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Abstract

We present a fully-coupled monolithic formulation of thedhstructure interaction of an
incompressible fluid on a moving domain with a nonlinear hgfasstic solid. The arbitrary
Lagrangian-Eulerian description is utilized for the fluidbdomain and the Lagrangian de-
scription is utilized for the solid subdomain. Particuldteation is paid to the derivation
of various forms of the conservation equations; the corsienv properties of the semi-
discrete and fully discretized systems; a unified presientatf the generalized- time
integration method for fluid-structure interaction; aneé tterivation of the tangent ma-
trix, including the calculation of shape derivatives. A NB&-based isogeometric analysis
methodology is used for the spatial discretization andetmemerical examples are pre-
sented which demonstrate the good behavior of the methgylolo
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1 Introduction

There are two major classes of discrete fluid-structureracteon formulations:
staggeredand monolithic which are also referred to as loosely- and strongly-
coupled, respectively.

In staggered approaches, the fluid, solid and mesh movemeatiens are solved
sequentially, in uncoupled fashion. This enables the usxisfing well-validated
fluid and structural solvers, a significant motivation foopting this approach. In
addition, for many problems the staggered approach worlisand is very effi-
cient. However, difficulties in the form of lack of convergenhave been noted in
a number of situations and considerable recent literatasebken devoted to a dis-
cussion of these problems and attempts to circumvent thieseems that “light”
structures interacting with “heavy” fluids are particwagroblematic (see, e.g.,
[48, 50, 51]). Another situation that has proved difficuliwben anincompress-
ible fluid region is fully contained by a solid, such as for the fiijiof a balloon
with water [40]. In cases like this, special modificationedeo be introduced
to achieve success. On the other hand, Faghatl. [18] has reported consistent
success for staggered approachesampressibldluids. As of this writing, these
claims have not been fully reconciled with those for incoegsible fluids. It is
somewhat puzzling because incompressible flows may be fihaigs limiting
phenomena within a compressible formulation.

In monolithic approaches, the fluid, solid and mesh movereenations are solved
simultaneously in fully-coupled fashion. The main advaetas that monolithic
solvers tend to be more robust. Many of the problems encoeohtgith the stag-
gered approach are completely avoided with the monolithpr@ach. Of course,
there is a price to pay in that the monolithic approach néizes writing a fully-

integrated fluid-structure solver, precluding the use a$teng fluid and structure
software. However, recent attempts have been made to desiigmes that could
in principle use existing fluid and structure software in¢batext of fully-coupled



approaches [24].

Our aim in this work was to develop a robust isogeometricysisformulation for
fluid-structure interaction. Consequently, we opted foranaiithic approach, but
we note various staggered techniques can also be obtamadtie fully-coupled
formulation at the linearization stage by removing certaocks from the tangent
matrix and employing a fixed, small number of Newton steps,(sqy., [47]).

Isogeometric analysis was introduced in Hughes, Cottredl Bazilevs [30] and

further developed in [2-5, 13, 14, 16, 70]. Isogeometridyamis is based on the
technologies used in engineering design, animation, gragsh and visualization.

It is a generalization of finite element analysis and it islatieely simple matter

to develop an isogeometric code from an existing finite elgnsede. The main

change involves writing a new shape function routine (seghesa [28], Chap. 3).

It also requires an element routine that is written in a patanzed way, in partic-

ular, the number of degrees-of-freedom per element neebls toparameter. The
element routines described in Hughes [28] possess thiefyoome additional

simple data structures are also required. We plan to desitré@se implementational
aspects in detail in future work. In addition to includingitinelement analysis as
a special case, isogeometric analysis offers the followwgsibilities: Precise and
efficient geometry modeling; simplified mesh refinement artttoelevation pro-

cedures; superior approximation properties; smooth asitions with compact

support; and, ultimately, the integration of geometricigiesind analysis.

In Section 2 we begin with a presentation of general contimawechanics on do-
mains undergoing arbitrary motion. The motion is descrilmetérms of a space-
time mapping of an arbitrary reference domain. The desorips specialized for
the cases of interest, namely, the Lagrangian descripfiarsolid and the arbitrary
Lagrangian-Eulerian (ALE) description of the fluid [32].thee ALE description the
domain is in motion but the motion does not coincide with thegtion of material

particles. The material particles are in relative motiothwespect to the motion
of the referential domaimgobilis mobil). In the derivations, it is found helpful to
employ a space-time Piola transformation. Several usefai$ of the conservation
equations are presented, specifically, the advective gceaisve and mixed forms.

The mixed form seems to be the preferred one for implemeti@d@LE descrip-
tion in the semi-discrete format. A key relation is identifteat influences the abil-
ity of the formulation to conserve momentum in the discretsec Specific forms
of the fluid and solid equations used in the sequel are predent

In Section 3 the variational formulation is described. Thastituent formulations

for the solid, fluid, mesh motion, and coupled problems aesgmnted. In Section
4 the discrete spaces and continuity conditions at the ftrigcture interface are
described. The semi-discrete problem is then introducda@atiscussion of conser-
vation properties follows. The conservation laws of ing¢l@e mass, momentum,



and the so-called geometric conservation law. It is arghatli dll these are satis-
fied in the semi-discrete case, and the mass and geometsersation laws also
hold in the fully-discrete case. Momentum conservatiorhia fully discrete case
depends on whether or not the time integrator preservesephaedtation alluded
to previously. If it does not, then the momentum is conseryedb the truncation
errors introduced by the time integration algorithm in tkey relation. The time
integration is performed by the generalizednethod [12, 36]. We present, appar-
ently for the first time, a subfamily of the generalizedamily of methods that is
dissipative, second-order accurate, and unconditiostdlyle for the coupled fluid-
structure case. In Section 5 the linearization of the systgmesented including a
discussion of the calculation of shape derivatives, thatesvatives taken with re-
spect to the motion of the reference domain, namely, the megion. The tangent
that is derived contains all terms in the consistent tang&oépt ones involving
derivatives of stabilization parameters appearing in thiel 8ubproblem. This is a
common practice in the solution of stabilized formulati@ml does not seem to
adversely affect convergence of the nonlinear problem ¢h ¢iane step.

Some specific aspects of isogeometric analysis are dedanb8ection 6. Two
benchmark calculations are presented in Section 7, flow awvezlastic beam at-
tached to a fixed square block and the inflation of a balloore iffflation of a
balloon is a particularly stringent test for a fluid-struetformulation. In Section 8
the application of NURBS-based isogeometric analysis tepaspecific arterial
configurations is described. A simple finite-deformationstdgutive law is studied
for arterial applications and justified on the basis of am&letary equilibrium anal-
ysis of a simple arterial configuration. This model is theadus the fluid-structure
interaction analysis of a patient-specific abdominal aatieurysm. Conclusions
are drawn in Section 9.

2 Conservation laws on moving domains

We begin by introducing the concept of a space-time mappmugtlhe associated
mathematical apparatus. In particular, a space-time Batsformation (see, e.g.,
[44, 45] for background) emerges as a key concept. We thendur attention

to generic scalar and vector balance laws and make use op#doe4ime Piola

transformation to derive their various forms.

2.1 Space-time mapping and Piola transform

Let(2, € R? be an open and bounded domain, referred to as the referéotrelin.
Letr denote a time coordinate and Jét7’[ be a time interval of interest. We define
aspace-timeeferential domain ag, = 2, x]0, T'[C R*.
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Fig. 1. The space-time mapping of the referential domaim ¢iné spatial domain. Note
that, in all cases, the referential domdky is fixed for all » €]0, 7 in contrast with the
spatial domain.

Let 93(4) . @, — Q. C R* be a space-time mapping ontcspace-timespatial
domain, given by

=@l V= wn=1 " Ywwneca| @
x o(y,r)

where¢ : Q, — Q, C R? denotes a mapping of the referential domain onto its
spatial counterpart. (See Figure 1 for an illustration.jeNbat in (1) = r, thatis
the spatial and referential clocks are synchronized.

Remark 2.1 It is convenient to think of),, Q., Q,, andQ,|, = ¢(Q,,r = t) as
differential manifolds. Despite the fact that we take- r, it is important to dis-
tinguish between the differential operata?gor and 0/0t, because in the former
case we are assuming poinjsc €2, are being held fixed, whereas in the latter case
we are assuming points € (2|, are being held fixed.

Remark 2.2 The spatial description is often referred to as the Eulerigscrip-
tion.



The deformation gradient associated V\l,’(iﬁ) becomes

ot ot T
. ~(4 = 2 10
FO—ppt = ooy "7 | @)
9 09 o F
or 0Y
where0 € R? is the zero vectorF' € R33 is the usual deformation gradient
associated witlp, andv € R? is the referential velocity vector, defined as,

. Ou
v = W) (3)
wherew is the displacement of a point in the referential domain,
,&’(yv ’I“) - &(yv T) -y, (4)

and % is the derivative with respect to the referential time Valeataken withy
held fixed.

The inverse oﬂﬁ’(ﬁ‘) may be computed as
Fl= : )

and its transpose is

~T 3
L (4) 1 —v'F
FT= |- (6)

The following relationship is also easily verified

@ _ -

JY =det I = J =det F, (7

. . ~ (4 ~ .
that is, the determinants (ﬂ’( ) and F' are equal, a consequence of time synchro-
nization.

Let~™ : Q, — R* denote a space-time flux vector field defined on the spatial con
figuration. In order to preserve the conservation strudtutbe reference configu-
ration, we definey;“, a space-time flux vector field in the referential configunati

as

2oy (4)
AW = JOFT Ty0 (8)

This is thespace-time Piola transformatiolVith (8), we can prove the following



space-time integral theorem:

/Q VY A0dQ, = /Q VA aQ,, 9)
where
9
V;‘l) =] % (10)
Va
0
V;‘l) =1 (11)
vV,

are the space-time gradient operators. The proof of (9)5edban théiola identity,
namely,

v (j<4>ir<4> —1) o, (12)
the transformation formula for volume elements,
dQ, = J¥dQ,, (13)
and straightforward calculations.

One must be careful in analysis on a space-time manifoldusecanany com-
monly invoked results depend on the existence of a Riemamnéric, which in the
present case does not exist. For example, there is no wigtledeunit normal vector
to the boundary o(),, in contrast witho@,,, for which there is a well-defined unit
outward normal vector. However, many important resultstoaobtained without
the existence of a Riemannian metric, or any metric for thatten The subject of
analysis on manifolds without metric structure (i.e., @iéntial topology) is well-
developed (see Flanders [21], Spivak [55], Lang [42, 43]jl&wmin and Pollack
[23], Bishop and Goldberg [8], Marsden and Hughes [45]).

A way to understand (8) is to assume Cartesian coordinatisobia both(), and

@),. We will denote these charts &s,} and{y.}, respectively. We use lower case
indices (i.e.a, b, ¢, .. .) to denote the current configuration and upper case indices
(i.,e., A, B,C,...)todenote the reference configuration. All the indices nar the
range0, 1, 2, 3 with 0 referring to the time coordinate, arid2, 3 referring to the
space coordinates. Summation over the range of the indieewplied for repeated
indices. With these one can compute as follows:

P j(4)ﬁ(4) —1 0J@ . R 3F(4) —1
B am e A el



R a2§5(4)
— cofF}y) ——
- Oya0ys
o 82&(4)
_ J(4)F(4) =T b 15
bB ayAﬁyB ( )
4) _ (4
aFC('a) ' — _[@ 1 0F5 H(4) -1
ayA Cb ayA Ba
R 82&(4) R
— W b @) -1 16
Cb 8yA8yB Ba ( )
4) _ 74
dya A oyaoyg P

A4 "
— J@ 8%,() ) FW 150 -1 7(4) 8%,() ) W -15@) 1
Oyadyp " Ba

- 0RO ) 1 a1 ) —1 ) 1
:J() (F —F __FAb_FBa_)

— 0. (18)

This is the component form of (12). The last line of (18) felkfrom the fact that

7(4)
ai?gyB is symmetric inA and B, and the term in parenthesis is skew-symmetric in
AandB. O

The referential domain can take on several interpretatlarikiid-structure interac-
tion, it is usually taken to be the initial configuration oétproblem domain. When
the fluid domain moves, it becomes the so-called arbitragramgian-Eulerian
(ALE) description. The material description is often w@d for the solid domain.
By virtue of the fact that the referential domain is arbiyrdircan be specialized for
the material description. This representation is also n@mb for deriving mate-
rial forms of the conservation laws. A summary of notationd anportant results
for the material description follow. We sgt = X € Qx C R3, a “particle” in
the material domain, and = s €]0, T, the material time. As before, the differ-
ential operato®)/ds, needs to be distinguished frofifor andd/0t. In the case
of 9/0s, known as the material time derivative, the material poiwt (particle)
X € Qy is held fixed. The material description is often referred $attee La-
grangian description. The material and referential cloates also synchronized.



LetQx = Qxx]0,T[Cc R* andop¥ : Qx — Q., where

Q. = | (z,1)| { ! } = oW (X, s) = { ’ }V(X,s) € Q, (19)
Xr ¢(X75)

ot _ot_ 107
FY — D¢(4) — |0 0 X | — (20)
o6 0 v F |
s 9 X
F = 99 (deformation gradient (21)
~ X ¢
u(X,s)=¢(X,s) — X (particle displacemet (22)
v = g—f = g—z (particle velocity, (23)
1 o’
FW -1 = , (24)
~F v F!
1 —ovlF 7T
FW-T = (25)
o F7
JW = det FW = J = det F, (26)
’Yg?) T _ J’)’gl) T @) T (27)
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[ 90 AaQ. = [ 99 4Py, (28)
Qw QX

9
ve=| > (29)
Vx

2.2 Master balance laws

In this section we derive generic master balance laws forove@nd scalars, and
present their various forms in the spatial and referentiahains.

The following master balance laws hold on the spatial dorfigirisee, e.g., [45]

for background):

Scalar case
a4 ade:/ 'yfnxd@ijt/ 3 dS,, (30)
dt Ja, O Qa

Vector case
i/ o dQ, :/ T,n, d@Qx+/ 8 dS,. (31)
dt Ja, O Qu

In the above equations, a scalar, andy, a vector, are the conserved quantities of
interest,3, a scalar, ang, a vector, are the volumetric source terms, griah, a
scalar, and’,n, a vector, are the surface fluxes.is the unit outward normal to
092, the boundary of2,, v, is a vector, and’, is a second-rank tensor. Note that
the unit outward normal vector to the 3-dimensional spaliaksis well defined.
Recall that the domaift, changes with time and this must be taken into account in
the time differentiation of the left-hand-sides. Standanacedures (see [45]) yield
the following:

Oa B T
[ S = [ (- av)n. o0, + /Q Bae, (32)
and
o
QzEde—/mz(I‘x—a®v)nxd8§2x+/ﬂzﬂd9x, (33)

where the partial time derivativ@/ 0t is taken with the spatial coordinateheld
fixed. Note that the boundary terms are modified by the fluxeswing the mate-
rial particle velocityv. Employing the divergence theorem on the boundary terms

11



in (32) and (33) gives

156
Qwa%—vx-(av—vx)—ﬁde—O (34)
and
oo
— 4+ V.- (a®@v—-T,)—B3d2, =0. (35)
Q, Ot

Equations (34) and (35) represent the scalar and vectoremiagtance laws on
the spatial domain written in a divergence form. We are géingmploy equation
(10) in (34) and (35) to obtain the same balance laws on tieearfial space-time
domain, also in the divergence form. For this purpose weynate (34) and (35) in
time

a—a+Vx-(av—7x)—ﬁde:O (36)
Q. Ot

da | v (@a®@v-T,)—BdQ, =0 (37)
0. 8t T T r — Yy

and then change variables, using (10) - (13),

: % 4V, <jaﬁ"1(v — ) — jﬁ‘lyx) —J3dQ,=0  (38)

0J
Q, Or

4V, (j (@@ @w—9)F " — jrxir‘T> _JBdQ,=0. (39)

The advantage of these forms of the master balance law istleds free to choose
any referential domain that is convenient for a given proble

Particularly useful forms of (38) and (39) are obtained bgaging the reference
domain to be the material domain. In this case, weysetX, v = v, F' = F, and
J = J,in (38) and (39), and obtain, respectively,

/X%_VX'(JF_I%)—JﬁdQXZO (40)
and
/QX a;j ~Vx (JTFT) = JBdQx = 0. (41)

As may be noted, this results in a simplification of the gelneaiae due to the fact
thatv — v = 0. This is an advantage of the Lagrangian description.

12



Remark 2.3 In order to obtain local forms of the balance laws, we assuhge t
integrands of any of the previous integral balance laws asatimuous and the
domain may be taken arbitrarily small about any space-timasp In this case,
using standard arguments (see [45]), it follows that theegmands must vanish
pointwise. This is referred to as the localization argument

We can also state the mixed form of the master balance lanesgXmixed” refers
to the fact that time and space derivatives are associatbdlifferent descriptions.
This form is often used as a staring point of ALE formulatiohbalance laws. We
first recognize that botlf, = [ J, and(2, do not change in time. Furthermore,
using time synchronization and a localization argunveitt respect to timén (38)
and (39) leads to

ag S v (jaﬁ‘_l(v —9) - jiflfym> —JBd0, =0  (42)
Q, Or
and
dJa 5 oy T s a-T N
0 WvLVy(J(a@(v—v))F —JFIF )—JﬂdeIO, (43)

which hold at every time instant. Changing variabJgs — |, and using equa-
tions (10) and (13) yields

. 0Ja
_1— . — ) — — =
0. J o +V, (e(v—20)—7,) —Bd2% =0 (44)
and
j—lagf YV, (@®(w—1)—T,) - BdQ, = 0. (45)
Qy

Note that in (44) and (45), partial time derivatives are \eth respect to the ref-

erential time variable, while the spatial derivatives aleenh with respect to spatial
coordinates, leading to a mixed representation. Thesdiegaanay be simplified

further. Assuming sufficient smoothness of the fields, we mate

0J | -0a

_ 1,97
or / <a87’ +J87’)
@IV TS
=| aV, v +8—a, (46)
or
where, going from the first to the second line, we have useddhédentity
07 _ IV, -0, (47)
or

13



which we will discuss further in Section 4.3. Also note that

Ve a(v—2)=(v—v)-Vya+aV, -v| —aV, v | (48)

Similarly, for a vector quantity, we get

.0 Ja
-1 o LA
J o aV, v |+ o (49)
and
Ve (a®@(v—2))=(v—2) - V,a+aV, -v| —aV, v | (50)

Substituting (46) and (48) in (44), and (49) and (50) in (4&8ds to a simplified
form of the integral balance statements in the vector anidscases,

Oa

— 4+ (v—v)-Veya+aV, - v—V, v, —(d2 =0 (51)
Q, Or

and

Q%—c:+(v—ﬁ)-an+an-v—Vx-I‘x—ﬁde:0 (52)
respectively. It is important to note the disappearancéi) &nd (52) oV, - v
andaV, - v (i.e., the boxed terms in (46), (48), (49), and (50)). Thiscelation
is due to (47). In the fully-discrete case, (47) is not sadfdentically, which has
implications to the discrete conservation of momentum. Wer@turn to this point
in Section 4.3.

2.3 Discussion of discretization choices for balance lawsmmving domains

In the previous section we have derived integral balance lawthe referential

and spatial domains. At the continuous or infinite-dimenaidevel, all the instan-

tiations of these laws are completely equivalent. The 8danachanges when one
tries to numerically approximate the equations emanatio fthe balance laws.
In this section we discuss the suitability of the existinghpoitational approaches
for partial differential equations arising from differefiorms of the balance laws.
We focus on ALE and space-time methods (see, e.g., [31, 362393, 65]).

In the space-time finite element method the approximatiacegonsists of basis

functions that explicitly depend on space and time, dendfgix,t), where A
spans the index sdt of functions on a space-time mesh defined(gn Letting

14



u = u(x,t) denote a generic space-time field, its partial time and alderivatives
are expressed as follows:

u(:v,t) = Z UANA(m,t) (53)
Acl
ou 8N A
& Z UA (54)
and
ou ON A
75 (@ 1) = 2 Ung (@, 1) (55)
Ael

where thel/4’s are real coefficients. Note that the partial time derxatn (54) is,
by definition, taken withe fixed. With this observation, the forms of the balance
equations given by (36) and (37) are well-suited for spaoe-treatment.

One may also employ the space-time technique for disongtittie balance equa-
tions on the referential domain, (38) and (39). Just as beietNA(y,r) be the
basis functions associated with the space-time disctetizaf (),,. Now the solu-
tion field and its partial time and space derivatives become

ﬁ(yv ’I“) = Z UANA(:I/,T) (56)
Ael
8A ON
5 W) =3 Ua—g 2 (y.7) (57)
7,
Ael
and
0A 0NA

As before, thel/,'s are real coefficients, but the partial time derivative 5T is
now taken with the referential coordinageheld fixed.

The mixed form of the balance laws, as expressed by equaddnsand (45), is
not amenable to space-time discretization because partehnd space derivatives
employed in the formulation of the conservation equatiordaken with respect to
different descriptions, namely, the referential and sppakescription, respectively.
In this case, the following approach is taken. On the reteaedomain(2, one

defines basis functiond ,(y), A € I, and assumes the following expansion for

15



the solution variable as a function of the referential domairiables

=" Ua(r)Na(y), (59)
ael

which, in turn, results in the following expression for tleéarential time derivative

ou(y,r) _ Z 8UA(7’)

Na(y). (60)
Ael or !

The basis in the spatial configuratioy is thepush forwardof NA(y) defined by

Na(z,t) = Na(¢p (#,8) = Nao g (1) (61)

In the spatial configuration, a solution field is now defined as

uz,t) = (¢ (2.t),t) = Y Ualt) = 3 Ua(t)Na(z, 1),
Ael Ael
(62)

and its gradient with respect to the spatial coordinateasfyecomputed as

AeI

Finally, on the spatial domain, the referential time ddmeof the solution field
becomes

2 @) = 3 05 0wy - 3 Oy ey (e

Ael Ael

In (44) and (45) the spatial gradient and the referentiat titerivative are evaluated
according to (63) and (64), respectively. This is the essariche discrete ALE
approach. These particularly simple expressions exphapart the popularity of
ALE methods for moving domain problems. Comparing expoess(62) and (64)
we note that a referential time derivative of the solutiothi@ spatial configuration
may be obtained by simply taking a time derivative of its fiogfnts, thus ren-
dering the semi-descrete equations amenable to finiterdifte-in-time treatment.
As a result, we may think of ALE as an extension of the classeai-discrete
approach to moving domain problems.

The semi-discrete approach may also be applied to the egsatmanating from
the master balance law written with respect to the refesbdtimain (see equations
(42) and (43)). An expression of the form (59) may be emplagetis case due to
the orthogonality of space and time in the referential dpson.

16



2.4 Specific forms of solid and fluid equations

Although we fully recognize the elegance and power of thesgne approaches,
in this work we opt for a numerical implementation in the sefisicrete setting.
This, in turn, dictates the forms of the balance laws at th#icaous level that we
take as a point of departure for designing discrete formanat In what follows,
we use the developments of the previous sections to deregstorms of the solid
and fluid partial differential equations employed in thisriwo

2.4.1 Formulation of the solid problem

We adapt the material description for the solid and utiligeations (40) and (41).
Settinga = p, the mass density of the solid, and= 0 and3 = 0 in (40), we
arrive at

/ 990 40y = 0. (65)
Qx Os
By the localization argument,

aJp

55 (©9)

implying that Jp is a function of material particles alone, that i&(X,s) =
Jp(X). Assuming the initial configuration is the material configfion, that is
¢(X,0) = X, thenF(X,0) = I andJ(X,0) = 1. Denoting byp, the mass
density of the solid in the initial configuration, we obtalretfollowing point-wise
statement of theonservation of mass

Jp = po. (67)

Balance of linear momentufollows from settingae = pv, the linear momentum
density,I', = o, the “true” or Cauchy stress tensor, gid= pf, the force density
per unit volume, in (41):

/Q ) 8‘875” —Vx - (JoF™") = Jpf dQx = 0. (68)

Localizing (68) to a point in space-time and substituting) (e obtain a point-wise
statement of balance of linear momentum

ov 7
pog—VX'(JUF ):Pof- (69)

Note that if f = 0, momentum is conserved.
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To complete the specification of the solid problem we firgtadtice the displace-
mentw, such thatw = OJu/Js, and defineP and S, the first and second Piola-
Kirchhoff stress tensors, respectively, as

P=JoF T (70)
and
S=F'P=JF'cF " (71)
With these definitions, the solid problem takes a familianfonamely

0*u

Pz Vx - (FS)=pof (72)

Note that in this Lagrangian setting, provided the initigtdbution of mass density
po is given, the mass density is determined by the displacentetis,p = py/J =
po/ det F' = py/ det(I + Vxu).

The details of the constitutive model used in this work aréodews. We use the
generalized neo-Hookean model with penalty given in Sinob ldaghes [53].S
derives from the gradient of an elastic potentiads

_ 00
S =2z (73)

whereC is the Cauchy-Green deformation tensor, defined as
C=F'F (74)
The elastic potential is given by a sum decomposition
Y = VYiso + Yair (75)

where;,, is the energy associated with the volume-preserving oh@ac part

of the motion, whiley,; is the energy of the volume-changing or dilatational part
of the deformation. This decomposition expresses the fattrhany materials re-
spond differently in bulk and in shear. We perform the folilegy multiplicative
decomposition of the deformation gradidnt(see [16] and references therein):

F = J'*F (76)

whereF = J~'/3F. Note that deF’ = 1, henceF is associated with the volume-
preserving part of the motion, whilg'/? is the volume-changing part. Let

C=FF (77)



in direct analogy with (74). Then,
1 _
Viso = ius(trC -3) (78)
and
1,1,
Yair = 5/-@5(5@ — 1) —InJ). (79)

Note that this model fulfills all the normalization condit® necessary for well-
poseness (see Marsden and Hughes [45], Holzapfel [27])alticplar, the [V
term in the definition ofyy; precludes material instabilities for states of strong
compression. For this definition of the elastic potentta, $econd Piola-Kirchhoff
stress tensor becomes

1 1
S = I3 — s Cc+ 5/{%]2 - 1Cc, (80)

and the fourth-order tensor of elastic moduli is

0% 2
— 4 — (2,8 —2/3t s 72 -1 -1 1
R Tol e (9M2J rC +r'JHC'eC (81)
+(§,,LSJ—2/3trC —r(JF-1))C e

2
—§ILL8J_2/3(I® C—l + C—l ® I)

In (81) thex symbol is used to denote the outer product of two secondteargors,
that is,

(C' @ C ke = (C ) (C Yk, (82)

and

(C Nk (C g+ (CH(C Yk

(C—1 ® C_I)IJKL = 5

(83)

Parameters® andx® may be determined by the Lamé constants of the linear elas-
tic model, denoted:! and \!, by considering the case when the current and the
reference configurations coincide. Then, by inspection,

p =yt (84)
2
=M+ g,ul. (85)

Thus,;.* andx® are the classical shear and bulk moduli, respectively.
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2.4.2 Formulation of the fluid problem

While the solid problem is written using a Lagrangian degsesn, an ALE ap-
proach is adopted for the fluid problem. Although ALE is widesed for fluid flow
in moving domains, the authors wish to point out the recenk#/on the Particle
Finite Element Method (PFEM, see, e.g., [35] and referetie®in), which makes
use of a Lagrangian description of fluid mechanics, enaldtrajght-forward so-
lution of very complicated flows and fluid-structure interao problems. To arrive
at the formulation of the fluid problem employed in this woekjuations (51) and
(52) are taken as a departure point. Note that we work witlsthealled advective
forms of the master balance laws rather than their conseevedunterparts given
by (44) and (45). We will show later in this paper that our fisaimi-descrete for-
mulation satisfies global conservation of mass and lineanemum. Furthermore,
the advantage of the advective form is that, when discrtiz&rivially satisfies the
so-called Discrete Geometric Conservation Law (DGCL). DI&CL states that in
the absence of body forces and surface tractions, the thssrheme must preserve
a constant velocity solution. For a discussion of the imgoaee of conservation and
satisfaction of the DGCL for moving domain problems see P7,44].

Substitutingy = p, v = 0 ands = 0 in (50), we arrive at
— 4+ (v—0) - Vyp+pV,-vdQ, =0. (86)

Assuming that the fluid has constant mass density (i.e., tve i incompress-
ible) and localizing the above equation to a point in spacktane, we obtain the
following form of the mass conservaton equation,

V, v =0, (87)

which manifests the incompressibility constraint. To\arat the conservation of
linear momentum we use (52) and set= pv, I' = o, and3 = pf

/ a@L:ﬂL(v—'b)-prv+pvvx-v—vx-0—pfd9x:0' (88)

Using the assumption of constant mass density, (87) andizZzogathe result to a
point in space and time, we obtain

ov

P or

To complete the specification of the fluid problem, we assuratthe flow is New-
tonian with the following definition of the Cauchy stressden

+p(v—2)-Vyo—V, -0=pf. (89)

o=—pl+2uV v, (90)

wherep is the pressurey is the dynamic viscosityl is the second-rank identity
tensor, andvé = 1/2(V, + V1) is the symmetric gradient.
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Remark 2.4 We note thatiff = 0, o-nn = 0 onof2,, thenv = constant identically
satisfies (88).

3 \Variational formulation of the coupled fluid-structure in teraction problem
at the continuous level

¢

T

Fig. 2. Abstract setting for the fluid-structure interantjoroblem. Depiction of the initial
and the current configurations related through the ALE mappihe initial configuration
also serves as the reference configuration.

LetQy = Q, C R% d = 2,3, represent the combined fluid and solid domain in the
initial configuration, which serves simultaneously as teference configuration.
Leto : Qy — Q4 = Q,|; € R? denote the motion of the fluid-solid domain, as
before.

The domairt), admits the decomposition
Qo = QU s, (91)

where Q) is the subset of), occupied by the fluid, an€l} is the subset of2,
occupied by the solid. The decomposition is non-overlagimat is

Q)N = 0. (92)
Likewise,

0, =0l ug;, (93)
with

QN =0. (94)
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Let I')* denote the interface between the fluid and the solid regiorkd initial
configuration, and, analogously, [Ef* be its counterpart in the current configu-
ration. The setup is illustrated in Figure 2. It is importémtemphasize that the
motion of the fluid domain is not the particle motion of thedluit does, however,
conform to the particle motion of the solid at the fluid-sahderface because the
Lagrangian description is adopted for the solid.

3.1 Solid problem

This section gives a weak formulation of the solid in the lzangjian description.
Let V¥ = V*(£2%) denote the trial solution space for displacements andlet=
We(Q5) denote the trial weighting space for the linear momenturagons. Let
u denote the displacement of the solid with respect to thalrmbnfiguration and
let w* be the weighting function for the momentum equation. We atsume that
the displacement satisfies the boundary condition; g* on T';”, the Dirichlet
part of the solid domain boundary. The variational formiokais stated as follows:
Findu € V* such thatVw® € W?,

B*(w®,u) = F*(w®) (95)
where
S S S 582u S
B (’LU,’LL)Z w 7pOW +(VX’LU 7FS)Q(S)7 (96)
S Qf)
and
Fo(w®) = (w®, g f oy + (w*, h) ey, (97)

wherel's" is the Neumann part of the solid bounddsy,is the boundary traction
vector, p; is the density of the solid in the initial configuratiofi; is the body
force per unit mass, and, -)p is the L? inner product with respect to domain.
The above relations are written over the initial configumati)i, which is also the
material configuration. The subscrifiton the partial derivative operators indicates
that the derivatives are taken with respect to the mateo@aldinatesX .

3.2 Motion of the fluid subdomain

This section gives a weak formulation of the motion of thedflslibdomain. Partial
differential equations of linear elastostatics subjecDinchlet boundary condi-
tions coming from the displacements of the solid region ampleyed to define the
ALE mappingc}b(y, r) of the fluid domain. For precise conditions on the regularity
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of the ALE map, see Nobile [49]. In the discrete setting, thefsubdomain mo-
tion problem is referred to as “mesh moving.” The fluid subdommotion problem
may be thought of as a succession of fictitious linear eldstimdary-value prob-
lems designed simply to produce a smooth evolution of thd fluesh.

We write ¢, (y) = é(y, ). Consequentlyg, : Qo — Q, andb. : Q, — Q.
Likewise, we define the displacement of the reference doamsin

~

’lfb(y, T) = ¢(yv ’I“) - Y (98)

and writeu,(y) = u(y,r). Note thatu, is defined ort2, and represents the dis-
placement of the reference configuration at time

Let ; be the configuration of), at¢ < t. We think of this as a configuration
“nearby” €2; that in numerical computations will typically represeng timal con-
figuration of the previous time step. We wish to push forwaelfunctions defined

. A1 . A1
on 2 to ;. We writegp; = Qp — Q; ande; : Q; — Q. Thenu, o ¢; and
U;o qbt_ ' are the displacements of the reference domain attiamel?, respectively,

but both are defined with respect to the configuration of tfereace domain at
timet, namelyQ);. We writez = ¢;(y) € ;. To determinep, we will construct a

. . . ~—1 -
linear elastic boundary problem far, o ¢p; and utilize

~

~ . ~—1 A
bily) = dily) + (w0 b ) (di(v) (99)
We would like to remind the reader th@t and; are considered known when we

. A1
solve fori, o ¢; .

LetV™ = Vm(Q{) denote the trial solution space of displacements antMét=

Wm(Q{) denote the weighting space for the elastic equilibrium &goa. As usual,
kinematic boundary conditions are built into the definiiaf the spaces, namely,

V= fun [un e (HY(Q), um = w0 ¢ onT)  (100)
W = {w" [w" € (B'(2)", w™ = 00onT{} (101)

whereu;, is the particle displacement at timeNote that in our formulatiom; will
be an unknown and will be solved for simultaneously alondhwit in a coupled
fashion. The variational formulation of the problem is sthas follows: Findu; o

é: € V™ such thatw™ € W™,
B (w" o d; ) = F"(w™), (102)
where

B™(w™, u™) = (Viw™, 26" Viu™) s + (Vi - w™ X"V -u™) o, (103)
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~—1

F™w™) = B™(w™, ;o ¢p ), (104)

andV; is the gradient operator diy, V3 is its symmetrization, and™ and\™ are
the Lamé parameters of the fictitious linear elastic mobatacterizing the motion
of the fluid domain. In the discrete setting® and \™ should be selected such
that the fluid mesh quality is preserved for as long as passiblparticular, mesh
quality can be preserved by dividing the elastic coeffigdmy the determinant
Jacobian of the element mapping, effectively increasiegttifness of the smaller
elements [46, 66], which are typically placed at fluid-safigtrfaces. For advanced
mesh moving techniques see [56, 57]. Parts of the bounddhgdluid region may
also have motion prescribed independent of the motion ofalid region. This is
handled in a standard way as a Dirichlet boundary condifibe.remainder of the
fluid region boundary is typically subjected to a “zero ststddeumann boundary
condition.

As a result of the above construction, the ALE mapping foraghiére domain may
be defined in a piece-wise fashion. Recall that this meanthéosolid domain that
we takey = X, r = s, ¢ = ¢, andu = u. We write

N {X -+ ’LL(X,S) VX € QS,S € (OvT) (105)

y+aly,r) YyeQre(,1)

Note that due to (100), the ALE map in (105) is continuous at the fluid-solid
interface. Recall also that the velocity of the fluid domambtained by taking a
partial time derivative of: with y held fixed, that isp = du/0r.

3.3 Fluid problem

In this section we give a weak formulation of the incompriglesNavier-Stokes
fluid on a moving domain in the ALE description. The motionloé fluid domain
was constructed in the previous section. Vét= 1/ (/) denote the trial solution
space of velocities and pressures and&t = Wf(Q{) denote the trial weighting
space for the momentum and continuity equations.{ketp} denote the particle
velocity-pressure pair ando’, ¢/} the weighting functions for the momentum and
continuity equations. We also assume that the fluid partielecity field satisfies
the boundary conditiony = g/ on I'*”, the Dirichlet part of the fluid bound-
ary. The variational formulation is stated as follows: Fifd p} € V/ such that
V{w’, ¢’} e W/,

B ({w!, ¢"}, {v,p}i0) = F/({w’,¢'}) (106)
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where

ov
F(fw’ o A — [ apf S ool (ay &) .
B ({ 4 },{’U,p},'v) = (w y P 0T>Qf+ ('lU , P ('U 'U) V:B’U)Q{
(207)
+(¢!, V- v)gr = (Ve wfap)Q{ . (viwfa QMfVi'v)Qf ;

and
Ff({wf7 qf}) = (,wf’ pfff>Q{ + (wf7 hf)r{vI\U (108)

wherel’/*" is the Neumann part of the fluid domain bound#{,is the boundary
traction vector,f/ is the body force per unit mass, apland i/ are the density
and the dynamic viscosity of the fluid, respectively. Thewed®quations are written
with respect to the current configuration, V.. is the gradient operator dn,, and
V2 is its symmetrization.

3.4 Coupled problem

In this section we present the coupled fluid-structure atgon problem, which is
based on the individual subproblems introduced previol$lg variational formu-
lation for the coupled problem is stated as: F{jadp} € V/, u € V¢, anda € V™
such that'{w/, ¢/} € W/, Vw* € W?, andvw™ € W™,

B ({w!, ¢"}, {v,p}:0) — FI({w’,¢'}) +
B*(w®,u) — F*(w®) + B"(w™,u) — F"(w™) =0. (109)

with the following auxiliary relations holding in the sensktraces:

ou ~-1
Upps =57 0@ s (110)

~A—1
wf\rfs =w'od | (111)

Relationship (110), the kinematic constraint, equatefitingparticle velocity with
that of the solid at the fluid-solid boundary. Equation (1lEBds to the compati-
bility of the Cauchy stress vector at the fluid-solid intedaTo demonstrate this
fact, we first sew™ = 0 and focus on the fluid and solid parts of the coupled
problem (109). Integrating by parts in (109) and assumirfficgent regularity of
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the solution fields gives

0= (w!, L (w,p;0) = p '),
(qf,Vz ' U)Q{
(wf,afn{ — hf)F{’N
(wf,afn{)rfé

w?, Pné)rgs , (112)

wheren/ andn; are the unit outward normal vectors to the fluid and solid dos)a
in the current and reference configurations, respectively11?) the following
definitions are used:

(o, pid) = P04 (0~ 9) Vo~ V0, (113)
ol = —V.pI + 24/ Vv, (114)
< L0%u

P=FS, (116)

Standard variational arguments imply that the fluid and thiel snomentum equa-
tions and the fluid incompressibility constraint hold in thierior of the appropriate
subdomains. The Neumann boundary conditions are alsdisatis the appropri-
ate parts of the fluid and solid domain boundaries. Seledgsgfunctions that
vanish everywhere in the domain, except at the fluid-sotierface in (112), gives

(w’,o/nf )F{S + (w*, Prg) e = 0. (117)
Transforming the second term in (117) to the current condityom, yields

(wf,afn{)rfs = (wS o qu_l,asnf>Ffs =0. (118)

Using (111) we arrive at the weak continuity of surface it at the fluid-solid
interface

(wf,afn{ +05nf)rfs =0, (119)

which, together with (110), produces proper fluid-solictnfece conditions.
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4 Formulation of the fluid-structure interaction problem at the discrete level

In this section we give a formulation of the fluid-structurgeraction equation
(209) in the discrete setting. We begin by defining the spdiszretization of the

problem. It is exactly the same for finite elements and NURBRSed isogeomet-
ric analysis. Having defined the semi-discrete forms, weemethe time stepping
algorithm, which is the generalizedmethod of Chung and Hulbert [12].

4.1 Approximation spaces and enforcement of kinematic atiiity conditions

We begin by considering the discretization of the referesm®main(2,. Here, and

in what follows, we will use the same notation for the diserebjects as for their
continuous counterparts to simplify the presentation. N gtdenote a set of basis
functions defined of2,, as in Section 2.3, and létdenote the index set of all basis
functions defined ofi,. These functions do not depend on time, they are “fixed”
in space on the reference domain. ConsideisareteALE mapping{b(y, r) which
can be expressed as

gAb(y,T) = Z &A(T)NA(y> = Z(ﬁA(T> + yA)NA<y) (120)

Ael Ael

The mapping pertains to the entire fluid-structure domale motion of the fluid
subdomain is obtained from (120) by restricting the indextsehe fluid control
variables (or nodal variables in the case of finite elemehig)write I = ;U I,
wherel; andI; are the index sets of the fluid and solid control variablespee-
tively. Note that/; N I, # () due to the kinematic continuity conditions imposed at
the fluid-solid interface.

The displacement field of the solid is written as

u(X,s) =Y Ua(s)Na(X), (121)
A€l

We assume that all basis functions in the reference configarare at least’-
continuous, which automatically makes théhh-conforming. In this work, we also
require that the discretization at the fluid-solid intef&&conforming, that iV 4's
areC-continuous acrosg}”.

In contrast to the solid problem, the fluid problem (106) isgubover the current
configuration with unknown fields expressed as functionb®fpatial coordinates
x. In order to approximate the unknown fields in the current diommwe employ

{Na(z,t) = Ny o {bt_l(m)}Agf, as defined in Section 2.3, equation (61), to ap-
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proximate the fluid velocity and pressure as

Z VA NA m t) (122)
AEIf
= > Ps(t)Na(z,t) (123)
AEIf

The fluid domain motion problem (106) is posed over a configonmaat timet. As
a result, in order to approximate the fluid mesh displacenvemimake use of the
basis defined on that configuration, namély, (z,7) = N4 o {bgl(:i;)}Agf. The
fluid mesh displacement, as a function of flheonfiguration variables, becomes

a(z,1) = 3 Ua(f)Na(z,1), (124)
AEIf

and, as a function of the current configuration variables,

= > U A(t)Na(z, 1). (125)
AGIf

The fluid mesh velocity in the current configuration beconse® (64)):

oz, )= Y 82’;‘ (t)Na(z, t). (126)

AGIf

The kinematic compatibility conditions (100) and (110) veall as conditions on
the weighting spaces, (101) and (111), are essential fmathénuous fluid-structure
interaction problem (109) to ensure proper coupling. Indlserete setting there
are a variety of ways of incorporating them into the formiolat For example,
condition (110) may be imposed weakly (see, e.g., [6, 7]) tystructing addi-
tional terms on the fluid-solid interface using ideas emagdtom discontinuous
Galerkin methods. As a result, incompatible fluid and soigtittizations may be
employed. This approach is not adopted here. Instead, idiearete formulation,
we choose to satisfy the above mentioned conditions styagdescribed in the
following.

Continuity of the discrete ALE mapping at the fluid-solidarface is ensured as
follows. Let/;; = I;N I, denote the index set of basis functions (and the associated
geometry and solution degrees of freedom) associated hatfittid-solid interface.
Then, settind/ , = U 4 VA € I}, gives

’l,L|Ffs = Z UANA|FfS = Z UA NA O¢t)|Ffs = uo¢t|rfs (127)
AEIf‘5 AE.[f6

which is precisely the compatibility condition given in 0Continuity of the ALE
mapping, together with continuity of the basis in the refierse configuration, as-
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sures that the basis functions in the current configuratieadeast’’-continuous,
and thus H!-conforming. The kinematic compatibility condition (11®hich en-
sures that the fluid particles adhere to the fluid-solid baunyds satisfied by set-
ting V4 = 0U 4/0t VA € I, and carrying out the same computation as in (127).
Fluid-solid interface condition in (101) is satisfied byts®j to zero the weighting
functions for the mesh motion problem supported on the fhailid interface, while

a unique set of basis functions at the fluid-solid interfacargntees (111).

Remark 4.1 In the theoretical developments and the computations tegan this
paper, the same basis functions are used for the pressurer dsd fluid particle
velocity and the displacement of the fluid region. Unequdkepvelocity-pressure
discretization may also be employed in order to satisfy tabudka-Brezzi condi-
tion at the discrete level (see [9, 54]). This will not be asus in our formulation
because our variational multiscale formulation attainalstity, circumventing the
BabusSka-Brezzi condition.

4.2 Semi-discrete problem

Let V], Vi, Vit andW/, Wi, Wi be the finite dimensional subspaces correspond-
ing to their infinite dimensional counterparts. We apprcienthe coupled fluid-
structure interaction problem (109) as follows: Fifid, p} € V,{ , u €V, and

@ € V" such that'{w’, ¢/} € W/, Yw® € Wi, andvw™ € Wy,

sz\}s({’wf, qf}7 {v,p};0) — FJJVCJS({wfj C_If})
+ B*(w?®,u) — F*(w?)
+ B™(w™,u) — F™(w™) = 0, (128)
where
Bfs({w’, ¢’} {v,p};0) = B/ ({w’, ¢’} {v,p}; 0)
. L,
+ (('v — ) - Vyw, ’U/)Q{ + (Vo' p—f'v )Qtf

+ (vx : wfpf7-07 vm . U)Q{ - (wf7 U/ : V;{U)Q{

1
o = N /. f= . _
(V,w ,pfv ®'U)Q{ + (v - Vw7, v va)Q{

(129)
and
Firs({w’.q"}) = F/({w’,¢"}). (130)
The following definitions are employed in (129):
v =7y (L (v, p; ) — p! ) (131)
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C ) ) ! _
= (5t 0 =9) Glo—0) = GEPEG T a32)
o= (tTug-g)”" (133)
7= (v Gv) /2 (134)
4. 9¢; D¢
Gij = ];::1 O, O (135)
d
G:G= Z GijGij (136)
ij=1
d
(v—20)-G(v—2) =) (i —0)Gij(v; — V) (137)
ij=1
d agﬂ
]_
99 =99 (139)

In the above% is the inverse Jacobian of the mapping between the isopétiame
or parent, and physical domainst is the time step size, and; is a positive con-
stant, independent of the mesh size, derived from an elemisetinverse estimate
(see, e.g., Johnson [38]). In (128) the symB¥lis used to denote the fact that
integrals are taken over element interiors.

Galerkin’s method is employed for the solid and mesh motiabiems. The fluid
formulation (129) emanates from the variational multiscasidual-based turbu-
lence modeling paradigm [2, 4, 7, 11, 29]. Residual-baseddation of fluid flow
may be viewed as an extension of well-known stabilized nmatheuch as SUPG
[10]. However, the last term of (129) is not motivated by nugale arguments, but
merely provides additional residual-based stabiliza{gee Taylor, Hughes, and
Zarins [59]).

4.3 Discussion of conservation

In this section we focus on the semi-discrete formulatia@8{lrestricted to the
fluid. We show that the formulation satisfies the discretenggtac conservation
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law and is globally mass-conservative. We also show thatayarulation globally
conserves momentum under semi-discretization.

The discrete geometric conservation law is satisfied if trentilation preserves
a constant fluid velocity in space and time when there are mty borces and
the stress tensor is self-equilibrating. Indeed, if a camisparticle velocity field
is assumed, it is easily seen to satisfy (128) identicallg.nbte that selecting the
advective form was an important constituent in obtainirnig tesult. Furthermore,
assuming that a time integrator is chosen such that it “acdspa constant solution,
that s, if the velocity field is constant in time, the diserapproximation to the time
derivative is zero, then the formulation satisfies the gaameonservation law at a
fully discrete level. Any consistent time integrator, inding the one employed in
this work and described in the following section, shoulds$athis condition.

To demonstrate global mass conservation, weuset= 0, w* = 0, w™ = 0, and
¢/ = 1in (128). This choice leaves us with

(L,V, ) = (Lv-nl), =0, (140)

t t

which is precisely the statement of global mass consenvatiothe fluid domain.
Note that in the solid region the mass-conservation isfsadig priori due to the
choice of the Lagrangian description.

Lete;, i = 1,2,3, be thei’* Cartesian basis vector. To show global momentum
conservation, we sab’ = e;, w® = e;, w™ = 0 in (128) and assume that there
are no body or surface forces present. In this case (128tesdo

L0*u ov
(eiapoﬁ)ﬁg + (ez‘,ﬂfg)g{

+ (e p (0 =10)  Vov) , + (€0 - Vov)gr =0 (141)

t

1
(a7, Vi v)gr + (Vad, ﬁ'v’)gf —0 (142)

Integration-by-parts in the third term of (141) gives

0% ov .
(Bi,po@)ﬂg + (e, pr)Q{ + (eu Pf{(v —v) - "f}v)rf

t

- (eia pf{vx ' (’U - ﬁ)}’v) of + (eiv vl : vxv)Q{ =0 (143)

Using (142) with a specific choice of the test functign= p/v; gives

(eia pf{vx ’ v}v)Q{ + (eiv v Vl’v)ﬂtf =0 (144)
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which, in turn, simplifies (143) to

0*u v X
(Bi,PS@)ﬂg + (eiapr)Q{ + (ei,pf{(v —v)- nf}v)F{

+ (e, p{V, - 0}v) , =0 (145)

Note thatg’ = p/v; is a valid choice because velocity and pressure are approxi-
mated by the same discrete spaces. This would not be thefodse=i W) 2 Vy
component-wise. We proceed by changing variables in thenskeand fourth terms

of equation (145) to the referential description as

0% ov - .
(empoﬁ)ﬂg + (ei,prJ)Qg + (emﬂf{(’v —v)- nf}'u)F{
+ (€1, o' {JV, - @}U)Qg =0 (146)

Recognizing that/'V, - © = 0.J/0r (see also equation (47)) and combining the
second and fourth terms in (146) gives

*u ov.J

(ex: ph g3 )5+ (€0 "= D)oy + (en {0 = 9) - mP}o) =0 (147)

o t

Definingu = du/0s to be the velocity of the solid, taking the partial time dariv
tive outside of the inner product and changing variable& b@athe spatial domain
in the first two terms of (147) gives

d s 1. d N
E(eupoj 1“)95 + E(eiapf’v)gz{ + (eiupf{<v —0)- nf}'U)th =0 (148)
By conservation of mass in the Lagrangian descriptigi, ' = p; (see also equa-
tion (67)). Also note that = & onT/*. With these observations we arrive at

d

o (6 pti)o; + (s, p0)gr) + (1,0 {(w = 9) - T }o)

= 149
p 0 (149

r/-r/*
which precisely states that the rate of change of the gloloamhemtum of the cou-
pled system is balanced by the momentum flux through the moyraf the fluid
domain. The momentum flux through the solid boundary is zemotd the choice
of the Lagrangian description.

Remark 4.2 The term(w/, v'-V,v),,s was first presented in [59]. For a stationary
fluid domain, the conservation-restbring property of tleem was shown in [33],
where it was pointed out that conservation can be obtainedtibilized methods,
but not for Galerkin methods satisfying the BabuSka-Breazdition [9, 54].

Remark 4.3 The identityaf/ﬁr = JV, - v plays a critical role in proving mo-
mentum conservation. This identity holds true when a fonetirepresentation in

32



space and time is simultaneously employed, for example) spece-time finite el-
ements are employed. On the other hand, lack of satisfacfithe identity induced
by a time-integration method will, in general, prevent uwsrobtaining (147) from
(146) and in this case momentum may not be conserved in tiielfatrete case.

4.4 Time integration of the FSI system

In this section we present the time integration algorithns&mi-discrete equations
(128). The method is the generalizadilgorithm proposed by Chung and Hulbert
[12] for the equations of structural dynamics, and extertdele equations of fluid
mechanics by Jansen, Whiting, and Hulbert [36]. In the cdrdgéfluid-structure
interaction, the generalizedimethod was used in [15, 41]. In this section we give
details of the method as it applies to the semi-discrete titation (128).

Let U, U, U, and P denote the vectors of nodal or control variable degrees of
freedom of displacements, velocities, velocity time detiikes, and pressure, re-
spectively, of the fluid-structure system. L¥t V, and V' denote the vectors of
nodal or control variable degrees of freedom of mesh digphents, velocities, and
accelerations, respectively. Note that there is no “flugpdicement” in our formu-
lation; U andU are simply labels that we chose for fluid time derivative eegr

of freedom. Also note that fluid and solid degrees of freedoercambined in one
solution vector. We define three residual vectors corredipgrto the momentum,
continuity, and mesh motion equations by substitutingvialdial basis functions in
place ofw/, w*, ¢/, andw™ in (128) as follows:

R™™ = [RY7"] (150)
X?m = BZJ\}S({NABZH 0}7 {v,p}; f)) - FJC[S({NAeiv 0})

+ B¥(Nae;, u) — F*(Nye;) (151)

Rcont [Rcont] (152)

R™ = Bi;5({0, Na}, {v,p}: 9) — Fi;({0, Na}) (153)

Rmesh [Rmesh] (154)

RS = B™(Nae;, @) (155)

Note that in the abov&"°™ is the combined fluid and solid residual of the linear
momentum equations.

The genealizedr time integration algorithm is stated as follows: givén,, U,,
Unu Vn) Vn) V ) flnd (Un—l—l) Un—i—lu Un+1) Pn—i—lu Vn+1) Vn+1| Vn—i—lu Un—l—af)
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Un—l—afa Un—l—ams Vn-‘,-afs Vn—i—afa Vn—i—am)a SUCh that

Rmom<Un+afa Un+afa Un+am> Pn—i-la VTL"FCYf? Vn—l—ap Vn+am> = 07 (156)
Rcont(Un-l—afa Un-l—afa Un-‘,-ama Pn—i—la Vn+af7 Vn+af7 Vn—i-am) - 07 (157)
RmaSh(Un-l-ocfa Un-l—ocfa Un-‘,-ama Pn—i—la Vn+af7 Vn+af7 Vn—i-am) - 07 (158)
Un+af U + af( n+l — )7 (159)
Un—i-af — U + af( n+1 )7 (160)
U”"‘Olrn U + am( nt+l — )v (161)
Vn+af V + af( n+l — )7 (162)
Vn-i-af - V + af( n+1 )7 (163)
Vn-l—am V + am( n+1l = )7 (164)
Ui = U+ A1 =1U, + 79U 11), (165)
, At?
U,.=U,+AtU, + T((l - 25)U + 25Un+1)a (166)
Vo =Va + AL =)V, + 9V i), (167)
At?
Vo=V, + AV, + 7((1 —28)V, + 28V 1), (168)

whereAt = t,, ., —t,, is the time stepg, o, 7, andg are real-valued parameters
that define the method and are selected to ensure seconthoodeacy and uncon-

ditional stability. For a second-order linear ordinaryfeiéntial equation system

with constant coefficients, which is related to the solid #m& mesh parts of the

fluid-structure interaction problem, Chung and Hulbert][§Rowed that second-

order accuracy is attained if

1
and
5 3(1—0[#%)2, (170)

while unconditional stability requires

o > 0y > 2 (171)
Results (169) and (171) were also shown by Jansen, WhitimyHallbert [36] to
hold true for a first order linear ordinary differential e¢joa system with constant
coefficients, which is related to the fluid part of the fluiddsture interaction prob-
lem. Condition (170) is only applicable to the second-oiiese. In order to have
strict control over high frequency damping,, anda, are parameterized by,
the spectral radius of the amplification matrix at infinitilyge time step. Optimal
high frequency damping occurs when all the eigenvalueseathplification ma-
trix take on the same value, namelyy,. In this case, for the second-order system,
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Chung and Hulbert [12] derive

af = 2= P (172)
L+ pg,
.1
RS

while for the first order system Jansetal.[36] give

3_p]oo
14 pk
1
1+ ph’

i 1
o, = 5 ) (173)

J
Ozf—

where superscripts distinguish the quantities coming framn different methods.
The above equations show that for the same valugs.dthat is,p¢, = p’_) there

is a mismatch betweeif, anda$. This inconsistency may be eliminated by setting
5. = plo = 1, the case of zero high frequency damping correspondingeo th
midpoint rule, but this is not sufficiently robust for praeti calculations. In this
work, we adopt expressions (173), making the fluid part ofpitedlem optimally
damped, and determine the eigenvalues of the amplificatatnixrfor a second-
order linear ordinary differential equation system at imdity large time step, given
by an expression obtained in [12]:

. —1+(ad, =) —1+(af, — o) 1
lim A= { L L 1-—} (174)
At—o0 L+ (am —a}) 1+ (am —af) o

Substituting (173) into (174), we obtain

1—3pl, —1-3pL
T3+ ok

AL e e
The first two eigenvalues are different froap’_, but it is a simple matter to show
that they are monotone decreasing functiong/gfand

1 —1-3p :

- < | —=2|<1V <1 176
el ERR A (176)
This, in turn, implies that the spectral radius of the amgaifion matrix never ex-
ceeds unity in magnitude and no instabilities are incuroechfsecond-order sys-
tem. Note that this choice of parameters maintains secothel-accuracy and un-
conditional stability because conditions (169)-(171) kbld true.

To solve the nonlinear system of equations (156)-(168),meley Newton’s method,
which can be viewed as a two-stage predictor-multicorreadgorithm.
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Predictor stage.Set

U0 =U,, (177)

. 1)

Un—i—l,(O) = <fy >Un7 (178)
. At? .. ..

P10 = P, (180)

Vn-l—l,(O) =V, (181)

. 1) .

Vos1,0) = Gl > )Vn (182)
. At? .. ..

V77/+17(0) =V,+AtV, + 7((1 - 26)Vn + 26Vn+1,(0)). (183)

The subscripb on the left-hand-side quantities is the iteration indexteNbat the
predictor is consistent with the generalizeagquations (165)-(168).

Y lmam .

Multi-corrector stage. Repeat the following steps for=1, 2, . ..

(1) Evaluate iterates at the intermediate time levels as

Un+af o =Un+ af(Un—i-l (=1 -U,) (184)
Uniapt) = Un + ap(Unir,-1) — Un) (185)
U,iany=Un+an(Upir g1y —U,) (186)
Vn_,_af (I = V,.+ af(Vn—i-L(l—l) Vn) (187)
Vitan) = Vit ar(Vaien — Vi) (188)
Vn_,_am (I = V -+ Ozm(Vn_,_l,(l_l) — Vn) (189)

P,.o=Pua (190)

(2) Use the intermediate solutions to assemble the resadddhe continuity and
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momentum equations and the corresponding matrices inrtbarlsystem

aRmom
al]n-i—l

Al]n-i-l

aRCO?’L

— AU,
al]n-i—l o

aRmesh
aln]n-i—l

Al]n-i-l

L OR™"
8P n+1
OR™"
8‘-}vn+1
a R
8P n+1
ORC"
8an+1
8Rmesh
aP n+1
) Rmesh
OV i

AP, 10

+

——AP, 1

AV,
APn-i—l (1)

_|_

Avn—i-l,(l) = —Ry"

Avn—i-l,(l) _ Rmesh

(191)

(192)

(193)
(194)

Solve this linear system using a preconditioned GMRES élyor(see Saad
and Schultz [52]) to a specified tolerance.

(3) Having solved the linear system, update the iterates as

Ui
Ui
Uipt1,0)
P.g=
Vo =
Voo
Voo

= Vn+1

= Un+1 -1 +AUn+1 (1)
=U,p1,0-1) + YAtAU 41 )
=U,1,0-1) + B(A)?AU 11

Vn+1 -1 +AVn+1

= Vn+1( 1 +7AtAVn+1 0

)
)
)
P, g-1)+AP, 1
)
)
1)

+ B(At)? AVn+1 0

(195)
(196)
(197)
(198)
(199)
(200)
(201)

Remark 4.4 In the context of solution strategies employed to solve tpled
fluid-structural equations, Tezduyar and co-workers (seg, [67]) introduced the

following terminology: theblock-iterative solution strategy refers to the case when

the solution for the three fields (i.e., the solid, fluid andghjas obtained in a fully

segregated manner; thquasi-direct solution strategy refers to the case when the

fluid and solid equations are solved in a coupled fashion|enthie mesh motion is

solved for separately; finally, théirect strategy refers to the case when the three

fields are solved for in a coupled fashion and all the influsrafethe fields on each
other are reflected in the tangent matrix. Adopting the teotugy of Tezduyar, the
method outlined in this section may be classified as a di@atisn strategy.
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5 Linearization of the FSI equations: a methodology for compting shape
derivatives

Derivatives of the momentum, continuity, and mesh motiandeals with respect
to solution variables define the so-call@hgent matricesin particular, deriva-
tives of the momentum and continuity residuals with respe¢he mesh motion
variables are referred to abape derivativesThe computation of shape derivative
matrices, required for a consistent linearization of thefktructure system, has
not been extensively studied in the fluid-structure inteoaditerature, although re-
cently a few references have appeared on the subject (ge¢18, 19]). In this sec-
tion, we present a detailed methodology for deriving shagedtives and provide
their explicit expressions. Although presented in the Aldatext, this methodol-
ogy is applicable to other fluid-structure formulations.

We begin by introducing notation. Let= x(£) denote the isoparametric mapping

at a particular time instant. L%% be the Jacobian of this mapping, % = g_%?‘l

denote its inverse, and gt = det‘g—‘g be its determinant. A Cartesian basis will be

used throughout and operations on vectors and tensors evékpressed through
operations on their components in the Cartesian basis:;Land¢; denote the!”

component ofr and &, respectively, ancﬂg—‘g]ij = 5, and[c,,‘r’g]ZJ = % pe the
J

components of the Jacobian and its inverse, respectivhby fdllowing identities
are standard in nonlinear continuum mechanics (see, eotgapfel [27]), and will
be used in the sequel:

0&; B 0% ., 0x 3&;
D(ﬁxj) B 8xlD o9& o’ (202)
and
DJe = agj el Oziy (203)
0¢;

whereD denotes a general derivative operator. Summation cororeati repeated
indices is used throughout. Making use of equations (20@)263) and the chain
rule, we obtain

& 0§ . Oxy, 08 0, 0x; 0
DU%:CJ) TG0, P €, )axj i s 8§k)axj)’ (204)
and, furthermore,
DUeg, 5o) = (205)
Jg{ 351 (3$k & a&D 0wy, 0 |, 06, 7 0&; 3§mD Oz, O&,

o€, )ax] oz, (agk)ax] Or, C0x; Or, 0& Oz,
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Our task is to derive expressions for shape derivatives erra-by-term fashion.
We will treat several terms in detail so as to make the undeglgrocedures clear.
Results for the rest of the terms will be stated without deron. We first consider
a derivative of the discrete residual of momentum equatidh respect to mesh
acceleration degrees of freedom,

aRmom

— 206
ov (206)
which we re-express in component form for convenience as
aRmom
. (207)
Vg,

In (206), time step and iteration superscripts are omittetie interest of a concise
exposition. This derivative is active in the fluid regionygrdo we consider just the
Navier-Stokes contributions to the discrete residual.

Acceleration term

We begin with the acceleration contribution to the shape/deve matrix, that is

ONN fo, Napf 9 dQ
Vg,

(208)

In (208) V., is the number of elements in the fluid mesh &nhds the domain of
the spatial element.

Taking the partial derivative operator inside the sum okierdlements, for a given
element we obtain

0 Jo, Nap’ 22 dQ

209
o (209)

In (209) we cannot take the partial derivative operatordeghe integral, as the
region of integration directly depends on the mesh motiaat, is,2. = Q2 (V) In
order to circumvent this difficulty, we change variables,— &. With this, (209)
becomes

01)2 &]5
N dQ 210
S Nap' T (210)

whereQe is the parent domain of the element.

Note that the basis functions, and particle density andlect®n in the parent
domain are independent of the mesh motion variables, héxeceartial derivative
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only affects the Jacobian determinant. Using expressio8)(@ (210) gives
ov; 8(3 ) 8&
Ny pf 22067 s, 211
ﬁe AP 8t 8VBJ 8ka§ ( )

Oy
b

The term—*- 852 is analyzed as follows. Recall the definitionagf

Ty, = Ty + Yk, (212)

wherey, are the reference configuration coordinates of andre the mesh dis-
placements. Then,

8$k o 8ﬂk 8yk

and
Oz, diy,
o) _ a(?& ), (214)

Vs, Vg,

as the second term on the right-hand-side of (213) is indig@rof the mesh mo-
tion. The mesh displacemen}, is defined as a linear combination of mesh dis-
placement coefficients and basis functions, that is

Naoy

Up = Y VarNa, (215)
A=

whereN,,; is the number of element degrees of freedom. The above implie

9(5&) % _, snpONe 06

= 216
aVB,j Bxk 8& 0x] ( )

In (216) we made use of Newmark update formulas (164) and (I&rting (216)
into (211), changing variables back to the physical domeamag, summing over the
elements of the fluid mesh, we finally get

Zafﬁm / N, o 20 %Z? s, (217)
J

Matrix (217) is the contribution to the shape derivative nxat206) from the ac-

celeration term present in the discrete momentum equaticthg INS system. It is

form-identical to and has the same sparsity structure ofriagices that contribute
to the tangents in the analysis of fluids and solids, and idementation in finite

element and isogeometric codes is standard.

Advection term
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In the acceleration term the coupling between the momenasidual and mesh
motion variables occurs through. Other terms of the discrete incompressible
Navier-Stokes system exhibit more complex coupling. F@neple, consider the
advective contribution to the momentum residual

%/N (0 — 50 (218)
2 Jo. AP Uk 'Uk8

Z/ Na o vy dQ, —Z/ N o

Restricting the sum to a single element, changing varidbolése parent domain,
and taking the derivative with respect to the mesh accaéberdiegrees of freedom
gives

ov; 3( LJe) . 821 0& oy,
Ny ol (v — ) e 2222 Q). — [ N ! Je dQ, (219
/Qe AP (0= %) 0§ 3VB,J /Q ar 351 Dy, Vg J ¢ (219)

8% ~ a'Uz

dQ

Using relation (204) in the first term of (219) gives

Oxn 0 Oan ~
(Pon 06) 05 06 95 0 s ey (a0
oz, 8VB,J ox,  Ox, Vg, Oxy,

ov;
9]

Changing variables back to the physical domain, taking time sver the elements
in the fluid mesh, and accounting for the second term of (248)get

/ Na p! (v — 0p)

81)@ 8NB
Zafmt S N (o = ) 5 o % (221)
Ov; ON
_ 2 _ i 2B
ZozfﬂAt/ Na p! (v, — ) Oz, Doy dQ,
_Zaﬂm/ Nap's s Qv o Vo S

Pressure stabilization term

As a final example we present the derivation of the shape atard/contribution
from the discrete continuity equation, that is

cont
oRj _ (222)
Va ;
Consider the pressure contribution from the stabilizimge that is
Net ONy T 8p
dsd.. 223
Z/ Oz; pl O (223)
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As in previous developments, restricting to a single eléraad changing variables
in (223) gives

b 2 2 e dQ,. (224)

Taking the derivative with respect to the acceleration éegiof freedom and iso-
lating terms that are independent of the mesh motion in (2&4get

ON 4 i@ﬁﬁM%gii Je) IO — ONy E@ﬁ(gi gi— Je) IO (225)
Qe 8& pf 8& 8‘737]' ¢ Qe 8€k Pf 8& 8VB,]’ ‘
8NA 1 0p 8& 8& aTM

), .

The last term on the right-hand-side of the above expressuntves the derivative
of 75, with respect to the mesh acceleration degrees of freedam.ift principle,
present in the tangent matrix and is computable, but in tlikwt is omitted. In
order to handle the first term on the right-hand-side of (228)employ relation
(205) to obtain

ONa 7 Op 06n 582) 06, 06 (226)
Qe 8£k pf 8& 833'” 8‘73’]- 833‘2 8@
05 O(5e2) 0m 0
3xn aVB,j 8@ 8@

O O(5ex) 9, 0&

3xn aVB,j 8@ 833‘2

) Je dSQe.

Changing variables back to the physical domain and summiagtbe fluid domain
elements gives the following contribution to the shapevdgiie

&NAE Op ONg
Qe al'l pf 8ZE'Z 81']'

Nel
— Z OéfﬁAtz
e=1

Nel
S ayBAF o, (227)
e=1

8NA7‘_M Op ONp
0. Or; pf Ox; O,

Nel
— Z OéfﬂAtz
e=1

s,

8NAT_M dp ONg
0. Ox; pl Ox; Ox;

ds..

As before, these matrices and their implementation in sfgl#ment/isogeometric
FSI solver are standard. In what follows, we give, withoui\aggion, expressions
for shape derivative contributions from some of the renrmgjrierms in the formu-

lation.
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Pressure gradient term

S o,
_ v - (228)
5]
et ON4, ONg ON4 ON
—~ A’ Ap—L A28 4,
;afﬁ Q. Ox; b 0x; Oz, b Ox; &2
Viscous stress term
Yot o, Faen! (G + 5) d%
I = (229)
5]
Nt ON dv;  Ov, ON
At2 A f 7 k B
;afﬁ 8xk (0xk Ox;" Ox;
_8NA f<8v, (%k)@NB
Oz, H oz,  Ox;  Ouy,
8NA f(%l 8NB _ 8NA fﬁvk 8NB dQ
oxy 8% oxy, oy 8% ox;
Body force term
IO “ Jo, Nap! f dSe Nel/ of/ ONp
= = Nap' =2 4 a BAEN 7 f] dS..
oV ; o, Nar Vi, a3 AP’ [ oz,
(230)
Continuity constraint term
SN fo, Na2ie d, N Ov; ONg  dv; ONg
e O = At? / N : - Q..
Vg, ;O‘fﬁ 5z, or; Ox; Ox; )d
(231)
Continuity least-squares term
aNAT vy, dQ
fﬂeav 6Z‘k — (232)
th
N,
<l aNA 8vk 8NB
At?
;afﬁ Q. 0r; TC@xk Oz,
_8NA7_ 8vk 8NB
Oz, C@xk ox;
8NA (%k 8NB
Q..
ox; 01'] oxy, d
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Streamline diffusion stabilization term

0Ye%h Jo, (vn = ) G maa (v — 80) 2 A2

= = (233)
B,j
ov; ON 4 - 0y,
_ Z afyAt/ v (v — Uk)@kaB + 8—kaM(Uk — Uk)@xj Npg dS).
0]\7 ov; ON,
+ Z OéfﬁAt / v — Ul ATM(Uk — Uk)a;)k 8.75-B
J
_8NA7_ (v _@)3%(@ —U)ﬁNB
oz, ar o= 0) g (O = U)o
~ a—NVA 81)@- . 8NB
_(’Ul — ’Ul) 8,7}1 7']\/[8—%(1)1f — Uk) axk dQe

Contributions to the shape derivative matrix given in th@steon are implemented
in our software. With these contributions to the tangentrixnate observed sat-
isfactory nonlinear convergence of the FSI system withettime step. Including
additional terms in the tangent matrix may possibly leadbetéer performance of
the nonlinear solver for other problem classes of interest.

6 NURBS-based isogeometric analysis

In NURBS-based isogeometric analysis, a physical domaiRind = 2,3, is
defined as a union of subdomains, also referred to as patheegch, denoted by
, is an image under a NURBS mapping of a parametric doittain?, that is

Q={xecRYx=F(&), V€ e (0,1)}). (234)

The geometrical mapping (&) is defined as a linear combination of rational basis
functions and real coefficients as

SR, (235)
ied

In (235),C; € R? are the control points] is the index set of control points, and
their multi-linear interpolation is referred to as the gohimesh. The basis func-
tions R;(&) have the following structure:

Bi(€)
R; ) 236
© =26 (236)
where theB;(£€)'s are tensor-product B-spline basis functions define¢oom)?,
=Y wiB(§) (237)
iel
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is the so-called weighting function, and the's are the strictly positive weights.
Due to the point-wise non-negativity of the B-spline funas and the strict posi-
tivity of the weights,w (&) is strictly positive.

In isogeometric analysis the geometry generation steplectanstructing the ini-
tial control mesh, which, in conjunction with the underlyibasis functions, defines
the “exact geometry” parametrically. For purposes of asialythe isoparametric
concept is invoked (see [28]). The basis for the solutiortepa the physical do-
main, denoted by, (x), is defined through a ‘push-forward’ of the rational basis
functions in (236) to the physical domain, namely

Ni(z) = R(F\(z)) = Ri o F'(2). (238)

This construction guarantees that all rigid body modes amdtant strain states
are represented exactly in the discrete space, which,mnigicritical for structural
analysis. Coefficients of the basis functions in (238), diefinhe solution fields in
guestion (e.g., displacement, velocity, etc.), are caltatrol variables.

There are NURBS analogues of finite elemierandp-refinement, and there is also
a variant ofp-refinement, which is termeid-refinement, in which the continuity of
functions is systematically increased. This seems to haanalogue in traditional
finite element analysis but is a feature shared by some nessimlethods. As a con-
sequence of the parametric definition of the “exact” geoynatithe coarsest level
of discretization, mesh refinement can be performed autoaligtwithout chang-
ing the geometry and its parameterization, and withouh&rcommunication with
an external description of the geometry (e.g., CAD). Froengtandpoint of analy-
sis, these are significant benefits. For the details of thiysisdramework based on
NURBS, the corresponding mathematical theory, and mesteragnt and degree
elevation algorithms, the reader is referred to [5, 30].

7 Numerical examples: selected benchmark computations

In this section we present two numerical examples, all caegpusing the NURBS-
based discretization. In all test cases we use relativeiystinuctures for which we
employ solid elements with fouf'*-continuous quadratic basis functions in the
through-thickness direction. For modeling shell-likeustures with solid NURBS
elements, see [30].

7.1 Flow over an elastic beam attached to a fixed square block

Our first example is a two-dimensional flow over a thin elabam attached to
a rigid and fixed square block. This benchmark was proposedd/[69] in or-
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Fig. 3. Flow over an elastic beam attached to a fixed squack bRyoblem setup.

der to test accuracy and robustness of newly emerging ftaidisire interaction
procedures. The problem setup is illustrated in Figure & fléw is driven by a
uniform velocity of magnitudé1.3 cm/s prescribed at the inflow. Lateral bound-
aries are assigned zero normal velocity and zero tangéraciion. A zero traction
boundary condition is applied at the outflow. The fluid dgnaiid viscosity are set

to 1.18 x 1073 g/cm?® and1.82 x 10~* g/(cm s), respectively, resulting in a flow
at Reynolds numbeRe = 100 based on the edge length of the square block. The
density of the elastic beam @51 g/cm?, and the Young’s modulus and Poisson’s
ratio are2.5 x 10° g/(cm €) and0.35, respectively. Problem dimensions, material,
and boundary data are taken from the original reference.

\ \

Fig. 4. Flow over an elastic beam attached to a fixed squaiekbkluid domain mesh
employed in the computations.

The mesh for this example is comprised of 6936 quadratic N§REBments and
is shown in Figure 4. The through-thickness discretizabibtne beam is shown in
Figure 5. The mesh is allowed to move everywhere in the flowaloraxcept at
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Fig. 5. Flow over an elastic beam attached to a fixed squark bldwrough-thickness dis-
cretization of the beam.

the inflow and around the square block, where it is held fixad,aso at the lateral
boundaries and the outflow boundary where the mesh is coredraot to move in
the normal direction.

Figure 6 shows velocity vectors and pressure contours o$theion at various
times. The flow features are characteristidf = 100 flow. Vortices that are be-
ing shed from the square block are impinging on the bar eedigtforcing it into
an oscillating motion. The bar experiences large defoiwnatnecessitating care-
ful mesh movement. The fictitious elastic Lamé parametardhfe mesh motion
problem are defined as

Em
m_ 2 239
o+ om) (239)
mEm
AT = v (240)

L+ ™) (1 —20m)

whereE™ andv™ are the mesh Young’s modulus and Poisson’s ratio, resggtiv
For this computation we také” = (0.3 and define the mesh Young’s modulus to be

where, as in the previous sectiof, is the Jacobian determinant of the isopara-
metric element mapping anl]* is set to unity. Expression (241) represents the
so-called Jacobian stiffening procedure (see, e.g., [@B, @hich preserves good
mesh quality throughout the entire simulation (see the lemfshmes in Figure 6).

The onset of vortex shedding in a numerical calculation ddp@n many factors,
such as convergence tolerances, round-off, etc., someiohwe very difficult or

even impossible to conrol. As a result, meaningful compasvith other compu-
tations are only possible when the flow reaches a stablegestate. Comparison
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Pressure

1.903¢+00
2.593e-01
-1.384e+00
-3.028e+00

-4.672e+00

Pressure.

1.903e+00
2.593e-01
-1.384e+00

-3.028e+00
-4.6726+00

Pressure

1.903e+00
2.593e-01
-1.384e+00

-3.028e+00
-4.6726+00

Fig. 6. Flow over an elastic beam attached to a fixed squak blarger frames: fluid
velocity vectors superposed on top of the pressure plotted moving domain. Smaller
frames: deformed fluid mesh.

with the results of Wall [69] for a periodic flow regime is shown Figure 7. As
may be inferred from the figure, the amplitude of the tip dispiment is between
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Fig. 7. Flow over an elastic beam attached to a fixed squaigk bDisplacement of the
tip of the mid-plane of the bar as a function of time. Resuft$\all [69] are plotted for
comparison using a dashed line.

1 cm andl.5 cm, and the period is approximately33 s. These results are in ex-
cellent agreement with those of Wall [69], despite the défeces in discretizations
and solid modeling. Wall used bilinear finite elements far tluid discretization,
biquadratic finite elements with one element through thektiess for the solid
discretization, and incompatible meshes at the fluid-sotieiface. In our compu-
tations, a compatible quadratic NURBS mesh is employed avghmilar number
of elements as that of Wall. The St. Venant-Kirchhoff modelthe elastic beam
was used in [69], in contrast to a neo-Hookean with penaltytdation employed
here.

7.2 Inflation of a balloon

This three-dimensional benchmark example, proposed byulez and Sathe [64],
belongs to a class of problems known as flows in enclosed a@min this case,
the boundary of the fluid subdomain is composed of two partanfiow and a
fluid-solid interface. For incompressible fluids this impsghe following condi-
tion: the inflow flow rate must equal the rate of change of thiel flomain volume
(see, e.g., [40]). In loosely coupled approaches, whersdhgion of the fluid and
the solid subproblems are obtained in a staggered fashi@gcondition is lost
during subiteration often leading to divergence of the walttons. In the context
of loosely-coupled methods, special procedures were el@\tsat lead to conver-
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gent behavior for this class of problems (see [40]). In tei®n we show that the
strongly-coupled procedures advocated in this work hawdiffioulty dealing with
this situation.

The problem setup is illustrated in Figure 8. An initiallyhgpical balloon is in-
flated, as shown in the figure. The inflow velocity is governga ftosine function
with a period of2 s and amplitude ranging frothm/s to2 m/s. The problem ge-
ometry, boundary conditions and material parameters &entbom [64]. In the
initial configuration the diameter of the balloon2isn, the diameter of the circular
hole is0.6245 m, and the thickness of the ballooni®02 m. The density, Young’s
modulus, and Poisson’s ratio for the balloon &06 kg/m?, 1000 N/m?, and 0.4,
respectively. The density and viscosity of the fluid coroegpto that of air at room
temperature and are taken to bkg/m? and1.5 x 10~° kg/(m s). The mesh of the
initial configuration, comprised of 10,336 quadratic NURBIBments, is shown
in Figure 9. Note that, because NURBS are used to define thgsasiauitable
geometry, the spherical balloon is represented exactly.

For the purposes of mesh motion, we take advantage of thenpéiia definition of
the geometry. We tak&™ (i.e., the elastic modulus of the mesh motion problem;
see equations (239-240)) to be an exponentially incredsimgion of the parame-
ter defining the radial direction, thus effectively “stifi@g” the fluid elements near
the fluid-solid boundary.

Fluid domain

Periodic inflow
T=2s Solid wall

Fig. 8. Inflation of a balloon. Problem setup.

The computation is advanced fot inflow cycles, during which the volume of the
balloon grows by a factor of approximately five with respexits initial value.
Figures 10-12 show snapshots of fluid velocity vectors qugeed on the pressure
contours at a planar cut through the diameter of the sphéefldéw starts out as
being radially symmetric, although it is apparent that thmmmetry of the solu-
tion breaks down towards the end of the computation. Thisisuarprizing as the
Reynolds number of the flow, based on the initial diametehefldalloon and the
maximum inflow speed, i$x 10, which is quite high. For the purposes of plotting
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Fig. 9. Inflation of a balloon. NURBS mesh of the balloon intbttip and bottom views.

the results, the geometry and solution variables are iotatgd with linear hexahe-
dral finite elements at knots and midpoints of knot intervalse meshes displayed
in Figures 10 - 12 correspond to the linear hexahedral reptason.

Figure 13(a) shows the inflow flowrate versus the rate of charighe fluid do-

main volume, which are expected to be the same. On the sc#ie plot they are

indistinguishable. A closer examination of the error betwéhe inflow flowrate

and the rate of change of the fluid domain volume reveals tietdlative error

in the quantities is on the order a6~* — 10~3, which is attributable to the fact
that the nonlinear equations are solved to a tolerance (geesFL3(b)). Note that
the results are, on average, slightly less accurate dunmtpst few periods of the
simulation, which is attributable to the loss of radial syetry in the solution. Also
note that the error has the same sign, that is, the rate ofjehafrthe fluid domain
volume is always greater than the inflow flow rate. This sutgst in the discrete
setting there is a tendency of the balloon to expand sligasyer (i.e., overcom-
pensate) than dictated by the inflow flowrate.
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(b)t=5.0s

Fig. 10. Inflation of a balloon. Mesh deformation and fluidogity vectors superposed on
the pressure plotted on a planar cut through the diametéedfdlloon.
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(b)t=14.6s

Fig. 11. Inflation of a balloon. Mesh deformation and fluidogty vectors superposed on
the pressure plotted on a planar cut through the diametéedfdlloon.
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(b)t=24.2s

Fig. 12. Inflation of a balloon. Mesh deformation and fluidogty vectors superposed on
the pressure plotted on a planar cut through the diametéedfdlloon.
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Fig. 13. Inflation of a balloon. (a) Plot of the volumetric infl rate versus the rate of change
of the fluid domain volume. (b) Plot of the relative error i thow rates that is attributable
to convergence tolerances employed in the calculations

55



8 Computation of vascular flows

In this section we describe the construction of arteriahgetvies. We then make an
assessment of the solid model (presented in (75)-(80)) sardeng the behavior
of arterial wall tissue. Finally, we present results of thedistructure interaction
calculation of a patient-specific abdominal aortic anenrys

8.1 Construction of the arterial geometry

Blood vessels are tubular objects and so we employ a swesmatigpd to construct
meshes for isogeometric analysis. A solid NURBS descriptiba single arterial
branch is obtained by extrusion of a circular curve alongvtesel path and filling
the volume radially inward. Arterial systems engenderoasibranchings and in-
tersections, which are handled with a template-based apbrdescribed in detail
in [70]. Application of these procedures generate multcpatrivariate descrip-
tions of patient-specific arterial geometries that are atsysis suitable.

A central feature of our approach is a construction of arriatteross-section tem-
plate that is based on the NURBS definition of the circulafasg. Here we focus
on the construction of the cross-section template as ta®la fluid-structure inter-
action analysis of arterial blood flow. We identify the areaupied by the blood,
or the fluid region, and the arterial wall, or the solid regiBluid and solid regions
are separated by the luminal surface, or the fluid-solid Haon Figure 14 shows
an example of a NURBS mesh of a circular cross-section with fheid and solid
regions present. NURBS elements are defined as areas ehbletseeen isopara-
metric lines. Note that the isoparametric lines corresgomddial and circumferen-
tial directions, and both have linear parameterizatiom.fewposes of analysis we
separate the fluid and the solid region bg'aline as the solution is not expected
to have regularity beyon@® at the interface.

Human arteries are not exactly circular, hence projectiath®template onto the
true surface is necessary. Only control points that govsgrctoss-section geom-
etry are involved in the projection process, while the ulyileg parametric de-
scription of the cross-section stays unchanged. The emidt edshis construction
is shown in Figure 14, which illustrates the mapping of thapkate cross-section
onto the patient-specific geometry. Here the isoparami@ies are somewhat dis-
torted so as to conform to the true geometry, while the tapolaf the fluid and
solid subdomains is preserved along with their interfateés worth noting that
cross-sections of healthy arteries are nearly circulain slois case little distortion
of the template is required to accurately capture the troengtry.

Compared to the standard finite element method, the dedcnitshod has sig-
nificant benefits for analysis of blood flow in arteries, bathterms of accuracy
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Map onto a patient-specific
geometry that preserves
parameterization

Blood (fluid)

Blood (fluid)

Artery wall (solid) Luminal boundary Artery wall (solid)
(fluid-solid interface,
conforming mesh)

Fig. 14. Arterial cross-section template based on a NURB&hnoéa circle that is subse-
guently mapped onto a subject-specific geometry. Fluid alid segions are identified and
separated by an interface. For analysis purposes, basisdins are mad€'°-continuous
at the fluid-solid boundary. Note that the topology of thedland the solid subdomains
remains unchanged.

and implementational convenience. It is well known in fluidahanics that steady,
laminar, incompressible flow in a straight circular pipettisadriven by a constant
pressure gradient develops a parabolic profile in the ratliattion and has no
dependence on the circumferential or axial directions. B8Rliscretization pro-
posed in this paper, in contrast to standard finite elementelizations, are capable
of exactly representing this solution profile.

Parametric definition of the geometry is not only attracfieen the mesh refine-
ment point of view, is also beneficial in arterial blood flowpépations for the
following reasons:

(1) In the fluid region structured boundary layer meshes adarial walls may
be constructed. This is crucial for overall accuracy of th@fstructural sim-
ulation as well as for obtaining accurate wall quantitieshsas shear stress,
which plays an important role in predicting the onset ancetigsment of vas-
cular disease.

(2) Inthe solid region it allows for a natural representatd material anisotropy
of the arterial wall because the parametric coordinatesabgeed with the
axial, circumferential and wall-normal directions. Seé][for arterial wall
material modeling which accounts for anisotropic behavior

(3) Fluid-structure interaction applications involve mootof the fluid domain. As
described previously, this is typically done by solving axibary fictitious
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elastic boundary value problem for mesh movement (see,[8,R7]). Para-
metric mesh definition in the fluid region allows for a strafghward spec-
ification of these elastic mesh parameters. For exampl@rtdslems of this
type we “stiffen” the mesh in the radial direction so as tospree boundary
layer elements during mesh motion.

8.2 Investigation of the solid model for a range of physiaagstresses

] Bar in the
< %z > /reference configuration
A
|
|
|
[ oy N
v _——
lOX
.| o
‘\\\\ y
Bar in the
current configuration ‘—’Z
z

Fig. 15. Setup for a uniaxial stress state.

We begin by examining the behavior of the material modelgesd in (75)-(80)

on a simple state of uniaxial stress. We first consider a btr an applied stress

in thez-direction, denoted by, and zero stress in the the orthogonal directions, as
illustrated in Figure 15. We will then relate this situatitinthat of a pre-stressed
artery in the physiologically relevant range. For this tgféoading, the deforma-
tion tensorsF’ andC' are constant and diagonal, that is

Fiy 00 le/lo. O 0
F=|0Fy0/|=| 0 I/l 0 (242)
0 0 Fy 0 0 L/l
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and

Ch 0 0 (I,/los)? 0 0
C=F"F=|0 Cyp 0 |= 0 (I,/lo,)? O (243)
0 0 033 0 0 (lz/lOz)2

wherel,, l,, [, are the current lengths of the bar ahgd, [, l,. are the original
lengths of the bar in the,y andz-directions, respectively. We assume that= /.
andl, = [, due to symmetry, and use this assumption in the upcomindajeve
ments.

From considerations of equilibrium, the Cauchy stressaiebscomes

c 00
o=1000 (244)
000

and, by the transformation of stress formula (71),

JoF;2 00 JoCi' 00
S=JF'eF"'=| 0o oo0|l=| 0 00/, (245)
0 00 0 00

with J = F 1 Fplss = Fi FZ = (C110%,)'?, where we used the assumption
of symmetry in the second equality. Substituting (245) i(@0) and rearranging
terms, we arrive at the following x 2 system of nonlinear equations

0 = p*Ci{°Co (1= 1/3(Chy + 2C2)C1Y)

+1/26°(CiaC3, — 1) C5' (246)
0= C P03 (1 — 1/3(Chy + 2C22)Ci))
+1/26%(C1105 — 1)Coy' (247)

The shear and bulk modylr andx*® are computed from equations (84) as

p =y (248)
2
kS =N+ 3 i (249)
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where

(250)

(251)

are the Lamé coefficient$? is Young’s modulus, and is Poisson’s ratio. We set
E = 4.144 x 10° dyn/cn? = 3.11 x 10> mmHg andv = 0.45.

Fig. 16. Equilibrium on a cylinder with imposed internal gsare.

The relevant values of corresponding to the physiologically-realistic range of
intramural pressure are obtained using the following asiglyWe approximate the
arterial cross-section as a hollow cylinder. Iigtand R, denote its inner and outer
radii. We also assume that a pressure of magnigpgde applied at the inner wall
of the cylinder, as shown in Figure 16. We assume an apprdglypneonstant state
of stress through the thickness, as shown in Figure 16. Foyoe fequilibrium
considerations it follows that

2R;py = 20t (252)
wheret = R, — R; is the thickness of the arterial wall. Solving f@erwe get

o = poRZ’/t. (253)

Assuming a thickness-to-radius ratiolaf’ andp, varying from80 mmHg to120
mmHg, we get the physiologically-realistic stress randgnogn approximatelyp30
mmHg to800 mmHg.

As a part of this analysis we also extract effective tangerduti at different levels
of deformation as follows. The tangent modulus is defined as

Oo
C = B0 (254)
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with € defined as

I, — 1 B
e=2_"" 1 _Ft=1-C;"" (255)

250
2000 Tangent modulus at zero stress: |
_ 4.14x16 dyn/enf or 3.11x16 mmHg
[=))
I
IS Tangent modulus at physiological stress:
E 1500 6.00x18 dyn/cnf or 4.50x16 mmHg 8
7]
>
‘G 1000 .
>
T
O 800 ----mmmmm e mmmm oo E
R R R l g
. } Physiological stress range due
' ! to intramural pressure
O 1 1 l\ 1 : 1 1 1 1
0 0.05 0.1 0.15 0.2 . .%5 0.3 0.35 0.4 0.45
in: @— 0X)/IX

Stral

Fig. 17. Cauchy stress plotted against strain for the nasterodel used in the abdominal
aorta simulation. Physiological range of stresses anthsttue to intramural pressure are
indicated by dashed lines.
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Fig. 18. Elastic energy plotted against strain for the niatenodel used in the abdominal
aorta simulation. Physiological range of energies andnstidue to intramural pressure are
indicated by dashed lines.
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We solve (246) and (247) numerically fot; andCs, for o ranging from0 mmHg
to 2500 mmHg, and compute the strain according to (255). The plotresso ver-
sus straint is shown in Figure 17. Physiological ranges of stressestaaicis due to
intramural pressure are indicated in the figure by dashed liNote that the stress-
strain curve exhibits convex behavior throughout the raofdeadings considered,
showing stiffening with deformation. Also note that for thleysiological range of
stresses the deviation from a linearized stress-straatioakhip is not significant.
We also compute a numerical derivativecofvith respect ta in order to evaluate
the effective tangent modulus. Note that the equivalerdeanstiffness is higher
at the level of deformation caused by the physiologicalssties compared to the
tangent stiffness in the undeformed configuration. Als@rbat, as expected, the
value of the tangent stiffness in the undeformed configomas exactly the value
of Young’s modulus used to define the solid model parametggare 18 shows the
plot of elastic energy) versus strair. We believe that this analysis justifies using
the model in fluid-structure interaction analysis of agsriWe also feel that it sup-
ports the hypotheses behind the coupled momentum methadu#rea et al. [20].
Obviously, significant improvements are possible. Howetrer present model is
both qualitatively and quantitatively reasonable for thiéofving application.

8.3 Flow in a patient-specific abdominal aortic aneurysm

Patient-specific geometry is obtained from 64-slice CT egigiphy courtesy of T.
Kvamsdal and J.H. Kaspersen of SINTEF, Norway. The geooatmodel, which
contains most major branches of a typical abdominal acstshown in Figure
19(a) . Note that one of the renal arteries is missing in thdehimdicating that the
patient has only one kidney. The fluid properties afe= 1.06g/cn?, p/ = 0.04
g/cm s. The solid has the densjiy = 1 g/cn?, Young’s modulusf = 4.144 x
10% dyn/cn?, and Poisson’s ratio; = 0.45. The model coefficients® andx* are
obtained using relationships from the previous sectiore ddmputational mesh,
consisting of 44892 quadratic NURBS elements, is shown gufé 19(c). Two
quadratic NURBS elements and foGf -continuous basis functions are used for
through-thickness resolution of the arterial wall. For plheeposes of mesh motion,
parametric stiffening in the radial direction is employedifar the inflation of a
balloon problem.

8.3.1 Imposition of initial and boundary conditions

A periodic flow waveform, with period” = 1.05 s, is applied at the inlet of the
aorta, while resistance boundary conditions are appliedl autlets. The solid is
fixed at the inlet and at all outlets. Material and flow rateagdat well as resistance
values are taken from Figuereaal.[20]. Wall thickness for this model is taken to
be 19% of the nominal radius of each cross-section of the fluid domaadel.
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(a) (b) (©)

Fig. 19. Flow in a patient-specific abdominal aorta with agem. (a) Patient-specific
imaging data; (b) Skeleton of the NURBS mesh; (c) Smoothetl tamcated NURBS
model and mesh. In (c), every NURBS patch is assigned a eliffesolor. For more de-
tails of geometrical modeling for isogeometric analysisloiod flow the reader is referred
to [70].

In order to ensure medically-realistic response, rest&t@oundary conditions must
be applied in such a way that physiological pressure levelpeesent in the sys-
tem at all times. This is accomplished by making use of tHeohg variant of the
resistance boundary condition (see also Figuetaa. [20], Vighon-Clementekt
al. [68], and Heywoockt al.[25]). At every outlet facd’, we set

non=C, | v-ndl,+ po, (256)
Ta

Tion =0, (257)

Tion =0 (258)

wheren is the outward unit normal, anel andr, are the mutually orthogonal unit
tangent vectors on the outlet face. The above boundary tonsistate that normal
stress on the outlet face is a linear function of the flowrateugh the face, while
both tangential stresses are zero. Thés are the so-called resistance constants.
They are positive, and are, in principle, different fromletto outlet, reflecting
the resistance of different blood vesselg.in (256) is responsible for imposing
physiologically realistic pressure level in the vesselgneat zero flow through the
outlet faces. For the computations reported in this segijois set to 85 mmHg,
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as in [20]. We impose boundary conditions (256) weakly byiragithe following
terms to the variational formulation (109)

+Z( Fawf-ndFa)C’a</av-ndFa)+(

where the sum is taken over all the outlet faces with preedrilesistance condi-
tions.

w’ - ndf‘a) Do, (259)

Ta

We initialize our computations as follows. We start with anpressurized config-
uration, set and maintain the inflow velocity consistentwite inflow flowrate at
t = 0, and gradually increase the pressure level in the systemifingp, in (256)
from zero to the physiologically realistic value of 85 mmHgis is done for one or
two cycles. Once the physiological pressure level is atthinve begin computing
with the time-varying inflow boundary condition until pedic-in-time response is
attained. This usually takes four or five cycles.

8.3.2 Numerical results

After a nearly periodic-in-time solution was attained, siation data was collected
for postprocessing. Figures 20-21 show snapshots of tloeitelfield plotted on
the moving domain at various times during the heart cycle fldw field is quite
complex and fully three-dimensional, especially in diéstd/elocity magnitude
is largest near the inflow and is significantly lower in the wayem region. This
occurs in part due to the fact that a significant percentagheoflow goes to the
upper branches of the abdominal aorta. There is a also aeaserin the cross-
sectional area of the vessel associated with the aneurgsmting in a decreased
flow velocity in this region.

Figure 22 shows the magnitude of the wall shear stressttieetangential compo-
nent of the fluid or solid traction vector) averaged over deydote that the wall

shear stress is significantly lower in the aneurysm regian th the upper portion
of the aorta and at branches. Also note the smoothness aféiss sontours due to
the NURBS representation of the geometry and solution fields

Figure 23 shows the oscillatory shear index (OSI) at the mainsurface. OSI is
defined as (see, e.g., [60, 61]),

1
0SI= (1 - Tmean) (260)

Tabs

where, denoting by, the wall shear stress vector,

1 T
Tmean = |T/O Tsdt|7 (261)
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(b)t=4/25T

Fig. 20. Flow in a patient-specific abdominal aorta with agem. Large frame: fluid veloc-
ity vectors colored by their magnitude in the vicinity of tbeliac and superior mesenteric
arteries. Left small frame: volume rendering of the velpaitagnitude. Right small frame:
fluid velocity isosurfaces.

and
Tabs = ! / Ts|dt (262)
abs T Jo ‘ s‘ 2

Note that, in contrast to the wall shear stress, OSI is laiggle aneurysm region,
especially along the posterior wall, suggesting that weks stress is highly oscil-
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(d)t=17/25T

Fig. 21. Flow in a patient-specific abdominal aorta with agem. Large frame: fluid veloc-
ity vectors colored by their magnitude in the vicinity of tbeliac and superior mesenteric
arteries. Left small frame: volume rendering of the velpaitagnitude. Right small frame:
fluid velocity isosurfaces.

latory there due to the recirculating flow. Low time-averdgeall shear stress, in
combination with high shear stress temporal oscillatiassneasured by the OSI,
are indicators of the regions of high probability of occae of atherosclerotic
disease. Figure 24 shows the distribution of flow among tlaadires. The out-
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(a) Front view (b) Top view (c) Side view

Fig. 22. Flow in a patient-specific abdominal aorta with ageon. Magnitude of wall shear
stress averaged over a cycle plotted in three differentsiiew

OSI
0.483

0.241

(a) Front view (b) Top view (c) Side view

Fig. 23. Flow in a patient-specific abdominal aorta with agemn. Oscillatory shear index
(OSI) plotted in three different views.

flow lags the inflow due to the distensibility of the arteriahllv The overall flow
distribution and the time lag are in qualitative agreemaeith vesults in [3, 20].
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Fig. 24. Flow in a patient-specific abdominal aorta with agson. Flow rate distribution
among the arterial branches during a heart cycle.

9 Conclusions

We have presented a monolithic isogeometric fluid-striecimteraction formula-
tion. The fluid subdomain was assumed to be governed by themipiessible
Navier-Stokes equations and the solid subdomain was asstoniee governed
by a fully-nonlinear hyperelastic constitutive equati®he arbitrary Lagrangian-
Eulerian description was utilized for the fluid subdomain #ime Lagrangian de-
scription was employed in the solid subdomain. We derivaetbua basic forms
of the equations for the solid and fluid from fundamental canim mechanics
relations written with respect to domains in arbitrary rootiWe investigated the
conservation properties of the formulation and concluded mass conservation
and the geometric conservation law are satisfied in the-flilgrete case, whereas
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momentum conservation is only satisfied up to truncatioarsrin a certain key
relation introduced by the time integration method. Detaii the implementation
are described including the calculation of shape derieatappearing in the tan-
gent operator. NURBS-based isogeometric analysis modais employed in the
numerical calculation of three test cases: flow over anielastam, the inflation
of a balloon, and blood flow in a patient-specific model of adabinal aortic
aneurysm. The formulation behaved robustly in all cases.
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Appendix A. A note on exterior calculus

The fact that clocks are synchronized in the space-time mgpgoes engender
simplifications over the general asynchronous case. Thig eainferred from

the structure oﬁ’w and it inverse. See (2) and (5). Time synchronization means,
roughly speaking, that space-like hypersurfaces, thainstant inc andr slices of

@, and@), are orthogonal to theandr coordinate axes, respectively. In the general
case, one must rely on exterior calculus and differentiah&y as noted in [1].

A coordinate-free exterior calculus version of the proof(®f is given by the
following calculations. To understand these, one needsetdamiliar with the
exterior derivatived; the interior product of a differential forra with a (con-
travariant) vector fieldv, denotediy «; the Lie derivative of a differential form,
Lya = diya + idya; and the pull-back by a mapping, denoted¢™. Dif-
ferential forms are skew-symmetric covariant tensor fieldee Piola transform is
expressed as follows:

~ (4) *7(4)

v =W @, (A.1)

By comparing this form of the Piola transform with (8), weaguaize that the pull-
back of a vector field is simply multiplication bij’(4) -1

With these preliminaries we can establish the followingibeshich is the basis of
the change of variables formula:

~ (4) * ~(4) *

¢ i754>sz = ’id)u) *%4)91') dQ),

— 3 TDd
Z¢(4) *7&4# Qy

2 d

j<4)¢(4) *7;4) Qy

= z',),éz;) dQ, (A.2)

Note thatd(), andd(), are space-time volume forms, that is 4-forms, z‘upa) dqQ),
andi7<4> d(), are 3-forms. Vector fields in 4-dimensions are isomorph&-forms,

as given by the preceding expressions. This is writtep(8s— »~v%) = iy dQs
andfyé‘l) — *’7;4) = i,-),éz;) de
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With these preliminaries we have

- d( .'y<4) de)
(4) *
= ((15 7(4) dQ.)
%
(2'7551) de)
E»ygo dq),
*<v<4 +0dQ,)
~(4) 5 (4) *
=v. ¢ ¢ dQ,
v 400" J0dQ, (A3)

This results and the change of variables formula yields (9).

In the above we have utilized the commutativity of pull-backl exterior differenti-
ation, and the fact that the exterior derivative of a 4-fochosed in four dimensions,
is zero. Thaﬂ,yw dQ, = V(4 7(4 d(), can be proved by assuming cartesian coor-

dinates oR* O @, anddQ, = dyoAdyi Adys Adys, whereA is the wedge product
Likewise, the same construct can be used to pwNe) dCQ), = vW . 4WdQ,.
Curvilinear spatial coordinates can be accommodated hygusie usual tensor
transformation formulas on these coordinates (see Ma@demiughes [45]). The
time coordinate is unaffected in this case.

Remark A.1 With differential forms, correct boundary integral expems can be
obtained without the necessity of unit normal vectors bgpgiSitokes theorem and
the change of variables formula. For example,

i dO, — / Alinmd
NCE
= [0, iy d@:)

—/ (ty dQs)
= dqQ),. A.4
/ac)w iy dQ (A.4)

Remark A.2 The notationg(),, andd(, are used under the integration sign in the
main body of the paper, in contrast with the differentialfonotations to represent
volume elementgl(),, andd(),, respectively, in keeping with the standard usage.
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