with a general du, we obtain,

0= (WU?"(?)K = <Ua¢ ’ n)aK-

Taking u = (¢ - n)A\; A ;A\, on each [ijk] face, we conclude that ¢/ - n = 0 on 9K . Consequently, there exists
a vector potential Iy € PP(K)? with zero tangential trace such that ¢y = curl Fy.



We test now the first equation in the mixed problem with §» = 1. The assumption on F’ implies that

[l =0 = =0.

Consequently, equation (2.15); is satisfied. Note that the LBB condition is easily satisfied so the mixed
problem is well-posed. 11

Lemma 6
Let T € H(div, K) satisfy the constraints:

(v, 1)k =0 V¢ e PPTHK)3

(¢, 7 o =0 Vo €PP(K). 210
Then div T satisfies the constraint:
(x,divr)g =0 Vy € PP(K). (2.17)
Conversely, let T € H(div, K) satisfy (2.17). Then, there exists ' € NPt (K) such that
(Y, 7 +ewrl F)g =0 Vo € PP~YK)3 and, 2.18)

(o, (T+curl F) -n)sgr =0 Vo € PP(K).

Proof:  Taking ¢ = V¢ in (2.16); and utilizing (2.16)2 gives (2.17).

Let 7 satisfy (2.17). In the same way as in the proof of. Lemma 5, consider the mixed problem:

Y € PPTHK)?, F € NPTH(K)
(1, 0)k + (cwrl F,6¢) = —(7,0¢)x  0p € PP7HK)?
(curl §F, 1)) =0 OF € NPTHK)

We claim that ¢ satisfies the constraint iff ¢» = Vu, u € P§(K). The sufficiency follows from integration
by parts. In order to prove necessity, we first test with Fy € NPT2(K) with zero tangential trace. We
obtain,
(0Fy, curly )g=0
——
€PP—2(K)3

and, by Lemma 3, curl v» = 0. Testing next with a general F' and using Lemma 4, we conclude that ;¢ = 0
on OK. Consequently, there exists au € P§(K) such that ¢y = Vu. Testing with 1 in the first equation and
utilizing assumption on F’, we obtain v = 0. By Lemma 3, the problem is well posed and with ¢ = 0 we
obtain the desired orthogonality property. |



Lemma 7
Let u € HY(K) satisfy the constraints:

W)k =0 Ve PPY(K)

(2.19)
(p-n,upog =0 Vo e PP(K)>.
Then Vu satisfies the constraint:
(x, Vu)g =0 Vx € PP(K)? (2.20)
which, in turn, implies,
(nxn,Vu)or =0 Vne PPH(K)3. (2.21)
Conversely, let uw € H 1 (K) satisfy (2.20). Then, there exists a constant ¢ such that
,u+c =0 Vi € PP~HK) and,
(¥ VK (0 (K) 222)

(p-nu+clogg =0 Vo € PP(K)3.

Proof: See Exercise 1. |

3 Construction of Fortin Operators for DPG Problems

3.1 IIY" Fortin Operator.

We begin with the construction of the TI" Fortin operator. The idea is to construct first operator 19 on
master tetrahedron K, and then use the H (div) pullback map T to extend it to an arbitrary affine element
K,

Vs .= P4 ey,
Similarly to the interpolation error estimates, the scaling properties of pullback maps imply that we should

have the commuting diagram:
div

H(div,K) & L[*K)
div | P (3.23)
yetl ANy

where VPT! is the enriched test H(div)-space, Y? = div VPT!, and P is a Fortin operator for the L?
space. In other words, divergence of T4+ should depend only upon the divergence of function 7. Given
that y? := PYV7 must satisfy constraints (2.17), we are naturally led to the definition of y” through the

constrained minimization problem:

|y? —div7 || — min  subject to constraint (2.17). (3.24)
N~ yper

10



The constraint leads also to the minimum assumption on the enriched L? test space:
PP CYP.
Note that, for the minimal space, Y? = PP(K), operator P reduces to the L?-projection.

Once we have defined Y? = div 7P+, 7P+ .= T+ we proceed with a second minimization problem
to define 7P+ itself.

rp+lcyp+ (3.25)

[Pt — 7| = min . subject to constraints (2.16), and the constraint on divergence,
div P+t = 4P

It follows from Lemma 6 that the problem is well-posed, provided we satisfy the minimum assumption on

the enriched H (div) test space:
RTPTYT) c vrtt

and the divergence maps VP! onto space YP. The assumptions and Lemma 6 guarantee that there exists a
function 771 € VP+! satisfying the constraints, i.e., the set over which we set up the minimization problem

is non-empty.

We can offer an alternate argument based on mixed problems theory. The constrained minimization

problem leads to the equivalent mixed problem:
Pl e VPl e PPPY(K)3, ¢ € PP(OK), x € YT
(7P 67) 4+ (0, 07) i + (6, 6TV ok + (x, divdT) = (7,67) 5t € yprtl
(09, TPt = (Y, 7))k S € PPHK)3 (3.26)
(8¢, TP n) o = (06,7 -n)ox ¢ € PL(OK)
(0, div 7P +1) = (dx,divT) ox €Yy

where Y]} is the subspace of Y? satisfying constraints (2.17) . We need to check the two Brezzi inf-sup
conditions. The inf-sup in kernel condition is satisfies trivially since the form is coercive. The proof of LBB
condition follows the logic of Exercise 3. The inf-sup condition for b3(x, 0v) := (x, div dv) follows from
Lemma 6 and coercivity of the form. The inf-sup condition for ba (1), 6v) := (¢, dv) follows from Lemma 2,

and the inf-sup condition for b1 (¢, 0v) = (¢, ov - n) follows from the choice
dv-n=¢o

on each face of the tetrahedron. Consequently, the mixed problem is well-posed. According to the result
from Exercise 2, master element operator 19 is well-defined and continuous. Finally, commuting prop-
erty (3.23) implies the continuity of operator II1V defined on an arbitrary affine tetrahedron K.

THEOREM 1

The operator defined by the constrained minimization problem (3.25) is well-defined and continuous,

i H(div, K) — Vp+la HHdiVTHH(div,K) < CndivHU”H(div,K) .

11



The continuity constant Craiv is independent of element size but it may depend upon the polynomial order

p. |

We conclude this section by observing the action of operator II%" on a curl, i.e. for 7 = curl F.
It follows from the construction that div(IT%Vcurl ) = 0, so the constrained minimization problem to
determine 7P*! simplifies to:

|77 — curl F|| — min subject to constraints (2.16) (3.27)
TP+leVrtl(divy)

where VPT1(div() denotes the subspace of VP! of divergence-free functions.

3.2 II°*! Fortin Operator

We follow the same logic as for the H(div) operator starting by defining the divergence of II°“" ", The
obvious choice is to use operator (3.27) but we have to make a small correction accounting for the orthog-
onality property (2.13) involving polynomials of order p, one order higher than in (3.27). Thus we seek
P42 .= curl I F in the subspace of divergence-free functions from a larger space V772 5 RTP2(K).
In other words, we require that curl QP2 > PPH1(K)3. We have,

|7PT2 — curl F|| — » miI}Q s subject to constraints (2.13) . (3.28)
TPT2ecurl QP

We can formulate now a constrained minimization problem defining I F,

v s Hcwl, K) — QP2 TIOWF .= FPt2 ¢ QP2

|FP™ — F|| - min  subject to constraints: (2.12) and the constraint on curl : (3.29)
Fp+2 er+2

curl FPt2 = 7p+2

It follows from Lemma 5 that the problem is well-posed, provided we satisfy the minimum assumption on

the enriched H (curl) test space:
./\/‘p+2(K) C Qp+2‘

The constrained minimization problem above is equivalent to the mixed problem:

FPi2 e Uty e PPU(K)Y, ¢ € w(PP(K)Y), 7 e Vi
(FP¥2 6 F) e + (4, 0F) i + (n X 6,6F)ox + (1, cutld F) i = (F,6F) SF € QU2
(650, P2 — (60, F)x 5 € PP (K
(n x 8¢, FP*2) gk =(nx 3¢, Flox 06 € u(PP(K)?)
(87, curl FP+2) = (07, curlF) g ot e VPt
(3.30)

where VY *1is the subspace of curl QP*? satisfying constraints (2.13). We use the same arguments as for

the T4 operator to prove the LBB inf-sup condition, utilizing Lemma 5, Lemma 3, and Lemma 4.

12



THEOREM 2

The operator defined by the constrained minimization problem (3.29) is well-defined and continuous,
et H(curl, K) — Qp+2a ||chrlFHH(curl,K) < CncurlHFHH(curl,K) .

The continuity constant Crjeun is independent of element size but it may depend upon the polynomial order

p 1

We conclude this section by observing the action of operator II°™*! on a gradient, i.e. for F = V. It fol-
lows from the construction that curl(II°*'Vu) = 0, so the constrained minimization problem to determine
FP+2 simplifies to:

|FPT2 — V|| — min subject to constraints (2.12); (3.31)
Fr+2eQpr+2(curlp)

where QP2 (curly) denotes the subspace of QP2 of curl-free functions.

3.3 I1#'*d Fortin Operator

By now, the reader should anticipate the construction and should be able to fill in all necessary details. We
seek FP3 .= VII8"¥y in the subspace of curl-free functions from a larger space QP*3 > AP3(K). In
other words, we require that VIWP+3 o PP+2(K)3,

| FP3 — V|| — - +3mgév s subject to constraints (2.20) . (3.32)
p+3 ¢ P

We formulate now a constrained minimization problem defining 118"y,

rered s FYK) — Wrts, IIerady .= P T3 ¢ Wrts

P¥3 _u| — min  subject to constraints: (2.19) and the constraint on gradient : (3.33)

up+t3cWwr+3
VuPt3 = Frt3,

I

It follows from Lemma 7 that the problem is well-posed, provided we satisfy the minimum assumption on

the enriched H' test space:
PPH3(K) C WP,

The constrained minimization problem above is equivalent to the mixed problem:

uPtd e WP e PPYK)3, ¢ € 4 (PP(K)3), 7 € QBT
(uPT3 5u) i + (¥, 0u) ik + (P, Su)or + (F,Vou)xk = (u,du)k Su € WrH3
(69, uP*?) ¢ =0, u)x S ePPHE)? (334
(0, uPT3) a1 = (6p,u)ox ) € Y (PP(K)?)
(6F, VuP+3) 50 = (

61, Vu)g  OF € QiF?

13



where Q€+2 is the subspace of VIWP*+3 satisfying constraints (2.20). We use the same arguments as for the
141V and 1! operators to prove the LBB inf-sup condition, utilizing Lemma 7, Lemma 1, and Lemma 2.

THEOREM 3
The operator defined by the constrained minimization problem (3.33) is well-defined and continuous,
ryerad . Hl(K) — WPT3, HHgmdu||H1(K) < CngadHUHHl(K) .
The continuity constant Creraa is independent of element size but it may depend upon the polynomial order

p. |

4 Conclusions

The main contribution of this note lies in the proofs of Lemmas 5,6 and 7. The results presented in these

lemmas can be concisely stated by claiming the exact sequence:
p—1 V p VX 1,p+1 V- p+2
Wo  —Q— Vo — Y

where the involved spaces are subspaces of exact sequence spaces W, (), V,Y defined on element K and
satisfying the constraints:

¢ ujox =0 ¢ € m(PP(K)?)

Q0 = {FEQ: : (Y, F)k =0 Y € PP(K)? }

nx ¢, Flox =0 ¢€n(PP(K))

v . nk =0 g e PR
: '_{ S oo =0 6 eq(PPRK))

Y7 = {y €Y (k=0 ¢ ePrA(K))
under the assumptions:
PPH3(K)cW, NPPB(K)cQ, RTP3(K)cV, PP3(K)CY

comp. [4]. The exact sequence enables the definition of the Fortin operators using the double minimization
paradigm. I have every reason to believe that the construction extends to differential forms. I am also hoping

that it is general enough to be extended to elements of differents shapes.
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Exercises

Exercise 1

Prove Lemma 7. Hint: Recall that if 1) € PP~!(K) with zero average then there exists a polynomial
v € PP(K)? such that div v = ).

Exercise 2

Let A : U — V be a well-defined linear operator from a Banach space U into a Banach space V.

e Argue that, for every u € U, there exists a constant (), such that

[Aully < Cy.

e Use the Uniform Boundedness Theorem to conclude that A is uniformly bounded on the unit ball, i.e.

there exists a constant C' such that

[Aully <C lullv <1.

e Conclude that A is continuous.

Exercise 3

Let u = (u1,u2,u3) € Uy x Uy x Us be a group variable where Uy, Us, Us are Hilbert spaces. Consider
a composite bilinear form,
b(u,v) := by (u1,v) + ba(ugz,v) + bg(usz,v)

where v € V, a Hilbert test space. Define the kernel spaces

Vig = {’UEV : bl(ul,v)—l—bz(uQ,v):O U1€U1,UQ€U2}
Vi o= {UEV : bl(ul,v):0 U1€U1}

and assume three inf-sup conditions:

bs(us, v12
sup 13t vl 5
v12€ V12 HUIQHV

|ba (w2, v1)]

v1EV] HUIHV
|01 (u1, )|

vev oy

> y2(|uzllv,

> mlulley -

15



Show that there exists a constant v = (1, 2,73, ||b1]], ||b2||) such that,

[b(u, v)|

vev  lvllv

1/2
> (uallg, + llu2lld, + llusliz,) ™ -

Exercise 4

Prove Lemma 4. |

Acknowledgments. The work was partially supported with NSF grant No. 1819101 and AFRL grant No.
FA9550-17-1-0090.

References

[1]
(2]

(3]

[4]

[5]

[9]

[10]

I. Babuska. Error-bounds for finite element method. Numer. Math, 16, 1970/1971.

D. Boffi, F. Brezzi, and M. Fortin. Mixed Finite Element Methods and Applications. Computational
Mathematics. Springer, 2013.

F. Brezzi. On the existence, uniqueness and approximation of saddle-point problems arising from
Lagrange multipliers. R.A.LR.O., 8(R2):129-151, 1974.

C. Carstensen, L. Demkowicz, and J. Gopalakrishnan. Breaking spaces and forms for the DPG method
and applications including Maxwell equations. Comput. Math. Appl., 72(3):494-522, 2016.

C. Carstensen and F. Hellwig. Low order discontinuous Petrov-Galerkin finite element methods for
linear elasticity. SIAM J. Num. Anal., 54(6):3388-3410, 2017.

A. Cohen, W. Dahmen, and G. Welper. Adaptivity and variational stabilization for convection-diffusion
equations. ESAIM Math. Model. Numer. Anal., 46(5):1247-1273, 2012.

L. Demkowicz and J. Gopalakrishnan. A class of discontinuous Petrov-Galerkin methods. Part II:
Optimal test functions. Numer. Meth. Part. D. E., 27:70-105, 2011. See also ICES Report 2009-16.

J. Gopalakrishnan and W. Qiu. An analysis of the practical DPG method. Math. Comp., 83(286):537—
552, 2014.

S. Nagaraj, S. Petrides, and L. Demkowicz. Construction of DPG Fortin operators for second order
problems. Comput. Math. Appl., 74(8):1964—-1980, 2017.

J. C. Nédélec. Mixed finite elements in R>. Numer. Math., 35:315-341, 1980.

16



[11] J.T. Oden and L.F. Demkowicz. Applied Functional Analysis for Science and Engineering. Chapman
& Hall/CRC Press, Boca Raton, 2018. Third edition.

17



