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Polynomial splines of non-uniform degree on triangulations:
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Abstract

For 7 a planar triangulation, let SJ;, (7)) denote the space of bivariate splines on 7 such that f € Sy, (T)
is C™(7) smooth across an interior edge 7 and, for triangle o in 7, f|, is a polynomial of total degree
at most m(o) € Z>o. The map m : ¢ — Z>q is called a non-uniform degree distribution on the
triangles in T, and we consider the problem of computing (or estimating) the dimension of S}, (T)
in this paper. Using homological techniques, developed in the context of splines by Billera (1988),
we provide combinatorial lower and upper bounds on the dimension of 87, (7). When all polynomial
degrees are sufficiently large, m(o) > 0, we prove that the number of splines in S}, (7) can be
determined exactly. In the special case of a constant map m, the lower and upper bounds are equal
to those provided by Mourrain and Villamizar (2013).
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1. Introduction

Polynomial splines on triangulations and quadrangulations have myriad applications and are ubiq-
uitous, especially, in the fields of computer aided geometric design and computational mechanics.
Meaningful use of splines for these purposes requires the construction and analysis of a suitable set
of basis functions for the spline spaces. In turn, this necessitates the computation or estimation of
their dimension which, following the definition of smooth splines, depends on an interplay between
geometry, topology and combinatorics.

In 1D, the problem is tractable and dimension formulas for the spline spaces follow from classical
arguments. Moreover, a set of optimal basis functions called B-splines can be efficiently built and
possess several properties useful for both geometric design and approximation. Over the years a a rich
and mature mathematical theory associated to B-splines and their tensor-product extensions has been
developed [24] [T5] alongside several locally refinable extensions [25] [9] [7]. Such splines on quadran-
gulations have found extensive use in the fields of geometric design and, more recently, isogeometric
analysis [I1] where smooth splines are used to numerically solve partial differential equations.

On the other hand, efficient and robust software exist for triangulating arbitrary domains, and
splines on triangulations [12] — the focus of this paper — have also been widely studied and employed
for geometric modeling, data interpolation and isogeometric analysis. C° splines are easy to studys;
higher orders of regularity, on the other hand, pose a problem that is significantly more challenging.
A dimension formula for spline spaces on triangulations with global smoothness requirements was
first conjectured in [27]. A lower bound for general planar triangulations was presented in [22], and it
was shown to equal the exact dimension for triangulations containing a single interior vertex. Later,
[1, 2] showed that equality also holds for spline spaces where the polynomial degree is large enough
compared to the required regularity. These advancements were made with the help of Bernstein—Bézier
techniques; e.g., [12].

A radically different solution was presented in [3] by employing the tools of homological algebra.
Building a short exact sequence of chain complexes, [3] showed that the spline space dimension is
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Figure 1: The advantages of using a non-uniform degree spline framework for the purposes of geometric mod-
eling and isogeometric analysis are underscored when the geometry/solution of interest possesses
local features. Figure (a) reproduces an example from [28] that shows how a smooth curve of varying
complexity can be efficiently represented using only a few control points by employing non-uniform
degree spline spaces. Figure (b) shows an example of a bivariate surface which could benefit from
similar flexibility; cf. Example 85 in Section [8] The surface has been obtained by superimposing
two Gaussian peaks on a quadratic surface.

equal to the dimension of a graded piece of a particular homology module. A modification that
improved upon [3] and yielded simpler chain complexes was presented in [20] and used to prove that
the dimension formula derived by [2] holds in sufficiently high degree. In particular, this demonstrated
that the homological algebra approach of the former agrees with the Bernstein-Bézier approach of
the latter. These modified chain complexes were further studied, for instance, in [8 [I6 14]. A
generalization to mixed orders of smoothness was presented in [8] by studying ideals generated by
mixed power of linear forms in two variables. The upper bound provided in [I4] improved upon the
one from [23]; an alternate proof of the results from [I] was also given. Please see [I7], 18] for an
introduction to the usage of homology and graded algebras in the study of splines.

All existing results, including the ones discussed above, only consider uniform degree splines — for
a fixed m € Z>, a spline’s restriction to a triangular face is allowed to be any arbitrary polynomial of
total degree < m. In this paper, we relax this restriction and consider the case of non-uniform degree
splines. The phrase “non-uniform degrees” refers to the flexibility of choosing polynomial degrees in
a non-uniform manner on the triangles of 7. Let us briefly pin down the notion of such splines; the
notation will be rigorously introduce in Section [2| For a triangulation 7 of a planar domain Q C R2,
let 75 and 701 denote the sets of triangles and interior edges of 7T, respectively. Denoting the vector
space of bivariate polynomials of total degree < m with P,,, the space of non-uniform degree splines
on T is defined as

S(T):{QLR Yo €Tz flo € Pm, , Mo € Zsg , and
VreTi fis C™") smooth across 7, () € Zzo} .

In general, the above spline space will allow for local polynomial degree adaptivity. For the special
choice of m, =m € Z> for all o € 73, the above space reduces to the uniform degree spline spaces
usually studied [3, 211, [14].

The above notion of splines incorporates polynomial degree adaptivity and is complementary to
the well-known idea of mesh-size adaptive (or locally refinable) splines. The latter idea has been the
focus of many works and, using tools of homological algebra, has been recently analyzed in [19]. The
setting of polynomial degree adaptivity, on the other hand, has only been studied thus far in the
univariate setting [26], [13] 28] and the tensor-product multivariate setting [28]. It is intuitively clear
that non-uniform degree splines combined with local mesh refinements can be tremendously powerful
in the contexts of both geometric modeling and isogeometric analysis. The resulting flexibility would
particularly allow design of complex shapes with fewer control points, i.e., cleaner and simpler designs;
while for isogeometric analysis the same would lead to more efficient analysis. Figure [I] presents
examples of intended applications of such splines.
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Therefore, in this paper, we embark upon the study of non-uniform degree spline spaces on tri-
angulations and use tools from homological algebra for computing (or estimating) their dimension.
Dimension formulas for univariate (and tensor product) non-uniform degree spline spaces can be de-
rived from classical arguments. However, dimension formulas in the multivariate setting do not follow
from any direct generalization of the univariate results. We therefore approach the problem in its own
right. Several assumptions underlying the frameworks presented in [8, [14] do not hold in this setting,
and the corresponding tools need to be reformulated and generalized to account for polynomial degree
adaptivity. We do so and use them to derive combinatorial upper and lower bounds on the spline
space dimension. Furthermore, we show that, in sufficiently high degree — i.e., when m, > 0 for
all 0 € T — the dimension of the spline space can be determined exactly. In the special case of a
constant map m, the lower and upper bounds are equal to those provided by [14]. The following is
an overview of the paper.

In Section [2] preliminary concepts regarding planar triangulations are introduced and spline spaces
of non-uniform degrees and mixed smoothness on a triangulation 7 are defined. Section homoge-
nizes the problem by embedding 7 in R? and forming its cone with the vertex at the origin. Doing so
allows us to equate the dimension of the spline space to the dimension of a graded piece of a particular
homology module in a short exact sequence of chain complexes, and Section [3| elaborates upon the
reasoning. Combinatorial formulas for vector spaces that will feature in the final dimension formula
are presented in Section [4} in particular, more general forms of the results from [§] are presented.
Sections [f] and [6] analyze several components of the short exact sequence introduced in Section [3}
Section [7] collects the main results of our paper. Lower and upper bounds on the spline space dimen-
sion are provided, and it is shown that for sufficiently high polynomial degrees the dimension can be
determined exactly. Several examples are presented in Section [§] before concluding the paper.

Macaulay2 [I0], written by Mike Stillman and Dan Grayson, includes a package called Alge-
braicSplines written by Michael DiPasquale. Given a simplicial complex as input, this package can
compute the dimension of a polynomial spline space of uniform degree and uniform smoothness on
the complex. We have augmented this package’s functionality in this particular context, enabling it
to compute the spline space dimension in the presence of non-uniform degrees and mixed orders of
smoothness. All examples presented in Section |8l have been verified using this modified package, called
SimplicialMDSplines (“MD” stands for mixed degree), and the Macaulay?2 scripts used for the same
can be downloaded from the first author’s website.

2. Splines on planar triangulations

In this section we present the required notation for triangulations 7" and polynomial spline spaces.
We will proceed in the setting of non-uniform degree splines of mixed smoothness.

Given Q C R2?, denote with 7T its triangulation, a 2-dimensional simplicial complex. The faces,
edges and vertices of the triangulation are collected in sets T2, 71 and 7y, respectively. Edges of T are
called interior edges if they intersect Q) and boundary edges otherwise. The set of interior edges will
be denoted by ’70'1 Similarly, if a vertex is in € it will be called an interior vertex and a boundary
vertex otherwise. The set of interior vertices will be denoted by ’Ofo.

We will assign the faces, edges and vertices of 7 consistent orientations and equivalently call them
2-, 1-, and 0-cells, respectively. The link of O € T; U Ty is defined as the set

k(O):={ceTiUTy : DUcisani-cellin T} ,

where [JU¢ is defined to be the simplex formed by the vertices in (J and ¢. For example, if 71 3 7 = v+/,
then 4" € 1k(y). Similarly, if a face o has corner vertices v,7/,7” and 7 = v'+"”, then 7 € lk(~). Finally,
an i-dimensional simplicial complex will be called strongly connected if for any two i-cells O, ', there
is a sequence of i-cells O = Oy, --- ,0; = O’ such that for each k < j, O, N g1 is an (¢ — 1)-cell of
T.

Assumption 2.1. The domain 2 is simply connected. Furthermore, 7 and links of all 0- and 1-cells
of T are strongly connected complexes.

Remark 2.2. By convention, each Assumption introduced will be in effect for the entirety of the text
following it.



2.1. Smooth polynomial splines

We will now define the space of smooth polynomial splines on the planar triangulations introduced
above. We start by defining polynomial degree deficits on the faces of the triangulation and orders of
smoothness across its edges.

Definition 2.3 (Degree deficit distribution). A degree deficit distribution on 7 is a map

Am 7-2—)Z20,
o= Amg, ,

such that 3o € T3, Am, = 0. The face deficits induce deficits on edges and vertices and these are
defined as below,

Am; := min Am, , Am,:= min Am, .
TCOo yEDT

The map Am will help specify the maximum total degree of polynomials on a face o € T3. Let us
first denote with Am the largest degree deficit specified by Am,

Am = max Am, .
o€Ts

Then, given m € Z>(, the polynomial degree associated to o will be denoted as m, and is defined as
follows, where we have used m :=m — Am,

m<m,:=m—Am(c) <M. (2.1)

Denote with R := R[s,t] the polynomial ring with coefficients in R. We define R,, C R as the
R-linear vector space of polynomials of total degree exactly equal to m spanned by the monomials
s, i+ 4 =m, i,j € Z>o. If m is negative, then R,, := 0. To any o € Ts, we will associate the
vector space R, := @;7 y R,,. This induces an association of edges 7 € 71 and vertices v € Ty with
the spaces R, := @, " Ry, and Ry := @Zlo R, respectively, where m, and m., are given by

My = max my = m — Am, M.y = MaX My = M — Am,, .
TCOo yEDT

Definition 2.4 (Smoothness distribution). A smoothness distribution on 7 is a map

T o 7‘L1 — Zzo s
T 7(T) .
The map 7 will help us define the smoothness across all interior edges, i.e., for 7 € 70'1, splines will

be required to be at least C™(7) smooth across 7.

Definition 2.5 (Spline space on 7). Given triangulation 7, degree deficit and smoothness distribu-
tions Am and r, respectively, and m € Zx¢, we define the spline space S},,, (T) as

Smim = Shmin(T)i= {1 V0 €T fl € R
VT € 70'1 fis C™7) across T} .
We will use the following algebraic characterization of the smoothness of a piecewise polynomial

function; its proof can be found in [4], for instance.

Lemma 2.6. Let 0 and o' be two d-dimensional polyhedra in RY such their intersection o N o’ is
a (d — 1)-dimensional polyhedron 7. A piecewise polynomial function equaling p on o and p’ on o’,
p, 0 € Rlxy,...,x4], is at least r times continuously differentiable across T if and only if

p_p/ c (ZT+1) ,

where (l”l) is the ideal generated by "t and 1 is the linear polynomial vanishing on T.
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2.2. Homogenized problem
As in [3, B8, [14], we approach the problem of finding the dimension of S%,, 7 by homogenizing

the problem. First, we embed the triangulation 7 in the hyperplane {(s,t,w)jw = 1} C R3; let T
denote the cone of the embedded triangulation formed with the vertex at the origin. The sets T
are obtained by forming cones of i-cells with the vertex at the origin, ¢ = 0,1,2. We denote with
S := R[w] = R[s, t, w] the extension of ring R by the homogenizing variable w. The associated vector
space of homogeneous polynomials of total degree exactly m is denoted as Sy, (= R<y,).

Definition 2.7 (Module of splines on 7). We define C™(7T) as
cm(T) == {f L VeeTy flz€S,
V2 e T fis C™) across ?} .

Let p = p(s,t) € R be of degree m. Its homogenization p € S is defined as

A~

p:=w"p(s/w,t/w) .

Similarly, its homogenization in degree m’ > m is defined as w™ ~™p. Conversely, for p € S, we define
its dehomogenized counterpart p € R as

p= p(l) = p(&t, 1) .

The next result presents useful properties concerning (de)homogenization and proofs can be found in
[4], for instance.

Proposition 2.8. Consider p1,p2 € R and the principal ideal J = (l“Ll) where l is a linear polynomial
in R.

(a) P1P2 = D1Dy;
(b) by = p;
(c) 5= (? : f 63) = (2r+1).
Let I, € S denote the homogenization (in degree 1) of the linear polynomial that vanishes on 7,

and denote the ideal generated by FOF ith J"(r) = (l:(T)H) C S. The following effectively

restates Lemma [2.6] albeit using notation of the homogenized setup.

Lemma 2.9. A function f lies in C™(T) if and only if, for every pair of faces o and o’ that share a
common edge T,

flg = flg €37(7) -

Definition 2.10 (Restricted spline module on 7). We define S%,,,(7) € C"(T) as
SEm(T) ={1 : ¥ €T flg e (™) |

vEeT; fis C™(™) across ?} .

It was shown in [4] that C"(7) is a finitely generated, torsion free S-module and forms a graded

algebra. The same can be said for SX,,(7), and the following results make the reasoning explicit.

Proposition 2.11. ng(’f') is a finitely generated, torsion free S-module.

Proof. For arbitrary f, f' € Sk,,(T) and p € S, we have f + f' € S&,,.(T) and pf € S&,,,(T). Since
S is a Noetherian integral domain, ng(’f') is finitely generated as it is a submodule of the finitely

generated S-module C”(7), and it is torsion free as 0 is its only associated prime. ]
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Proposition 2.12. ng('f') is a graded R-algebra.

Proof. Consider an arbitrary f € SX,,,(T). Let f,, denote the homogeneous component of f of degree
m. For two faces o and o’ that share an edge 7, from Lemma flg — f|8' is a member of a
homogeneous ideal and, therefore, so is its homogeneous component of degree m, fm|5; — fm|8’ [5].

This implies that f,, € SX,,(7), making SX,,,(7) a graded algebra. [ |

As in [3| [], splines in SR,,,(T) of degree exactly 7 can be equivalently understood as the splines
in ngﬁ that have been homogenized (in degree ), and the following R-vector space isomorphism
holds.

Theorem 2.13.

Proof. We approach the proof as in [4] and build an isomorphism between ng(%)ﬁ and S}, 7+ In
fact, this map is simply the R-linear dehomogenization map

Vol ng(T)ﬁ — S£m7ﬁ’
fe fF=s(1).

We will first show that the map is well defined and, thereafter, that it is a bijection. In the following,
we assume that o and ¢’ are any two faces that share an edge 7.

If f € SR (T )i then fls — flov lies in J7(7). Then, fl5(1) — fl5 (1) = (flz — flz)(1) lies in
the ideal generated by 1,(1)"()+1. Therefore, f € SAm.m and the map is well defined.

To show that the map is an injection, observe that if? =0, then f|3(1) = 0 for all faces o. This
implies that f \3 is a multiple of (w—1) for all o. Since f is a homogeneous spline, this is not possible
and we must have f = 0.

Next, let f € SX,,, 7 and denote with ? its homogenization in degree m. Since f|, has degree

at most m,, it is clear that ?|3 € (wAm(“)) N Sm. Moreover, by Lemma and Proposition

?|3 - ﬂ&' lies in J"(7). From Lemma this implies that f is a member of SAm(T)m- Since

m

/f(l) = f, the dehomogenization map is a surjection between the spaces. |

Theorem m shows that to analyze the dimension of S3,, 7, we can instead focus on the mth

graded piece of SX,,,(7), i-e., Szm('i')ﬁ, and we proceed in this direction.

3. Topological chain complexes

In this section we will describe the tools from homology that we will use for computing the
dimensions of graded pieces of SX,,,(7). For O € T3 U Ty U Ty, define Sp := (wAmD). We also define

Jr=3"(r)NS;, 7€ 70'1 and use it to define J, := Z'VEBT Jr, v E 706 The " graded pieces of the
above will be denoted in the usual manner as So 7 and Jo m-

3.1. Definitions

In the following, faces o, edges 7, and vertices v will generate S-modules with the indexed gen-
erators denoted, respectively, by [o],[7] and [y]. We will assume that all oriented 2-cells have been
assigned a counter-clockwise orientation. For 7 € T; with end points v,7’ € Ty, the associated gener-
ator will be denoted as [1] = [y7'], with [y/y] = —[y'] defining the oppositely oriented edge. In the
following sections we will only be interested in homology relative to 0€). Therefore, we will assume
that [7] = 0 and [y] = 0 when 7 C 9Q and v € 99, respectively.

Consider the orientation function, eg 4 = €([0], [¢]), that takes as inputs one n-dimensional cell [6],
and one (n — 1)-dimensional cell, [¢], and returns

e 0ifdNg=0,

e —1if 6N ¢ = ¢ and the orientation endowed by [f] upon its boundary is incompatible with
orientation of [¢], and,
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e +1if #N¢ = ¢ and the orientation endowed by [f] upon its boundary is compatible with
orientation of [¢].

We will consider the usual boundary maps defined as

o)=Y eorlrl, D)= enhl. M) =0.

o o
T€Th ~v€To

3.2. Topological complexes

Consider an element p = »°_[o]p, of the S-module @,c7;[0]S, . We can express its image under
the action of 0 as

) (z mpa) -y (z p) |

c€T2 7-670'1 c€T2

It is clear that Zg €o,7Ps € Sr. Since p also needs to be in smoothness class C", we require

VreTi, Y. €rPs€Jr-
oc€T2

Then, SX,,,(7) contains all splines s such that their polynomial pieces satisfy the above requirement,
with p, = s|5. In other words,

ng(j') = ker (5) ,

where 0 is the map

0: @ [0]Se = @ [7]S:/Tr.
o€T2 TE%

The above map is obtained by composing 0 with the natural quotient map. In light of the above
reasoning, we consider the following short exact sequence of chain complexes of S-modules as the

object of our analysis, with the top homology of the complex Q corresponding to SX,,, (7).

I 0 ———— B ——— DL ——0
l € Y€To
‘ D ]S —— QS —— Dbl ——0 (3.1)
Q T[U]S" — @ [15:/3- — D 1S/Iy — 0
e Te% vE O0

S
S —

Considering only the ‘" graded pieces of the S-modules above would yield a short exact sequence
of chain complexes of R-vector spaces. In particular, from Theorem SAm, 18 isomorphic to the
top homology of Qm,

m

Shmm = Shgn (T = ker (0)__ = Ha(Q) - (3.2)

EN|



3.8. Summary of approach
From Equation , the dimension of S, - can be computed using the Euler characteristic of
Q,
X(Q)m = Z dimg Som — Z dimg S; 7 /Jrm + Z dimg Sy m/Jv,m
oET2 reh ~eTo (3.3)
= dimg Ho(Q)7m — dimg H; (Q)77 + dimg Ho(Q)7 -

Therefore, our objective is the computation (or estimation) of dimg H;(Q)m — dimg Ho(Q)m. Using
the fact that the vertical columns in Equation (3.1]) are short exact sequences, we obtain the long
exact sequence

0 — H3(C) — H2(Q) — H1(Z) — H1(C) — H1(Q) — Ho(Z) — Ho(C) —» Ho(Q) = 0. (3.4)
Assumption 3.1. The mesh 7 is such that H; (C)m = 0.

Roughly, the above assumption rules out those Am that imply polynomial degree adaptivity
patterns that contain “holes” or are “ring-like”; cf. Proposition for the precise implication of this
assumption. Then, by exactness of the sequence in Equation (3.4)), we obtain

dimg H1(Q)m — dimg Ho(Q)m = dimg Ho(Z)7m — dimg Ho(C)m -
Thus, we obtain the following result from Theorem from Equations and .
Theorem 3.2.

dimg SR, 7 = X (@) + dimg Ho(Z)7 — dimg Ho(C)7 -

An alternate expression for the dimension of S%,,, 7 can be obtained by using the first part of the
long exact sequence from Equation (3.4)) and the Euler characteristic of Z,

X (I)W = — Z dlm]R 37‘,% + Z dlmR J'y,m )
7'670-1 'YG%O
= — dlmR Hl (I)ﬁ + dlmR HO(I)W .

Theorem 3.3.

m

4. Dimensions of relevant vector spaces

Before progressing to the analysis of the ingredients in Theorems [3.2] and we collect combina-
torial formulas for dimensions of relevant vector spaces that appear in the previous section. The first
result follows directly from the definitions and is presented below.

Proposition 4.1.

o+ 2
dim]R Sa',m = (m 2+ ) )

) .- 1
itz S, /3 = (m 2+ > B (m 7'2(7) + > '

Only a characterization of graded pieces of the ideal Jj, remains. This is an ideal generated by
mixed powers of homogeneous linear forms. We will use results proved in [§] (Lemmas below)
for treatment of these, albeit in a slightly more general form; see Lemma below. Let us first set
up the problem and present some preliminary results that help with the final solution.

Let A := R[z1, 2], and let hq,..., hy € A be k pairwise linearly independent homogeneous linear
forms. Denote with ¢ := (¢1,...,¢c;) € Z’;O an exponent vector, ¢c; < --- < ¢ If, forall2 <i<k—1,
Zi‘—l cj—1
c: < =)= 7 , 4.1
i+1 > i—1 ( )
then ¢ will be called a minimal exponent vector. This is because, as stated in the next result, this
means that the linear forms hq, ..., hy form a minimal generating set for the ideal (h{*,..., k") C A.

8



Lemma 4.2 (Geramita and Schenck [§]). For2 <i<k—1,

hitt & (T, ... h$) & (c1,...,ciy1) is minimal .
Lemma 4.3 (Geramita and Schenck [8]). Let ¢ be a minimal exponent vector and J = (h{*, ..., hi*) C

A. Then the dimension of the vector space J,, is given by

k
dimg J,, = dimg J N Ay, = > dimg A(—¢;),,, — adimg A(~2 — 1), — Bdimg A(-12),, ,
i=1

where
k
. Zf:l ci—k i .
If k=1, then we define 2 =a =0.
Consider now B := A[z3] = R[z1, 22, z3), and let hq, ..., hy € B be k homogeneous linear forms.
Lemma 4.4 (Geramita and Schenck [8]). Let ¢ be a minimal exponent vector and J = (h{*, ..., hi*) C

B. If all h; only involve the variables x1 and x5, the dimension of the vector space J,, is given by

k
dimg J,, = dimg J N By, = » _ dimg B(—¢;),, — adimg B(~2 — 1), — Bdimg B(-12),, ,
i=1
with 2,a, 3 as defined in Lemma [{.3}
Let us now present a more general form of this last result. Assume that ¢ = (c1,...,¢k) is
now an exponent vector that is not necessarily minimal, but still has non-decreasing entries, and let
(e1,...,ex) € Z’;O be any vector; define E := {ej,...,ex}. Our main object of interest now is the

homogeneous ideal
J = (x§'hf, ... x5Fh) € B,
where the homogeneous linear forms h; only involve the variables ;1 and xs.
Let I:={1,...,k}. Given a fixed e € E, let I® := {i1,...,iq(e)}, 11 < -+ <lig(e), be the maximal

subset of I such that e; < e for all ¢ € I°. Next, recursively define the following ideals in rings A and
B (we allow h; to denote linear forms in both A and B as they only involve variables z; and x3),

B2 J%:=(h{ : ieI™),
ADJt .= (hfl c i eI for el = maXE) , (4.2)
ADJI = (hf’ s i eI for e ::maxE\{el,...,ej*1}> , 1=2,...,d,

d—1

where we assume that d is the integer such that the set E\{e!,e?,... e ,ed} contains exactly one

element denoted e?!. For any given e’, {hf’i el eg} may not form a minimal generating set for
J7. However, it can be easily pruned by removing pairwise linear dependencies between the forms h;,
i € I° and forming a minimal generating set using Lemma [4.2

Once minimal generating sets have been formed for ideals J7, dimensions of their m!" graded
pieces can be found using Lemma for j > 0 and Lemma for j = 0. Note that the next result
collapses onto Lemma [1.4] when E = {0}.

Lemma 4.5. With the above setup, the dimension of the vector space J,, is given by

d el-1
dimg, J, := dimg J N By, = dimg J* N B(—€')pn + Y > dimg J' N A(—€)pm .

I=1 e=elt+1



Proof. We can equivalently write J,,, as

k
Im = Zacg"hf"B(—ci —€i)m
i=1

Since B = Alxs], the claim follows upon using B, = ®",z{A,,_; and grading J,, by powers of
xs3. |

Remark 4.6. The above result inherits the generality of Lemmas [£.3 and [£.4 — none of them depend
on the particular linear forms chosen as long as they are pairwise linearly independent.

By definition, J, is of the same form as J in Lemma and we can therefore use the above
result to compute its dimension. Let I, be the index set for edges containing v and define d, := #1I,.
We assume that I, = {iy,...,iq, } such that r(r;,) < -+ < 7(7i,, ). Define the k-tuple ¢ and e;,

j=1,...,d,, as
ej == Ams, c:= (r(nl)—i—l,.. (Ti, )—i—l) .
Finally, with E := {e1,---,eq }, define the integers el, ..., e and the ideals J°,...,3% analo-
gously to Equation (4.2) and Lemma where the homogeneous linear forms are now chosen to be
lz, -1z, - The dimension of J,m can then be computed to be
l
el—1
dimg 3, 77 = dimg 3° N S(—e')m + Z Z dimg 3' N R(—e)m (4.3)
=1 e=el+1
Example 4.7. Consider a vertex 7 where 5 edges 7y, ..., 75 meet. Let the homogeneous linear forms
corresponding to the 5 edges in I'(y) be ly,...,l5 and assume they are pairwise linearly independent.

Let the smoothness requirements imposed on the edges be
r(rn)=3, r(n)=5, r(r)=r(4) =r(15) =6,
so that ¢ = (4,6,7,7,7). Let Am be such that
e1=Am, =3, ee=es=Am,,=Am, =1, egs=e5=Am, =Am, =0,

thereby implying that £ = {0, 1, 3}. Let us illustrate the computation of the dimension of J, m, where

1lcl ei) .

H'Mu

Using similar notation as in Lemma and Equation , we see that d = 2 and
I°={1,2,3,4,5}; e =3,I° ={2,3,4,5}; e2=1,I={4,5}; & =0.

Thus, from Lemma [4.2] the ideals of interest are minimally generated as given below,
§23°=(,8.05.015) , R2¥ = (BI500,1) . R23°=(IL,1) .

Using Equation ([4.3)), the dimension of J, 7 is found to be

dimg J, 77 = dimg 3° N S(— +Zd1mRJ N R(—e)m + dimg 3% N Ry .

e=1

Everything on the right can be computed using Lemmas [£.3] and [£.4] and we confirm using Macaulay2
that dimg J~ 7 is correctly computed to be 4, 13,27 and 42 for m = 7, 8,9 and 10, respectively.
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Figure 2: An example illustrating the concept of active triangulations introduced in Deﬁnition The degree
deficit on all triangles in 72\ 73 is 2, while for triangles in T3'\ 73 it is equal to 1; the degree deficit
on all triangles in 73 is equal to 0.

5. Homology of C

In this section we collect main results characterizing the homology of the chain complex C. Recall
the notation introduced in Equation ([2.1)).

Proposition 5.1.

2
dimg Hy(C)s = dimz () Som = (m; ) .
o€T2

Proof. Let p =3 _[0]ps, Ps € Som, be in the kernel of 0, i.e.,
0=0(p) = Z[T] Z €0 Do & VT € T, Z €orPo =0.

. 670,1 c€T> c€T2
If any o and ¢’ share an edge 7, €, = —&,,-. Therefore, we must have p, = p, for every o and o’

that share an edge. By Assumption 23] all p, must correspond to the same global polynomial. W

In order to analyze H;(C)m and Ho(C)m, we introduce the concept of the active part of the
triangulation T with respect to an integer i; Figure [2| visually introduces this notion. Recall that Am
is the largest degree deficit specified by Am.

Definition 5.2 (Active triangulation). The active triangulation 7% with respect to i € Z>g, 0 <i <
Am, is defined as:

OEiCEsuchthataeTQig}iZAma,

e T/ C T; defined as the set of all edges contained in the union UseTs Jo, and,
° 7{{ C 7o defined as the set of all vertices contained in the union UreTf or.

The domain of this active triangulation is defined as the union Q° = UgeTio C R2.

The symbols for interior edges, vertices etc. are all appended with a superscript of ¢ when talking
about the active triangulation with respect to i. Note that “interior” will always mean interior with
respect to ). The above definition has been motivated by the fact that for ¢,j € Z>g, i +j = m,
monomial s#/w™ "™ is in S, (resp. Srm and S, ) only for o € 7-2m—m (resp. T € ﬂm_m and
v € Tg" ™). Of course, for m < m, T ™ =T.

11



Definition 5.3 (Number of relative holes in ). We define 7 to be the number of linearly indepen-
dent, non-trivial cycles in O relative to Q% N 61,

7 = rank (H,(Q,09' N 9Q)) .

Proposition 5.4.
dimg H; (C Z (m+ )7
m=11+

Proof. The entire kernel of 0 : @ [7]Srm — @ [7]Sym can be generated by (R-linear combinations
rehh ’7677)
of) ¢™, 0 < m < m, of the form ¢™ = [¢"]s't/w™ ™, where

L] i,jEZZU, t+j=m
o [¢p7] = ZTGT[ Tlor, or € Z, is a relative cycle, i.e., 9[¢™] = 0; and,

¢ 0, 0= stTw™ ™ € S, .

Then, for fixed i, j, we only need to see how many such ¢™ are linearly independent and not null-
homologous. It is sufficient to check if there exists some d™ = (3 .. [0]os)s"t?w™ ™ such that
o(d™) = ™, where

® 0, € Z; and,
® 0, 0= sitIw™ ™€ S, m.

Since 0, # 0 = o € T,"7™, it is clear that ¢™ is not nullhomologous in H;(C) iff [¢™] is not
nullhomologous in Hy (™™™, dQ™~™NdN). For i+ j = m, each such homology class [¢™] contributes

o (m+ 1) homology classes in H;(C). The claim follows upon recalling that 7¢ = 0 for i > Am from
Assumption 2.7] [ |

Remark 5.5. Following Proposition Assumption implies that all 7¢ must be 0 for all 0 < i <
Am. In other words, none of the domains ¢ are allowed to have any holes in homology relative to

00 N o0,

Definition 5.6 (Number of relative connected components in Q¢). We define N’ to be the number
of connected components in Q' relative to Q% N 99,

N :=rank (Ho(Q',0Q' N 09)) .

Proposition 5.7.

dimg Hy(C Z m—i—lem.
m=11+

Proof. For 0 < i+ j <, all [y]sitiw™ i3, v € Tg, sitiw™ =3 € S, 7, are in the kernel of 9. Let
vertex 7o, edges 11,...,7Tk € T1 and 01, ...,0x € Z be such that

o Vie{l,...,k}, stIw™ "I € S, m; and,

e [V =[y]+0 (Zle[n}oo )

Let i + j = m. Then, [y]s‘/w™ ™ is nullhomologous only if (a) 7o € 92 and (b) v and vy belong to
the same connected component of Q™. Otherwise, [yp]s‘t/w™ ™ would be a generator of Hy(C)
corresponding to the particular connected component of Q™™ that vy belongs to. For each s't7w™ ™,
the number of such generators is exactly equal to N~ ™. In particular, the number of generators for
a fixed i + j = m is equal to (m + 1)N™ "™ and the claim follows. [ ]
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6. Homology of Z
In this section we collect results on the characterization and computation of the homology of Z.

We start by providing a lower bound on the dimension of 9 < @ [T]Jﬂm> , and we follow the recipe
T€T1
employed in [I4]. For v € ’iﬁ, consider the map ¢ defined as

o : . [7]3rm — e @ [vI7]Srm
T€ET1 yeTo T€TL

7= D ernblTl

YET

and the map v defined as

(S @o @O Y|7)Srm = V3ym
YETo TET1

Wm{M’ e

. b)
0, otherwise

where [y|7] is a half-edge element, with [y|7] := 0 when ¢, , = 0 or when v € 0.

Lemma 6.1.
0=1vog.

Definition 6.2 (Interior vertex ordering). An injective map ¢ : 7o — N is called an ordering of the

interior vertices of the triangulation 7. For v € 706, define ', () as the set of interior edges connecting
v to 4/ such that either 4" € 99 or ¢(y) > 1(7’). We will abuse the notation by saying v > 7’ when

() > e(v").

We will assume that ¢, once chosen, is fixed and will omit it from all notation hereafter. Next,
define J, m = ZTEF('y) J-mm, and consider the map

§: @® & NSrm— & @ [Sm

~yETo TETL ~yeTo T€T1
WENR [lr], Tel(v)
0, otherwise

Define 9 := 1) 0 d o ¢. By construction,
dimg @ [7]3,m = dimg d ( <) [7]3T7m> < dimg 9 ( & [7]3T7m> , (6.1)
T€T
with each interior edge 7 contributing to exactly one fj%m.
Proposition 6.3.

0 < dimg Hy(D)mr < Y dimp Jrzm — Y dimg Jy 7 -

TETL Y€To

Proof. Since Hy(Z) = ker(9), and & [7]J; = ker(9)@im (9), the claim follows from Equation
G, o n
Corollary 6.4.

0 < dimg Ho(ZD)mr < Y dimp Jym — »  dimg Iy -

o o
v€To v€To



Remark 6.5. The dimension of jy,m can be found by following the same set of steps that led to
Equation (4.3) albeit by defining I, to be the index set of only those edges that are contained in I'(y).

Alternate lower bounds can be derived from the following observation: since the vector spaces of
the complex Z# are subspaces of the vector spaces of Cq, if a representative of a homology class in
Hy(C)7 is a member of &[Y]J m, then it must correspond to a homology class in Ho(Z)7 as it can
not be in the image of 0 : ®[7|Jrm — B[V]Iym-

Proposition 6.6. Given m > m + 1, let each connected component of Q™~™ that does not intersect

the boundary contain a vertex ~ such that l;“wm_m € Jym for any homogeneous linear form I,

corresponding to a linear polynomial vanishing on y. Then
dimR H()(I)m Z dimR H()(C)m

Proof. For some m > m + 1, consider a connected component of Q™= that does not intersect the
boundary. Then, there exists a vertex v in this connected component such that, upon translating ~y
to the origin without loss of generality, we can find (m + 1) homogeneous linear forms .,

E 227 s't? 5
i+j=m

such that the coefficient matrix [a;;] is full rank. This implies that we can find representatives in J- m
of each of the (m + 1) homology classes for degree m used in the proof of Proposition |

Corollary 6.7. If the statement of sufficiency in Proposition holds, then

dimg Hy(D)ms > Y dimg Jrm — Y dimg Jy 5 + dimg Ho(C)r

o o
T€TL v€To

Remark 6.8. Equation can be used to verify if the statement of sufficiency in Proposition
holds. One only needs to check if the dimension of J, 7 changes after adding I7'w™™™ to its set of
generators. In particular, let m > m + 1 be the smallest degree for which v € Q™™ belongs to a
connected component not intersecting 9, and let r = max{r(r) : y €1 € ﬁm_m}. Then, from
Equation , the statement of sufficiency will always be satisfied for such a v if m > 2r 4 1.

7. Dimension of spline space

Our main results on the dimension of S%,,, 7 are collected here and have been obtained by com-
bining the results from previous sections. In the following sections, we will first use Theorems [3.2] and
in conjunction with the results in Sections [5 I and |§| to provide bounds on the dimension of S%,,, -

ubsequently7 we will show that for 7w > 0 the dimension can be determined exactly.

7.1. Upper and lower bounds

Theorem 7.1.
0 < dimg SAyp 7 — Z (m+1)N™™ < Z (dlmR‘j.ym dnnR‘H m) .
=t ~veTo
Proof. The claim follows from the bounds provided in Corollary ]

Corollary 7.2. If dimg \:j'y,ﬁ = dimg Jym for all 7y, then equality holds in Theorem .
Theorem 7.3. If the statement of sufficiency in Proposition[6.6] holds, then
dimg SZm,m > X(Q)m
Proof. The claim follows from Proposition [6.6] [ |

It can be readily observed that, in the special case of uniform degrees, the upper and lower bounds
on the dimension of Sg;; coincide with those presented in [14].
14



7.2. Dimension formula for m > 0

It can be rigorously shown that the dimension of S%,, 7 is stable for T > 0, but it requires
an alternate approach than the one summarized in Section Specifically, instead of considering
the complex Q directly, we “break it up” into pieces that explicitly indicate the contributions that
different degree deficits have toward the dimension of S%,,, 7. Doing so, we can prove the main result
of this section, Theorem [7.4]

Theorem 7.4.
dimp ngﬁ =x(9Q)m m>0.

The proof of Theorem [7.4] follows from Lemmas[7.7]and [7.I0] We start with a result that will help
detail when parts of Hy(Z) vanish in sufficiently high degree.

Lemma 7.5. For a triangle o, let l;,,1,,,l;, be the homogeneous linear polynomials associated to its
edges 11, T2, T3, respectively, where 1 and 1o meet at (0,0). Additionally, let p € S be a homogeneous
polynomial that does not vanish at (0,0, 1), and consider a graded S-module 9. Then, M vanishes in
sufficiently high degree if either of the following two conditions hold:

(a) some power of each of 11,1l and p annihilate M,
(b) some power of each of 1y, lals and w annihilate M.

Proof. For either part of the claim, let 8 be the ideal generated by the three polynomials given; it
can be verified that v/ = (s,t,w). Since & must contain a power of its radical (S is Noetherian),
(s,t,w)® C R, K € Z>o, and thus M vanishes in sufficiently high degree. |

As mentioned earlier, let us now consider an alternate approach toward characterization of the
homology of Q. To do so, we first need some additional notation. First, we define the (shifted) ideal
£i(=j) for 0 <i < Am + 1 as below,

) 0, i=Am+1
Q[i}(_J) =

w'S(—i—j), 0<i<Am
Next, for O € To U T; U Ty we define

So,pa) = So/(So N L) Jo, e = Ja - Soy
So,a = Soypa) N Lpi-11 Joyq = Jo - Soy (7.1)

where, as usual, J, := 0 for all o € 7. We then define the complex Q; as

& [0Sy — @ [1Srw/Irig — & S0/ — 0,
o€Tz2 TET v€To

and the complex Q| as

S _[0]Se i) — & TSy /Il —— B, WSy /Iy —— 0
o€T> TET Y€To

The following result follows directly from these definitions.

Lemma 7.6. The following is a short exact sequence of complezes,

0 Q) Qijf — Ljji—1yy — 0.

Notice that Q) amy1) = Q. Furthermore, it can be readily checked that Qg is identically zero.
Therefore, from Lemma Q can be studied by studying the complexes Q;, i = 1,2,...,Am + 1.

15



We do so by analyzing the following short exact sequence of chain complexes for each 1 <i < Am—+1.

+— O
—— O

I[i] : 0O —— @O [7‘]37’[1-] —_— P

3l —— 0
TET v€To

—
—

C[i] : S [U]SJ’[Z-] e @O [T]S,,-’[Z-] e @O [’y}S%m — 0 (7.2)
o€T2 reTi veTo
Qp - [0S — @ [1S0u/Irig — & DSy 1/Ivm — 0
o€T: €T veTo
0 0

Note that the morphisms above are obtained in the obvious way by composing the (restrictions of) 0
with quotient maps. Also note that, owing to quotients by £; in Equation , some of the faces,
edges and vertices will not contribute to the complexes in Equation . In fact, it can be readily
verified that only the active triangulation 7! will participate in the above.

Now, the short exact sequence of complexes in Lemma implies the long exact sequence

0+ Hy (Qp) » Ha (Quy) > Ha (Qivy) % Hi(Qu) » -+ + Ho (Qpi_1y) = 0 (7.3)

with 9 = 0, and

Am—‘rl
X (D =X (Qams)m = D X (Qu)m -
=1

Furthermore, it can be easily shown (in manners completely analogous to the proofs of Propositions
and that Assumption implies that for all 1 <i < Am+1,

Hyi(Cpip)m =0, Ho(Cpi))im = (M —i+2)N""". (7.4)

Then, all of the above, in conjunction with the long exact sequence of homology implied by Equation
(7.2)), directly yield the following result.

Lemma 7.7.
AMA+1
dimR ng,ﬁ — X (Q)W == Z dimR H() (I[Z])W - dimR HO (C[Z])W - dimR im 8i,m .
i=1
Proof. The proof follows from the above developments since the exact sequence from Lemma
implies that

AM+1
dimg SA,pm = Z dimg Ho (Q[i])m — dimg im 0; 7 .
i=1

Therefore, to show Theorem we only need to prove that the right hand side in Lemma
vanishes for 77 > 0. This is done by showing that for m > 0 the map from H, (I[i])m to Hy (C[i])m
in the long exact sequence of homology implied by Equation (7.2)) is an isomorphism. This will, in
particular imply that both H; (Qp). and Hy (Qpy),. vanish (from Equation (7.2)) and, therefore,
im 9, 7= vanishes (from Equation (7.3])). First, we constructively demonstrate the existence of certain

vertex orderings; Lemma is a specialized form of [2I] Lemma 3.3].
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Lemma 7.8 (Specialized form of Lemma 3.3 from Schenck and Stillman [21]). Let Q' C R? be a
simply connected region and consider its triangulation T'. Then, there exists a total order on T so
that for a vertex v there exist k vertices vi,...,vx € lk(y) such that v; < ~, j = 1,...,k, and all
edges ;v have different slopes. The integer k depends on the position of v as below:

(a) k> 2 for ally € V;
(b) k>1 for all but one v € 9.

Corollary 7.9.

(a) There exists a total order on Ty = %Am such that, for each v € %Am’ there exist 1,772 € 1k(y)
such that v1,v2 < 7y and the edges, yy1 and yy2 have different slopes.

(b) For 0 <i<Am — 1, denote the j* connected component of Q' with Q;

o If 93 intersects OS2, there exists a total order on 761'73- such that, for all v € '7()6i7j, there is an
edge T =Yy, 11 <7
o If Q; does not intersect 0X), there exists a total order on 761'7.7- such that, for all but one

v E 7061,7]'} there exists an edge T = yy1, 71 < 7.

Proof. Part (a) and the second bullet in part (b) follow from Lemma so we only need to prove
the first bullet. Denote with D;- (7,0) the smallest number of edges in Tfj that connect 7 in the
interior of Q; to a vertex on 0. If D;('y, 0) = k > 0 then there exists at least one adjacent vertex
v € 751;3- such that D; (v,0) = k — 1 and v+ is an edge in Tfj Order the vertices in 7}}3 such
that if Dj(v,0) > Dj(y',0) then v = 4. For a fixed k, the ordering of the vertices in the set
{7+ Dj(v,0) = k} relative to each other does not affect the claim. |

We will now prove the claimed isomorphism Ho(Zy;))m = Ho(Cjy))m for m > 0 by generalizing
the results presented in [21] to the present setting. We will use Lemma and Corollary for the
same. Most importantly, this will imply that unlike [21] the 0-homology of Zj; will, in general, not
have finite length for 1 < i < Am.

Lemma 7.10.
Ho(Zi)m = Ho(Cpy)mm , M >0.

Proof. For i = Am + 1, we are in the usual uniform degree setting in Equation . In this case, it
was shown in [21, Lemma 3.2] that Hy(Zf;)) vanishes in sufficiently high degree. Additionally, we know
from Equation that Ho(Cpj)m = 0. Therefore, in the following we will assume 1 <14 < Am.

As mentioned in the remarks immediately following Equation , only the cells contained in
active triangulation 77! will contribute to Equation (7.2). We will prove the claim by showing that,
for m > 0, Ho(Zj))m surjects onto Ho(Cpyj)m and that dimg Ho(Zp)),. is bounded from above by
(M —i+2)N*~' = dimg Ho(Cp;)).. We will use Equation (x) below,

m > 0 = dimg (J%[i])ﬁ = dimp (£[i—1]/£[i])m =m-—-1+2. (*)

Upper bound. 1t is sufficient to analyze a particular connected component of Q=1 let us denote it
with Q}_l. Consider vertex v € Q;-_l and an arbitrary f € J,,1; [7]f is an element of Ho(Zp;)). If

v € 99 then, by previously defined convention, [y] = 0. Order the vertices of Q;fl as in Corollary

3.

Let 4 belong to a face o € Q71 with edges 71 = Y91, 72 = 772 and 73 = 7271, and assume that
v = 1. Then, in Hy(Zj;)), and with r := max{r(72),r(73)}, we have

AT = [ fIrOHE ) IR = [ TR g 1T =[] fin o)

AT = Il 01

where the fourth relation has been derived from the second and the third. Therefore, if powers of [,

and [, 1, annihilate [y1]J., ;) in Ho(Z};)), they will also annihilate [y]J, ;). Furthermore, by definition,

any multiple of w will annihilate [y]J.,;;. Now, from Corollary b), we also know the following:
17



Y4 Y4

Vs
Y1 3 ga! 73

72 Y2
(a) T(1) (b) 7(2)

Figure 3: Two triangulations containing a single interior vertex. Perturbing the interior vertex of the trian-
gulation in (a) yields the triangulation in (b); see Example

o If Qé‘l N OQ # () then such a 7 exists for all y € Sglj._l.
o If Qéfl N O = () then such a 1 exists for all but one v € (02;71 = Q;-*l.

Using Lemma b), the contribution from Q;_l to Ho(Zy;))m will vanish if, for all v € é;._l,
[7]3+,[s) vanishes in Ho(Zp;)) in sufficiently high degree. Then, from the above reasoning and Equation
(%), we see that the upper bound for this contribution is n where

0, QN0 # 0
n = . .
m—i+2, QNN =10

Lower bound. From Equation (%), following the same reasoning as in the proof of Proposition
and Remark Ho(Zj;) )7 will contain representatives of all homology classes from Hq(Cp;))7m when
m > 0. This implies that the map from Ho(Z};))m to Ho(Cp;))m in the long exact sequence of homology
implied by Equation is a surjection. Combining this with the upper bound, the claim follows. W

8. Examples

In this section we consider examples of non-uniform degree spline spaces on triangulations and
compute bounds on their dimension using Sections [ and [7} In particular, we present configurations
where the upper and lower bounds coincide and thus equal the exact dimension. All of the following
computations have been verified using Macaulay2.

It is also possible to express the smoothness condition in Lemma [2.6]in terms of relations between
Bernstein—Bézier coefficients [12] and to assemble the relations in a matrix of constraints. Doing
so for the entire triangulation, the null space of the full matrix of constraints can be numerically
computed. The dimension of this null space will equal the dimension of S%,,, - The computed null
space can also be utilized to build non-uniform degree splines on triangulations. We have extended a
MATLAB codebase written for uniform degree splines by the authors of [6] for performing the above
steps. Example [8.5] utilizes splines built in this manner. An analogous but more efficient approach
was adopted in [2§] for building univariate non-uniform degree splines by explicitly constructing a
sparse null space of the matrix of constraints without solving any linear systems.

Example 8.1. Consider the triangulations shown in Figure |3} they contain a single interior vertex
~v5. Assume that we are interested in the degree deficit and smoothness distributions
Am : myys =011, Yy =02—0, ywups=03—0, yuny=01—1,
7’:’71’)/5:’7'1*—)1, ’}/2’}/5:7'2’—)1, ’}/3’75:7'3|—)2, 7475:7'4'—)1.
Then, Corollary applies and we can compute the dimension of the associated spline space exactly

for all 7; see the table below.
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Y4 3

Y6

5

§a! 2

Figure 4: A mesh 7 (3) containing two interior vertices but no interior edge connecting them. The dimension
of spline spaces on this triangulation can be computed exactly; see Example

V4
71

N

Y2 Y3

Figure 5: A mesh 7 (4) containing three interior vertices. In Example [8.3{a), an ordering of the vertices can
be found such that the lower and upper bounds specified by Theorem coincide, thus yielding the
exact dimension.

m 213|415
dimg 8%, 7 (T(1) || 4] 9| 17 | 30
dimg SR, (T(2)) || 3| 7| 16 | 29

Example 8.2. Consider the triangulation 7 (3) shown in Figurecontaining two interior vertices that
are not connected to each other. Assume that we are interested in the degree deficit and smoothness
distributions
Am @ yiyys =013, NBY=02—3, PNy =032, YPyra=04—1,
Y273% =05 = 0, Yy3ya =06+ 0,
roms=n0, =n=0, wps=m—=0, pu=nu—1,
Y26 =Ts 2, VY6 =Te 2, Y3V =Tr3.

Again, from Corollary we can exactly compute the spline space dimension for all degrees.

m 304056
dimp 8K, (7(3) || 2| 8| 20 | 38

Example 8.3. Consider the triangulation 7(4) shown in Figure |5| and let r(7) = 1 for all 7 € Ti.
Let the degree deficit distribution be

Amg , 0 =75%77
Am] , otherwise

Am(o) = {

19



Y36 Y35 33 Y30 Y26 Y21

Y2 72 a! At 71 71

V2 Y ot Y 71 Y11

Figure 6: A uniform triangulation 7(5) of a parallelogram-shaped domain. We compute the dimension of the
space of C? smooth splines on this mesh in Example

(a) Let Amgy = 1 and Am;, = 0. Then, upon ordering the vertices as 77 = v = 75, it can be
verified that J., = J, for all v. Using Corollary we can compute the spline space dimension
exactly for all m.

m 203415
dimg 8K, 72(T(4)) || 4| 15 | 34 | 61

(b) Let Am, = 0 and Am/ = 1. Then, there is no ordering of the vertices for which the upper
and lower bounds coincide in Theorem [7.1] Assuming that we order them as 7 = 76 > 75, the
table below presents the computed upper and lower bounds, as well as the exact spline space

dimension.
m 2 3 4 5 6 7
dimp Szmﬁ(’T(él)) (exact) 3 7 19 39 68 105
dimp ng’m(T(él)) (estimated) || [0,3] | [5,7] | [18,20] | [39,41] | [68,70] | [105,107]

In the above table, following Remark[6.8] the lower bound has been estimated using Theorem [7.3]
except for m = 2. As can be observed, the dimension coincides with the lower bound (= x (Q);)
for all m > 5; cf. Theorem

Example 8.4. Let us consider the uniform triangulation 7/(5) shown in Figure [6] Assume that we
are interested in building a spline space such that the degree and smoothness distributions are

Am : o= Am, , o' — Amy
roTH2,

for all interior edges T € 70'1 and such that o is one of the faces contained in the regions bounded by
either {736, 730,727} or {76,73,V18}; o’ is allowed to be any face outside of these two regions. The
dimensions of S3,,, 7; can computed exactly using the interior vertex ordering given below,

(v7:719) = (712,716) > (Y24, 713) = (78,7175 Y23, Y25) > (Y9, 714, V28, V29) > (V10,732) »

where vertices contained inside a given set of parentheses can be ordered in any manner with regards
to each other.
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Figure 7: Using the spline spaces analyzed in Example we approximate the surface shown in Figure b)
using a least squares projection. The approximated surfaces are shown above, and the color schemes
correspond to the absolute value of their pointwise distance from the exact surface.

(Amg, Amg,m) || (0,0,5) | (0,0,7) | (3,0,5) | (5,0,7)
dimg 8%, (T(5)) || 187 547 66 192

Example 8.5. For the setup used in Example[8:4] consider the problem of approximating the surface
shown in Figure (b) It can be intuited that employing non-uniform degree splines for approximation
of the surface may be more efficient than using uniform degree splines. By building spline spaces
corresponding to all the different degree configurations considered in Example [8:4] we approximate
the surface using a discrete least-squares projection. The results are shown in Figure m(a,b) for the
uniform degree configurations and m(c,d) for the non-uniform degree configurations.

9. Conclusions

For the purposes of both geometric modeling and isogeometric analysis, spline spaces allowing
polynomial degree adaptivity will lead to new classes of local refinement. This paper presents first
steps toward the development of a theory underlying spline spaces with such flexibility. Focusing
on the setting of degree adaptive splines on triangulations, we have presented combinatorial upper
and lower bounds on their dimension. These bounds generalize previous approaches [3|, [8, [14] that
considered the setting of uniform degree splines.

Several future extensions of the theory are possible. A first direction could focus on the estimation
of dimension for refinement patterns such that H7(C) # 0. Another direction of practical and theo-

21



retical interest is the case of supersmoothness across vertices as was noted in [18]. From the point of
view of applications, a good set of basis functions (locally supported, non-negative, partition of unity,
well conditioned etc.) needs to be constructed. While it is not known if such basis functions exist
or how to build them, studying spline spaces over locally subdivided triangulations (in the spirit of
Clough-Tocher /Powell-Sabin refinements) may lead to constructions that are sufficiently flexible for
both geometric modeling and isogeometric analysis. The above considerations will form part of future
research endeavors which will focus on formulation of constructive approaches.
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