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Abstract

We present a fully-coupled monolithic formulation of the fluid-structure interaction of an
incompressible fluid on a moving domain with a nonlinear hyperelastic solid. The arbitrary
Lagrangian-Eulerian description is utilized for the fluid subdomain and the Lagrangian de-
scription is utilized for the solid subdomain. Particular attention is paid to the derivation
of various forms of the conservation equations; the conservation properties of the semi-
discrete and fully discretized systems; a unified presentation of the generalized-α time
integration method for fluid-structure interaction; and the derivation of the tangent ma-
trix, including the calculation of shape derivatives. A NURBS-based isogeometric analysis
methodology is used for the spatial discretization and three numerical examples are pre-
sented which demonstrate the good behavior of the methodology.
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1 Introduction

There are two major classes of discrete fluid-structure interaction formulations:
staggeredand monolithic, which are also referred to as loosely- and strongly-
coupled, respectively.

In staggered approaches, the fluid, solid and mesh movement equations are solved
sequentially, in uncoupled fashion. This enables the use ofexisting well-validated
fluid and structural solvers, a significant motivation for adopting this approach. In
addition, for many problems the staggered approach works well and is very effi-
cient. However, difficulties in the form of lack of convergence have been noted in
a number of situations and considerable recent literature has been devoted to a dis-
cussion of these problems and attempts to circumvent them. It seems that “light”
structures interacting with “heavy” fluids are particularly problematic (see, e.g.,
[48, 50, 51]). Another situation that has proved difficult iswhen anincompress-
ible fluid region is fully contained by a solid, such as for the filling of a balloon
with water [40]. In cases like this, special modifications need to be introduced
to achieve success. On the other hand, Farhatet al. [18] has reported consistent
success for staggered approaches tocompressiblefluids. As of this writing, these
claims have not been fully reconciled with those for incompressible fluids. It is
somewhat puzzling because incompressible flows may be thought of as limiting
phenomena within a compressible formulation.

In monolithic approaches, the fluid, solid and mesh movementequations are solved
simultaneously in fully-coupled fashion. The main advantage is that monolithic
solvers tend to be more robust. Many of the problems encountered with the stag-
gered approach are completely avoided with the monolithic approach. Of course,
there is a price to pay in that the monolithic approach necessitates writing a fully-
integrated fluid-structure solver, precluding the use of existing fluid and structure
software. However, recent attempts have been made to designschemes that could
in principle use existing fluid and structure software in thecontext of fully-coupled
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approaches [24].

Our aim in this work was to develop a robust isogeometric analysis formulation for
fluid-structure interaction. Consequently, we opted for a monolithic approach, but
we note various staggered techniques can also be obtained from the fully-coupled
formulation at the linearization stage by removing certainblocks from the tangent
matrix and employing a fixed, small number of Newton steps (see, e.g., [47]).

Isogeometric analysis was introduced in Hughes, Cottrell and Bazilevs [30] and
further developed in [2–5, 13, 14, 16, 70]. Isogeometric analysis is based on the
technologies used in engineering design, animation, graphic art, and visualization.
It is a generalization of finite element analysis and it is a relatively simple matter
to develop an isogeometric code from an existing finite element code. The main
change involves writing a new shape function routine (see Hughes [28], Chap. 3).
It also requires an element routine that is written in a parameterized way, in partic-
ular, the number of degrees-of-freedom per element needs tobe a parameter. The
element routines described in Hughes [28] possess this property. Some additional
simple data structures are also required. We plan to describe these implementational
aspects in detail in future work. In addition to including finite element analysis as
a special case, isogeometric analysis offers the followingpossibilities: Precise and
efficient geometry modeling; simplified mesh refinement and order elevation pro-
cedures; superior approximation properties; smooth basisfunctions with compact
support; and, ultimately, the integration of geometric design and analysis.

In Section 2 we begin with a presentation of general continuum mechanics on do-
mains undergoing arbitrary motion. The motion is describedin terms of a space-
time mapping of an arbitrary reference domain. The description is specialized for
the cases of interest, namely, the Lagrangian description of a solid and the arbitrary
Lagrangian-Eulerian (ALE) description of the fluid [32]. Inthe ALE description the
domain is in motion but the motion does not coincide with the motion of material
particles. The material particles are in relative motion with respect to the motion
of the referential domain (mobilis mobili). In the derivations, it is found helpful to
employ a space-time Piola transformation. Several useful forms of the conservation
equations are presented, specifically, the advective, conservative and mixed forms.

The mixed form seems to be the preferred one for implementingthe ALE descrip-
tion in the semi-discrete format. A key relation is identified that influences the abil-
ity of the formulation to conserve momentum in the discrete case. Specific forms
of the fluid and solid equations used in the sequel are presented.

In Section 3 the variational formulation is described. The constituent formulations
for the solid, fluid, mesh motion, and coupled problems are presented. In Section
4 the discrete spaces and continuity conditions at the fluid-structure interface are
described. The semi-discrete problem is then introduced and a discussion of conser-
vation properties follows. The conservation laws of interest are mass, momentum,
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and the so-called geometric conservation law. It is argued that all these are satis-
fied in the semi-discrete case, and the mass and geometric conservation laws also
hold in the fully-discrete case. Momentum conservation in the fully discrete case
depends on whether or not the time integrator preserves the key relation alluded
to previously. If it does not, then the momentum is conservedup to the truncation
errors introduced by the time integration algorithm in thiskey relation. The time
integration is performed by the generalized-α method [12, 36]. We present, appar-
ently for the first time, a subfamily of the generalized-α family of methods that is
dissipative, second-order accurate, and unconditionallystable for the coupled fluid-
structure case. In Section 5 the linearization of the systemis presented including a
discussion of the calculation of shape derivatives, that is, derivatives taken with re-
spect to the motion of the reference domain, namely, the meshmotion. The tangent
that is derived contains all terms in the consistent tangentexcept ones involving
derivatives of stabilization parameters appearing in the fluid subproblem. This is a
common practice in the solution of stabilized formulationsand does not seem to
adversely affect convergence of the nonlinear problem in each time step.

Some specific aspects of isogeometric analysis are described in Section 6. Two
benchmark calculations are presented in Section 7, flow overan elastic beam at-
tached to a fixed square block and the inflation of a balloon. The inflation of a
balloon is a particularly stringent test for a fluid-structure formulation. In Section 8
the application of NURBS-based isogeometric analysis to patient-specific arterial
configurations is described. A simple finite-deformation constitutive law is studied
for arterial applications and justified on the basis of an elementary equilibrium anal-
ysis of a simple arterial configuration. This model is then used in the fluid-structure
interaction analysis of a patient-specific abdominal aortic aneurysm. Conclusions
are drawn in Section 9.

2 Conservation laws on moving domains

We begin by introducing the concept of a space-time mapping and the associated
mathematical apparatus. In particular, a space-time Piolatransformation (see, e.g.,
[44, 45] for background) emerges as a key concept. We then turn our attention
to generic scalar and vector balance laws and make use of the space-time Piola
transformation to derive their various forms.

2.1 Space-time mapping and Piola transform

Let Ωy ∈ R
3 be an open and bounded domain, referred to as the referentialdomain.

Let r denote a time coordinate and let]0, T [ be a time interval of interest. We define
aspace-timereferential domain asQy = Ωy×]0, T [⊂ R

4.

5



Fig. 1. The space-time mapping of the referential domain onto the spatial domain. Note
that, in all cases, the referential domainΩy is fixed for all r ∈]0, T [ in contrast with the
spatial domain.

Let φ̂
(4)

: Qy → Qx ⊂ R
4 be a space-time mapping onto aspace-timespatial

domain, given by

Qx =





(x, t)|











t

x











= φ̂
(4)

(y, r) =











r

φ̂(y, r)











∀(y, r) ∈ Qy





 (1)

whereφ̂ : Ωy → Ωx ⊂ R
3 denotes a mapping of the referential domain onto its

spatial counterpart. (See Figure 1 for an illustration.) Note that in (1),t = r, that is
the spatial and referential clocks are synchronized.

Remark 2.1 It is convenient to think ofQy, Qx, Ωy, andΩx|t = φ̂(Ωy, r = t) as
differential manifolds. Despite the fact that we taket = r, it is important to dis-
tinguish between the differential operators∂/∂r and∂/∂t, because in the former
case we are assuming pointsy ∈ Ωy are being held fixed, whereas in the latter case
we are assuming pointsx ∈ Ωx|t are being held fixed.

Remark 2.2 The spatial description is often referred to as the Euleriandescrip-
tion.
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The deformation gradient associated withφ̂
(4)

becomes

F̂
(4)

= Dφ̂
(4)

=







∂t
∂r

∂t
∂y

∂φ̂

∂r
∂φ̂

∂y





 =







1 0
T

v̂ F̂





 , (2)

where0 ∈ R
3 is the zero vector,̂F ∈ R

3×3 is the usual deformation gradient
associated witĥφ, andv̂ ∈ R

3 is the referential velocity vector, defined as,

v̂ =
∂û

∂r
, (3)

whereû is the displacement of a point in the referential domain,

û(y, r) = φ̂(y, r) − y, (4)

and ∂
∂r

is the derivative with respect to the referential time variable taken withy
held fixed.

The inverse of̂F
(4)

may be computed as

F̂
(4)

−1 =







1 0
T

−F̂
−1

v̂ F̂
−1





 , (5)

and its transpose is

F̂
(4)

−T =







1 −v̂T F̂
−T

0 F̂
−T





 . (6)

The following relationship is also easily verified

Ĵ (4) ≡ det F̂
(4)

= Ĵ ≡ det F̂ , (7)

that is, the determinants of̂F
(4)

andF̂ are equal, a consequence of time synchro-
nization.

Let γ(4)
x : Qx → R

4 denote a space-time flux vector field defined on the spatial con-
figuration. In order to preserve the conservation structurein the reference configu-
ration, we defineγ(4)

y , a space-time flux vector field in the referential configuration,
as

γ(4)
y = Ĵ (4)F̂

(4)
−1γ(4)

x . (8)

This is thespace-time Piola transformation. With (8), we can prove the following
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space-time integral theorem:

∫

Qx

∇(4)
x · γ(4)

x dQx =
∫

Qy

∇(4)
y · γ(4)

y dQy, (9)

where

∇(4)
x ≡







∂
∂t

∇x





 (10)

∇(4)
y ≡







∂
∂r

∇y





 (11)

are the space-time gradient operators. The proof of (9) is based on thePiola identity,
namely,

∇(4)
y ·

(

Ĵ (4)F̂
(4)

−1
)

= 0, (12)

the transformation formula for volume elements,

dQx = Ĵ (4)dQy, (13)

and straightforward calculations.

One must be careful in analysis on a space-time manifold because many com-
monly invoked results depend on the existence of a Riemannian metric, which in the
present case does not exist. For example, there is no well-defined unit normal vector
to the boundary of∂Qx, in contrast with∂Qy, for which there is a well-defined unit
outward normal vector. However, many important results canbe obtained without
the existence of a Riemannian metric, or any metric for that matter. The subject of
analysis on manifolds without metric structure (i.e., differential topology) is well-
developed (see Flanders [21], Spivak [55], Lang [42, 43], Guillermin and Pollack
[23], Bishop and Goldberg [8], Marsden and Hughes [45]).

A way to understand (8) is to assume Cartesian coordinate charts on bothQx and
Qy. We will denote these charts as{xa} and{yA}, respectively. We use lower case
indices (i.e.,a, b, c, . . . ) to denote the current configuration and upper case indices
(i.e.,A,B,C, . . . ) to denote the reference configuration. All the indices run over the
range0, 1, 2, 3 with 0 referring to the time coordinate, and1, 2, 3 referring to the
space coordinates. Summation over the range of the indices is implied for repeated
indices. With these one can compute as follows:

∂(Ĵ (4)F̂
(4)
Aa

−1)

∂yA
=
∂Ĵ (4)

∂yA
F̂

(4)
Aa

−1 + Ĵ (4)∂F̂
(4)
Aa

−1

∂yA
(14)
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∂Ĵ (4)

∂yA
=
∂Ĵ (4)

∂F̂
(4)
bB

∂F̂
(4)
bB

∂yA

= cofF̂ (4)
bB

∂2φ̂
(4)
b

∂yA∂yB

= Ĵ (4)F̂
(4)
bB

−T ∂2φ̂
(4)
b

∂yA∂yB

(15)

∂F̂
(4)
Ca

−1

∂yA
= −F̂

(4)
Cb

−1∂F̂
(4)
bB

∂yA
F̂

(4)
Ba

−1

= −F̂ (4)
Cb

−1 ∂2φ̂
(4)
b

∂yA∂yB

F̂
(4)
Ba

−1 (16)

∂F̂
(4)
Aa

−1

∂yA
= −F̂

(4)
Ab

−1 ∂2φ̂
(4)
b

∂yA∂yB
F̂

(4)
Ba

−1 (17)

∂(Ĵ (4)F̂
(4)
Aa

−1)

∂yA
= Ĵ (4) ∂

2φ̂
(4)
b

∂yA∂yB
F̂

(4)
Bb

−1F̂
(4)
Aa

−1 − Ĵ (4) ∂
2φ̂

(4)
b

∂yA∂yB
F̂

(4)
Ab

−1F̂
(4)
Ba

−1

= Ĵ (4) ∂
2φ̂

(4)
b

∂yA∂yB
(F̂

(4)
Bb

−1F̂
(4)
Aa

−1 − F̂
(4)
Ab

−1F̂
(4)
Ba

−1)

= 0. (18)

This is the component form of (12). The last line of (18) follows from the fact that
∂2φ̂

(4)
b

∂yA∂yB
is symmetric inA andB, and the term in parenthesis is skew-symmetric in

A andB. 2

The referential domain can take on several interpretations. In fluid-structure interac-
tion, it is usually taken to be the initial configuration of the problem domain. When
the fluid domain moves, it becomes the so-called arbitrary Lagrangian-Eulerian
(ALE) description. The material description is often utilized for the solid domain.
By virtue of the fact that the referential domain is arbitrary, it can be specialized for
the material description. This representation is also important for deriving mate-
rial forms of the conservation laws. A summary of notations and important results
for the material description follow. We sety = X ∈ ΩX ⊂ R

3, a “particle” in
the material domain, andr = s ∈]0, T [, the material time. As before, the differ-
ential operator∂/∂s, needs to be distinguished from∂/∂r and∂/∂t. In the case
of ∂/∂s, known as the material time derivative, the material point (i.e., particle)
X ∈ ΩX is held fixed. The material description is often referred to as the La-
grangian description. The material and referential clocksare also synchronized.
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LetQX = ΩX×]0, T [⊂ R
4 andφ(4) : QX → Qx, where

Qx =





(x, t)|











t

x











= φ(4)(X, s) =











s

φ(X, s)











∀(X, s) ∈ Qs





 (19)

F (4) = Dφ(4) =







∂t
∂s

∂t

∂X
∂φ

∂s
∂φ

∂X





 =







1 0
T

v F





 , (20)

F =
∂φ

∂X
(deformation gradient), (21)

u(X, s) = φ(X, s) − X (particle displacement), (22)

v =
∂φ

∂s
=
∂u

∂s
(particle velocity), (23)

F (4) −1 =







1 0
T

−F −1v F−1





 , (24)

F (4) −T =







1 −vT F−T

0 F−T





 . (25)

J (4) ≡ det F (4) = J ≡ det F , (26)

γ
(4)
X

T = Jγ(4)
x

T F (4) −T . (27)
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∫

Qx

∇(4)
x · γ(4)

x dQx =
∫

QX

∇
(4)
X · γ

(4)
X dQX , (28)

∇
(4)
X ≡







∂
∂s

∇X





 (29)

2.2 Master balance laws

In this section we derive generic master balance laws for vectors and scalars, and
present their various forms in the spatial and referential domains.

The following master balance laws hold on the spatial domainΩx (see, e.g., [45]
for background):
Scalar case

d

dt

∫

Ωx

α dΩx =
∫

∂Ωx

γT
x nx d ∂Ωx +

∫

Ωx

β dΩx, (30)

Vector case

d

dt

∫

Ωx

α dΩx =
∫

∂Ωx

Γxnx d∂Ωx +
∫

Ωx

β dΩx. (31)

In the above equationsα, a scalar, andα, a vector, are the conserved quantities of
interest,β, a scalar, andβ, a vector, are the volumetric source terms, andγT

x n, a
scalar, andΓxn, a vector, are the surface fluxes.n is the unit outward normal to
∂Ωx, the boundary ofΩx, γx is a vector, andΓx is a second-rank tensor. Note that
the unit outward normal vector to the 3-dimensional spatialslicesis well defined.
Recall that the domainΩx changes with time and this must be taken into account in
the time differentiation of the left-hand-sides. Standardprocedures (see [45]) yield
the following:

∫

Ωx

∂α

∂t
dΩx =

∫

∂Ωx

(γx − αv)T nx d ∂Ωx +
∫

Ωx

β dΩx (32)

and
∫

Ωx

∂α

∂t
dΩx =

∫

∂Ωx

(Γx − α ⊗ v)nx d ∂Ωx +
∫

Ωx

β dΩx, (33)

where the partial time derivative∂/∂t is taken with the spatial coordinatex held
fixed. Note that the boundary terms are modified by the fluxes involving the mate-
rial particle velocityv. Employing the divergence theorem on the boundary terms
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in (32) and (33) gives

∫

Ωx

∂α

∂t
+ ∇x · (αv − γx) − β dΩx = 0 (34)

and
∫

Ωx

∂α

∂t
+ ∇x · (α ⊗ v − Γx) − β dΩx = 0. (35)

Equations (34) and (35) represent the scalar and vector master balance laws on
the spatial domain written in a divergence form. We are goingto employ equation
(10) in (34) and (35) to obtain the same balance laws on the referential space-time
domain, also in the divergence form. For this purpose we integrate (34) and (35) in
time

∫

Qx

∂α

∂t
+ ∇x · (αv − γx) − β dQx = 0 (36)

∫

Qx

∂α

∂t
+ ∇x · (α ⊗ v − Γx) − β dQx = 0, (37)

and then change variables, using (10) - (13),

∫

Qy

∂Ĵα

∂r
+ ∇y ·

(

ĴαF̂
−1

(v − v̂) − ĴF̂
−1

γx

)

− Ĵβ dQy = 0 (38)

∫

Qy

∂Ĵα

∂r
+ ∇y ·

(

Ĵ (α ⊗ (v − v̂)) F̂
−T

− ĴΓxF̂
−T
)

− Ĵβ dQy = 0. (39)

The advantage of these forms of the master balance law is thatone is free to choose
any referential domain that is convenient for a given problem.

Particularly useful forms of (38) and (39) are obtained by choosing the reference
domain to be the material domain. In this case, we sety = X, v̂ = v, F̂ = F , and
Ĵ = J , in (38) and (39), and obtain, respectively,

∫

QX

∂Jα

∂s
−∇X ·

(

JF−1γx

)

− Jβ dQX = 0 (40)

and
∫

QX

∂Jα

∂s
−∇X ·

(

JΓxF
−T
)

− Jβ dQX = 0. (41)

As may be noted, this results in a simplification of the general case due to the fact
thatv − v̂ = 0. This is an advantage of the Lagrangian description.
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Remark 2.3 In order to obtain local forms of the balance laws, we assume the
integrands of any of the previous integral balance laws are continuous and the
domain may be taken arbitrarily small about any space-time point. In this case,
using standard arguments (see [45]), it follows that the integrands must vanish
pointwise. This is referred to as the localization argument.

We can also state the mixed form of the master balance laws, where “mixed” refers
to the fact that time and space derivatives are associated with different descriptions.
This form is often used as a staring point of ALE formulationsof balance laws. We
first recognize that both

∫

Qy
=
∫

T

∫

Ωy
andΩy do not change in time. Furthermore,

using time synchronization and a localization argumentwith respect to timein (38)
and (39) leads to

∫

Ωy

∂Ĵα

∂r
+ ∇y ·

(

ĴαF̂
−1

(v − v̂) − ĴF̂
−1

γx

)

− Ĵβ dΩy = 0 (42)

and

∫

Ωy

∂Ĵα

∂r
+ ∇y ·

(

Ĵ (α ⊗ (v − v̂)) F̂
−T

− ĴΓxF̂
−T
)

− Ĵβ dΩy = 0, (43)

which hold at every time instant. Changing variables
∫

Ωy
→

∫

Ωx
and using equa-

tions (10) and (13) yields

∫

Ωx

Ĵ−1∂Ĵα

∂r
+ ∇x · (α(v − v̂) − γx) − β dΩx = 0 (44)

and

∫

Ωx

Ĵ−1∂Ĵα

∂r
+ ∇x · (α ⊗ (v − v̂) − Γx) − β dΩx = 0. (45)

Note that in (44) and (45), partial time derivatives are leftwith respect to the ref-
erential time variable, while the spatial derivatives are taken with respect to spatial
coordinates, leading to a mixed representation. These equations may be simplified
further. Assuming sufficient smoothness of the fields, we compute

Ĵ−1∂Ĵα

∂r
= Ĵ−1(α

∂Ĵ

∂r
+ Ĵ

∂α

∂r
)

= Ĵ−1(αĴ∇x · v̂ + Ĵ
∂α

∂r
)

= α∇x · v̂ +
∂α

∂r
, (46)

where, going from the first to the second line, we have used thekey identity

∂Ĵ

∂r
= Ĵ∇x · v̂, (47)
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which we will discuss further in Section 4.3. Also note that

∇x · α(v − v̂) = (v − v̂) · ∇xα + α∇x · v −α∇x · v̂ . (48)

Similarly, for a vector quantity, we get

Ĵ−1∂Ĵα

∂r
= α∇x · v̂ +

∂α

∂r
, (49)

and

∇x · (α ⊗ (v − v̂)) = (v − v̂) · ∇xα + α∇x · v −α∇x · v̂ . (50)

Substituting (46) and (48) in (44), and (49) and (50) in (45) leads to a simplified
form of the integral balance statements in the vector and scalar cases,

∫

Ωx

∂α

∂r
+ (v − v̂) · ∇xα + α∇x · v −∇x · γx − β dΩx = 0 (51)

and

∫

Ωx

∂α

∂r
+ (v − v̂) · ∇xα + α∇x · v −∇x · Γx − β dΩx = 0 (52)

respectively. It is important to note the disappearance in (51) and (52) ofα∇x · v̂
andα∇x · v̂ (i.e., the boxed terms in (46), (48), (49), and (50)). This cancellation
is due to (47). In the fully-discrete case, (47) is not satisfied identically, which has
implications to the discrete conservation of momentum. We will return to this point
in Section 4.3.

2.3 Discussion of discretization choices for balance laws on moving domains

In the previous section we have derived integral balance laws on the referential
and spatial domains. At the continuous or infinite-dimensional level, all the instan-
tiations of these laws are completely equivalent. The situation changes when one
tries to numerically approximate the equations emanating from the balance laws.
In this section we discuss the suitability of the existing computational approaches
for partial differential equations arising from differentforms of the balance laws.
We focus on ALE and space-time methods (see, e.g., [31, 34, 39, 62, 63, 65]).

In the space-time finite element method the approximation space consists of basis
functions that explicitly depend on space and time, denotedNA(x, t), whereA
spans the index setI of functions on a space-time mesh defined onQx. Letting
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u = u(x, t) denote a generic space-time field, its partial time and spatial derivatives
are expressed as follows:

u(x, t) =
∑

A∈I

UANA(x, t) (53)

∂u

∂t
(x, t) =

∑

A∈I

UA
∂NA

∂t
(x, t) (54)

and

∂u

∂x
(x, t) =

∑

A∈I

UA
∂NA

∂x
(x, t) (55)

where theUA’s are real coefficients. Note that the partial time derivative in (54) is,
by definition, taken withx fixed. With this observation, the forms of the balance
equations given by (36) and (37) are well-suited for space-time treatment.

One may also employ the space-time technique for discretizing the balance equa-
tions on the referential domain, (38) and (39). Just as before, let N̂A(y, r) be the
basis functions associated with the space-time discretization ofQy. Now the solu-
tion field and its partial time and space derivatives become

û(y, r) =
∑

A∈I

ÛAN̂A(y, r) (56)

∂û

∂r
(y, r) =

∑

A∈I

ÛA
∂N̂A

∂r
(y, r) (57)

and

∂û

∂y
(y, r) =

∑

A∈I

ÛA
∂N̂A

∂y
(y, r). (58)

As before, theÛA’s are real coefficients, but the partial time derivative in (57) is
now taken with the referential coordinatey held fixed.

The mixed form of the balance laws, as expressed by equations(44) and (45), is
not amenable to space-time discretization because partialtime and space derivatives
employed in the formulation of the conservation equations are taken with respect to
different descriptions, namely, the referential and spatial description, respectively.
In this case, the following approach is taken. On the referential domainΩy one
defines basis functionŝNA(y), A ∈ I, and assumes the following expansion for
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the solution variable as a function of the referential domain variables

û(y, r) =
∑

A∈I

ÛA(r)N̂A(y), (59)

which, in turn, results in the following expression for the referential time derivative

∂û(y, r)

∂r
=
∑

A∈I

∂ÛA(r)

∂r
N̂A(y). (60)

The basis in the spatial configurationΩx is thepush forwardof N̂A(y) defined by

NA(x, t) ≡ N̂A(φ̂
−1

(x, t)) = N̂A ◦ φ̂
−1

(x, t) (61)

In the spatial configuration, a solution field is now defined as

u(x, t) = û(φ̂
−1

(x, t), t) =
∑

A∈I

ÛA(t)N̂A(φ̂
−1

(x, t)) =
∑

A∈I

ÛA(t)NA(x, t),

(62)

and its gradient with respect to the spatial coordinates is easily computed as

∂u(x, t)

∂x
=
∑

A∈I

ÛA(t)
∂NA(x, t)

∂x
(63)

Finally, on the spatial domain, the referential time derivative of the solution field
becomes

∂û

∂r
(φ̂

−1
(x, t), t) =

∑

A∈I

∂ÛA(t)

∂r
N̂A ◦ φ̂

−1
(x, t) =

∑

A∈I

∂ÛA(t)

∂t
NA(x, t) (64)

In (44) and (45) the spatial gradient and the referential time derivative are evaluated
according to (63) and (64), respectively. This is the essence of the discrete ALE
approach. These particularly simple expressions explain in part the popularity of
ALE methods for moving domain problems. Comparing expressions (62) and (64)
we note that a referential time derivative of the solution inthe spatial configuration
may be obtained by simply taking a time derivative of its coefficients, thus ren-
dering the semi-descrete equations amenable to finite-difference-in-time treatment.
As a result, we may think of ALE as an extension of the classical semi-discrete
approach to moving domain problems.

The semi-discrete approach may also be applied to the equations emanating from
the master balance law written with respect to the referential domain (see equations
(42) and (43)). An expression of the form (59) may be employedin this case due to
the orthogonality of space and time in the referential description.
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2.4 Specific forms of solid and fluid equations

Although we fully recognize the elegance and power of the space-time approaches,
in this work we opt for a numerical implementation in the semi-discrete setting.
This, in turn, dictates the forms of the balance laws at the continuous level that we
take as a point of departure for designing discrete formulations. In what follows,
we use the developments of the previous sections to derive strong forms of the solid
and fluid partial differential equations employed in this work.

2.4.1 Formulation of the solid problem

We adapt the material description for the solid and utilize equations (40) and (41).
Settingα = ρ, the mass density of the solid, andγ = 0 andβ = 0 in (40), we
arrive at

∫

QX

∂Jρ

∂s
dQX = 0. (65)

By the localization argument,

∂Jρ

∂s
= 0, (66)

implying that Jρ is a function of material particles alone, that is,Jρ(X, s) =
Jρ(X). Assuming the initial configuration is the material configuration, that is
φ(X, 0) = X, thenF (X, 0) = I andJ(X, 0) = 1. Denoting byρ0 the mass
density of the solid in the initial configuration, we obtain the following point-wise
statement of theconservation of mass

Jρ = ρ0. (67)

Balance of linear momentumfollows from settingα = ρv, the linear momentum
density,Γx = σ, the “true” or Cauchy stress tensor, andβ = ρf , the force density
per unit volume, in (41):

∫

QX

∂Jρv

∂s
−∇X ·

(

JσF−T
)

− Jρf dQX = 0. (68)

Localizing (68) to a point in space-time and substituting (67) we obtain a point-wise
statement of balance of linear momentum

ρ0
∂v

∂s
−∇X ·

(

JσF−T
)

= ρ0f . (69)

Note that iff = 0, momentum is conserved.
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To complete the specification of the solid problem we first introduce the displace-
mentu, such thatv = ∂u/∂s, and defineP andS, the first and second Piola-
Kirchhoff stress tensors, respectively, as

P = JσF−T (70)

and

S = F−1P = JF−1σF−T (71)

With these definitions, the solid problem takes a familiar form, namely

ρ0
∂2u

∂s2
−∇X · (FS) = ρ0f (72)

Note that in this Lagrangian setting, provided the initial distribution of mass density
ρ0 is given, the mass density is determined by the displacement, that is,ρ = ρ0/J =
ρ0/ detF = ρ0/ det(I + ∇Xu).

The details of the constitutive model used in this work are asfollows. We use the
generalized neo-Hookean model with penalty given in Simo and Hughes [53].S
derives from the gradient of an elastic potentialψ as

S = 2
∂ψ

∂C
(73)

whereC is the Cauchy-Green deformation tensor, defined as

C = F T F (74)

The elastic potential is given by a sum decomposition

ψ = ψiso + ψdil (75)

whereψiso is the energy associated with the volume-preserving or isochoric part
of the motion, whileψdil is the energy of the volume-changing or dilatational part
of the deformation. This decomposition expresses the fact that many materials re-
spond differently in bulk and in shear. We perform the following multiplicative
decomposition of the deformation gradientF (see [16] and references therein):

F = J1/3F (76)

whereF = J−1/3F . Note that detF = 1, henceF is associated with the volume-
preserving part of the motion, whileJ1/3 is the volume-changing part. Let

C = F
T
F (77)
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in direct analogy with (74). Then,

ψiso =
1

2
µs(trC − 3) (78)

and

ψdil =
1

2
κs(

1

2
(J2 − 1) − lnJ). (79)

Note that this model fulfills all the normalization conditions necessary for well-
poseness (see Marsden and Hughes [45], Holzapfel [27]). In particular, the lnJ
term in the definition ofψdil precludes material instabilities for states of strong
compression. For this definition of the elastic potential, the second Piola-Kirchhoff
stress tensor becomes

S = µsJ−2/3(I −
1

3
trC C−1) +

1

2
κs(J2 − 1)C−1, (80)

and the fourth-order tensor of elastic moduli is

C = 4
∂2ψ

∂C∂C
= (

2

9
µsJ−2/3trC + κsJ2)C−1 ⊗ C−1 (81)

+(
2

3
µsJ−2/3trC − κs(J2 − 1))C−1 ⊙ C−1

−
2

3
µsJ−2/3(I ⊗ C−1 + C−1 ⊗ I).

In (81) the⊗ symbol is used to denote the outer product of two second-ranktensors,
that is,

(C−1 ⊗ C−1)IJKL ≡ (C−1)IJ(C−1)KL, (82)

and

(C−1 ⊙ C−1)IJKL ≡
(C−1)IK(C−1)JL + (C−1)IL(C−1)JK

2
(83)

Parametersµs andκs may be determined by the Lamé constants of the linear elas-
tic model, denotedµl andλl, by considering the case when the current and the
reference configurations coincide. Then, by inspection,

µs = µl (84)

κs = λl +
2

3
µl. (85)

Thus,µs andκs are the classical shear and bulk moduli, respectively.
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2.4.2 Formulation of the fluid problem

While the solid problem is written using a Lagrangian description, an ALE ap-
proach is adopted for the fluid problem. Although ALE is widely used for fluid flow
in moving domains, the authors wish to point out the recent works on the Particle
Finite Element Method (PFEM, see, e.g., [35] and referencestherein), which makes
use of a Lagrangian description of fluid mechanics, enablingstraight-forward so-
lution of very complicated flows and fluid-structure interaction problems. To arrive
at the formulation of the fluid problem employed in this work,equations (51) and
(52) are taken as a departure point. Note that we work with theso-called advective
forms of the master balance laws rather than their conservative counterparts given
by (44) and (45). We will show later in this paper that our finalsemi-descrete for-
mulation satisfies global conservation of mass and linear momentum. Furthermore,
the advantage of the advective form is that, when discretized, it trivially satisfies the
so-called Discrete Geometric Conservation Law (DGCL). TheDGCL states that in
the absence of body forces and surface tractions, the discrete scheme must preserve
a constant velocity solution. For a discussion of the importance of conservation and
satisfaction of the DGCL for moving domain problems see [17,22, 44].

Substitutingα = ρ, γ = 0 andβ = 0 in (50), we arrive at
∫

Ωx

∂ρ

∂r
+ (v − v̂) · ∇xρ+ ρ∇x · v dΩx = 0. (86)

Assuming that the fluid has constant mass density (i.e., the flow is incompress-
ible) and localizing the above equation to a point in space and time, we obtain the
following form of the mass conservaton equation,

∇x · v = 0, (87)

which manifests the incompressibility constraint. To arrive at the conservation of
linear momentum we use (52) and setα = ρv, Γ = σ, andβ = ρf

∫

Ωx

∂ρv

∂r
+ (v − v̂) · ∇xρv + ρv∇x · v −∇x · σ − ρf dΩx = 0. (88)

Using the assumption of constant mass density, (87) and localizing the result to a
point in space and time, we obtain

ρ
∂v

∂r
+ ρ(v − v̂) · ∇xv −∇x · σ = ρf . (89)

To complete the specification of the fluid problem, we assume that the flow is New-
tonian with the following definition of the Cauchy stress tensor

σ = −pI + 2µ∇s
xv, (90)

wherep is the pressure,µ is the dynamic viscosity,I is the second-rank identity
tensor, and∇s

x = 1/2(∇x + ∇T
x ) is the symmetric gradient.
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Remark 2.4 We note that iff = 0, σ·n = 0 on∂Ωx, thenv = constant identically
satisfies (88).

3 Variational formulation of the coupled fluid-structure in teraction problem
at the continuous level

Fig. 2. Abstract setting for the fluid-structure interaction problem. Depiction of the initial
and the current configurations related through the ALE mapping. The initial configuration
also serves as the reference configuration.

Let Ω0 ≡ Ωy ⊂ R
d, d = 2, 3, represent the combined fluid and solid domain in the

initial configuration, which serves simultaneously as the reference configuration.
Let φ̂ : Ω0 → Ωt ≡ Ωx|t ⊂ R

d denote the motion of the fluid-solid domain, as
before.

The domainΩ0 admits the decomposition

Ω0 = Ωf
0 ∪ Ωs

0, (91)

whereΩf
0 is the subset ofΩ0 occupied by the fluid, andΩs

0 is the subset ofΩ0

occupied by the solid. The decomposition is non-overlapping, that is

Ωf
0 ∩ Ωs

0 = ∅. (92)

Likewise,

Ωt = Ωf
t ∪ Ωs

t , (93)

with

Ωf
t ∩ Ωs

t = ∅. (94)
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Let Γfs
0 denote the interface between the fluid and the solid regions in the initial

configuration, and, analogously, letΓfs
t be its counterpart in the current configu-

ration. The setup is illustrated in Figure 2. It is importantto emphasize that the
motion of the fluid domain is not the particle motion of the fluid. It does, however,
conform to the particle motion of the solid at the fluid-solidinterface because the
Lagrangian description is adopted for the solid.

3.1 Solid problem

This section gives a weak formulation of the solid in the Lagrangian description.
Let Vs = Vs(Ωs

0) denote the trial solution space for displacements and letWs =
Ws(Ωs

0) denote the trial weighting space for the linear momentum equations. Let
u denote the displacement of the solid with respect to the initial configuration and
let ws be the weighting function for the momentum equation. We alsoassume that
the displacement satisfies the boundary condition,u = gs on Γs,D

0 , the Dirichlet
part of the solid domain boundary. The variational formulation is stated as follows:
Findu ∈ Vs such that∀ws ∈ Ws,

Bs(ws,u) = F s(ws) (95)

where

Bs(ws,u) =

(

ws, ρs
0

∂2u

∂s2

)

Ωs
0

+ (∇Xws,FS)Ωs
0
, (96)

and

F s(ws) = (ws, ρs
0f

s)Ωs
0
+ (ws,hs)Γs,N

0
, (97)

whereΓs,N
0 is the Neumann part of the solid boundary,hs is the boundary traction

vector,ρs
0 is the density of the solid in the initial configuration,f s is the body

force per unit mass, and(·, ·)D is theL2 inner product with respect to domainD.
The above relations are written over the initial configuration Ωs

0, which is also the
material configuration. The subscriptX on the partial derivative operators indicates
that the derivatives are taken with respect to the material coordinatesX.

3.2 Motion of the fluid subdomain

This section gives a weak formulation of the motion of the fluid subdomain. Partial
differential equations of linear elastostatics subject toDirichlet boundary condi-
tions coming from the displacements of the solid region are employed to define the
ALE mappingφ̂(y, r) of the fluid domain. For precise conditions on the regularity
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of the ALE map, see Nobile [49]. In the discrete setting, the fluid subdomain mo-
tion problem is referred to as “mesh moving.” The fluid subdomain motion problem
may be thought of as a succession of fictitious linear elasticboundary-value prob-
lems designed simply to produce a smooth evolution of the fluid mesh.

We write φ̂r(y) = φ̂(y, r). Consequently,̂φr : Ω0 → Ωr andφ̂
−1

r : Ωr → Ω0.
Likewise, we define the displacement of the reference domainas

û(y, r) = φ̂(y, r) − y (98)

and writeûr(y) = û(y, r). Note thatûr is defined onΩ0 and represents the dis-
placement of the reference configuration at timer.

Let Ωt̃ be the configuration ofΩ0 at t̃ < t. We think of this as a configuration
“nearby” Ωt that in numerical computations will typically represent the final con-
figuration of the previous time step. We wish to push forward the functions defined

on Ω0 to Ωt̃. We write φ̂t̃ : Ω0 → Ωt̃ and φ̂
−1

t̃ : Ωt̃ → Ω0. Thenût ◦ φ̂
−1

t̃ and

ût̃ ◦ φ̂
−1

t̃ are the displacements of the reference domain at timet andt̃, respectively,
but both are defined with respect to the configuration of the reference domain at
time t̃, namelyΩt̃. We writex̃ = φ̂t̃(y) ∈ Ωt̃. To determinêφt we will construct a

linear elastic boundary problem for̂ut ◦ φ̂
−1

t̃ and utilize

φ̂t(y) = φ̂t̃(y) +
(

ût ◦ φ̂
−1

t̃

)

(

φ̂t̃(y)
)

(99)

We would like to remind the reader thatφ̂t̃ andût̃ are considered known when we

solve forût ◦ φ̂
−1

t̃ .

Let Vm = Vm(Ωf
t̃
) denote the trial solution space of displacements and letWm =

Wm(Ωf
t̃
) denote the weighting space for the elastic equilibrium equations. As usual,

kinematic boundary conditions are built into the definitions of the spaces, namely,

Vm = {um | um ∈
(

H1(Ωf
t̃
)
)d
, um = ut ◦ φ̂

−1

t̃ onΓfs
t̃
} (100)

Wm = {wm | wm ∈
(

H1(Ωf
t̃
)
)d
, wm = 0 onΓfs

t̃
} (101)

whereut is the particle displacement at timet. Note that in our formulationut will
be an unknown and will be solved for simultaneously along with ût in a coupled
fashion. The variational formulation of the problem is stated as follows: Find̂ut ◦

φ̂
−1

t̃ ∈ Vm such that∀wm ∈ Wm,

Bm(wm, ût ◦ φ̂
−1

t̃ ) = Fm(wm), (102)

where

Bm(wm,um) = (∇s
x̃w

m, 2µm∇s
x̃u

m)Ωf

t̃

+ (∇x̃ · w
m, λm∇x̃ · u

m)Ωf

t̃

, (103)
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Fm(wm) = Bm(wm, ût̃ ◦ φ̂
−1

t̃ ), (104)

and∇x̃ is the gradient operator onΩt̃,∇
s
x̃ is its symmetrization, andµm andλm are

the Lamé parameters of the fictitious linear elastic model characterizing the motion
of the fluid domain. In the discrete settingµm andλm should be selected such
that the fluid mesh quality is preserved for as long as possible. In particular, mesh
quality can be preserved by dividing the elastic coefficients by the determinant
Jacobian of the element mapping, effectively increasing the stiffness of the smaller
elements [46, 66], which are typically placed at fluid-solidinterfaces. For advanced
mesh moving techniques see [56, 57]. Parts of the boundary ofthe fluid region may
also have motion prescribed independent of the motion of thesolid region. This is
handled in a standard way as a Dirichlet boundary condition.The remainder of the
fluid region boundary is typically subjected to a “zero stress” Neumann boundary
condition.

As a result of the above construction, the ALE mapping for theentire domain may
be defined in a piece-wise fashion. Recall that this means forthe solid domain that
we takey = X, r = s, φ̂ = φ, andû = u. We write

φ̂(y, r) =











X + u(X, s) ∀X ∈ Ωs
0, s ∈ (0, T )

y + û(y, r) ∀y ∈ Ωf
0 , r ∈ (0, T )

(105)

Note that due to (100), the ALE map̂φ in (105) is continuous at the fluid-solid
interface. Recall also that the velocity of the fluid domain is obtained by taking a
partial time derivative of̂u with y held fixed, that is,̂v = ∂û/∂r.

3.3 Fluid problem

In this section we give a weak formulation of the incompressible Navier-Stokes
fluid on a moving domain in the ALE description. The motion of the fluid domain
was constructed in the previous section. LetVf = Vf (Ωf

t ) denote the trial solution
space of velocities and pressures and letWf = Wf (Ωf

t ) denote the trial weighting
space for the momentum and continuity equations. Let{v, p} denote the particle
velocity-pressure pair and{wf , qf} the weighting functions for the momentum and
continuity equations. We also assume that the fluid particlevelocity field satisfies
the boundary condition,v = gf on Γf,D

t , the Dirichlet part of the fluid bound-
ary. The variational formulation is stated as follows: Find{v, p} ∈ Vf such that
∀{wf , qf} ∈ Wf ,

Bf({wf , qf}, {v, p}; v̂) = F f({wf , qf}) (106)
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where

Bf ({wf , qf}, {v, p}; v̂) =

(

wf , ρf ∂v

∂r

)

Ωf
t

+
(

wf , ρf(v − v̂) · ∇xv
)

Ωf
t

(107)

+(qf ,∇x · v)Ωf
t
− (∇x · w

f , p)Ωf
t

+
(

∇s
xw

f , 2µf∇s
xv
)

Ωf
t

,

and

F f({wf , qf}) = (wf , ρff f )Ωf
t

+ (wf ,hf)Γf,N
t
, (108)

whereΓf,N
t is the Neumann part of the fluid domain boundary,hf is the boundary

traction vector,f f is the body force per unit mass, andρf andµf are the density
and the dynamic viscosity of the fluid, respectively. The above equations are written
with respect to the current configurationΩt, ∇x is the gradient operator onΩt, and
∇s

x is its symmetrization.

3.4 Coupled problem

In this section we present the coupled fluid-structure interaction problem, which is
based on the individual subproblems introduced previously. The variational formu-
lation for the coupled problem is stated as: Find{v, p} ∈ Vf , u ∈ Vs, andû ∈ Vm

such that∀{wf , qf} ∈ Wf , ∀ws ∈ Ws, and∀wm ∈ Wm,

Bf({wf , qf}, {v, p}; v̂) − F f({wf , qf}) +

Bs(ws,u) − F s(ws) +Bm(wm, û) − Fm(wm) = 0. (109)

with the following auxiliary relations holding in the senseof traces:

v|Γfs
t

=
∂u

∂t
◦ φ̂

−1
|Γfs

t
, (110)

wf |Γfs
t

= ws ◦ φ̂
−1
|Γfs

t
. (111)

Relationship (110), the kinematic constraint, equates thefluid particle velocity with
that of the solid at the fluid-solid boundary. Equation (111)leads to the compati-
bility of the Cauchy stress vector at the fluid-solid interface. To demonstrate this
fact, we first setwm = 0 and focus on the fluid and solid parts of the coupled
problem (109). Integrating by parts in (109) and assuming sufficient regularity of
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the solution fields gives

0 =
(

wf ,Lf(v, p; v̂) − ρff f
)

Ωf
t

+
(

qf ,∇x · v
)

Ωf
t

+
(

wf ,σσσfn
f
t − hf

)

Γf,N
t

+
(

wf ,σσσfn
f
t

)

Γfs
t

+(ws,Ls(u) − ρs
0f

s)Ωs
0

+(ws,Pns
0 − hs)Γs,N

0

+(ws,Pns
0)Γfs

0
, (112)

wherenf
t andns

0 are the unit outward normal vectors to the fluid and solid domains,
in the current and reference configurations, respectively.In (112) the following
definitions are used:

Lf(v, p; v̂) = ρf ∂v

∂r
+ ρf (v − v̂) · ∇xv −∇x · σσσ

f , (113)

σσσf = −∇xpI + 2µf∇s
xv, (114)

Ls(u) = ρs
0

∂2u

∂s2
−∇X · P . (115)

P = FS, (116)

Standard variational arguments imply that the fluid and the solid momentum equa-
tions and the fluid incompressibility constraint hold in theinterior of the appropriate
subdomains. The Neumann boundary conditions are also satisfied on the appropri-
ate parts of the fluid and solid domain boundaries. Selectingtest functions that
vanish everywhere in the domain, except at the fluid-solid interface in (112), gives

(

wf ,σσσfn
f
t

)

Γfs
t

+ (ws,Pns
0)Γfs

0
= 0. (117)

Transforming the second term in (117) to the current configuration, yields

(

wf ,σσσfn
f
t

)

Γfs
t

+
(

ws ◦ φ̂
−1
,σσσsns

t

)

Γfs
t

= 0. (118)

Using (111) we arrive at the weak continuity of surface tractions at the fluid-solid
interface

(

wf ,σσσfn
f
t + σσσsns

t

)

Γfs
t

= 0, (119)

which, together with (110), produces proper fluid-solid interface conditions.
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4 Formulation of the fluid-structure interaction problem at the discrete level

In this section we give a formulation of the fluid-structure interaction equation
(109) in the discrete setting. We begin by defining the spatial discretization of the
problem. It is exactly the same for finite elements and NURBS-based isogeomet-
ric analysis. Having defined the semi-discrete forms, we present the time stepping
algorithm, which is the generalized-α method of Chung and Hulbert [12].

4.1 Approximation spaces and enforcement of kinematic compatibility conditions

We begin by considering the discretization of the referencedomainΩ0. Here, and
in what follows, we will use the same notation for the discrete objects as for their
continuous counterparts to simplify the presentation. LetN̂A denote a set of basis
functions defined onΩ0, as in Section 2.3, and letI denote the index set of all basis
functions defined onΩ0. These functions do not depend on time, they are “fixed”
in space on the reference domain. Consider adiscreteALE mappingφ̂(y, r) which
can be expressed as

φ̂(y, r) =
∑

A∈I

φ̂A(r)N̂A(y) =
∑

A∈I

(ÛA(r) + yA)N̂A(y) (120)

The mapping pertains to the entire fluid-structure domain. The motion of the fluid
subdomain is obtained from (120) by restricting the index set to the fluid control
variables (or nodal variables in the case of finite elements). We writeI = If

⋃

Is,
whereIf andIs are the index sets of the fluid and solid control variables, respec-
tively. Note thatIf

⋂

Is 6= ∅ due to the kinematic continuity conditions imposed at
the fluid-solid interface.

The displacement field of the solid is written as

u(X, s) =
∑

A∈Is

UA(s)N̂A(X), (121)

We assume that all basis functions in the reference configuration are at leastC0-
continuous, which automatically makes themH1-conforming. In this work, we also
require that the discretization at the fluid-solid interface is conforming, that is,̂NA’s
areC0-continuous acrossΓfs

0 .

In contrast to the solid problem, the fluid problem (106) is posed over the current
configuration with unknown fields expressed as functions of the spatial coordinates
x. In order to approximate the unknown fields in the current domain, we employ

{NA(x, t) = N̂A ◦ φ̂
−1

t (x)}A∈If
, as defined in Section 2.3, equation (61), to ap-
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proximate the fluid velocity and pressure as

v(x, t) =
∑

A∈If

V A(t)NA(x, t), (122)

p(x, t) =
∑

A∈If

PA(t)NA(x, t) (123)

The fluid domain motion problem (106) is posed over a configuration at timet̃. As
a result, in order to approximate the fluid mesh displacement, we make use of the

basis defined on that configuration, namely,{ÑA(x̃, t̃) = N̂A ◦ φ̂
−1

t̃ (x̃)}A∈If
. The

fluid mesh displacement, as a function of thex̃ configuration variables, becomes

ũ(x̃, t̃) =
∑

A∈If

ÛA(t̃)ÑA(x̃, t̃), (124)

and, as a function of the current configuration variables,

û(x, t) =
∑

A∈If

ÛA(t)NA(x, t). (125)

The fluid mesh velocity in the current configuration becomes (see (64)):

v̂(x, t) =
∑

A∈If

∂ÛA

∂t
(t)NA(x, t). (126)

The kinematic compatibility conditions (100) and (110), aswell as conditions on
the weighting spaces, (101) and (111), are essential for thecontinuous fluid-structure
interaction problem (109) to ensure proper coupling. In thediscrete setting there
are a variety of ways of incorporating them into the formulation. For example,
condition (110) may be imposed weakly (see, e.g., [6, 7]) by constructing addi-
tional terms on the fluid-solid interface using ideas emanating from discontinuous
Galerkin methods. As a result, incompatible fluid and solid discretizations may be
employed. This approach is not adopted here. Instead, in ourdiscrete formulation,
we choose to satisfy the above mentioned conditions strongly as described in the
following.

Continuity of the discrete ALE mapping at the fluid-solid interface is ensured as
follows. LetIfs = If ∩Is denote the index set of basis functions (and the associated
geometry and solution degrees of freedom) associated with the fluid-solid interface.
Then, settinĝUA = UA ∀A ∈ Ifs gives

u|Γfs
0

=
∑

A∈Ifs

UAN̂A|Γfs
0

=
∑

A∈Ifs

ÛA(ÑA ◦ φ̂t̃)|Γfs
0

= û ◦ φ̂t̃|Γfs
0
, (127)

which is precisely the compatibility condition given in (100). Continuity of the ALE
mapping, together with continuity of the basis in the reference configuration, as-
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sures that the basis functions in the current configuration are at leastC0-continuous,
and thus,H1-conforming. The kinematic compatibility condition (110), which en-
sures that the fluid particles adhere to the fluid-solid boundary, is satisfied by set-
ting V A = ∂UA/∂t ∀A ∈ Ifs and carrying out the same computation as in (127).
Fluid-solid interface condition in (101) is satisfied by setting to zero the weighting
functions for the mesh motion problem supported on the fluid-solid interface, while
a unique set of basis functions at the fluid-solid interface guarantees (111).

Remark 4.1 In the theoretical developments and the computations reported in this
paper, the same basis functions are used for the pressure as for the fluid particle
velocity and the displacement of the fluid region. Unequal-order velocity-pressure
discretization may also be employed in order to satisfy the Babuška-Brezzi condi-
tion at the discrete level (see [9, 54]). This will not be an issue in our formulation
because our variational multiscale formulation attains stability, circumventing the
Babuška-Brezzi condition.

4.2 Semi-discrete problem

Let Vf
h ,V

s
h,V

m
h andWf

h ,W
s
h,W

m
h be the finite dimensional subspaces correspond-

ing to their infinite dimensional counterparts. We approximate the coupled fluid-
structure interaction problem (109) as follows: Find{v, p} ∈ Vf

h , u ∈ Vs
h, and

û ∈ Vm
h such that∀{wf , qf} ∈ Wf

h , ∀ws ∈ Ws
h, and∀wm ∈ Wm

h ,

Bf
MS({wf , qf}, {v, p}; v̂) − F f

MS({wf , qf})

+Bs(ws,u) − F s(ws)

+Bm(wm, û) − Fm(wm) = 0, (128)

where

Bf
MS({wf , qf}, {v, p}; v̂) = Bf ({wf , qf}, {v, p}; v̂)

+
(

(v − v̂) · ∇xw
f ,v′

)

Ω̃f
t

+ (∇xq
f ,

1

ρf
v′)Ω̃f

t

+ (∇x · w
fρfτC ,∇x · v)Ω̃f

t
− (wf ,v′ · ∇xv)Ω̃f

t

− (∇xw
f ,

1

ρf
v′ ⊗ v′)Ω̃f

t
+ (v′ · ∇xw

fτ ,v′ · ∇xv)Ω̃f
t

(129)

and

F f
MS({wf , qf}) = F f({wf , qf}). (130)

The following definitions are employed in (129):

v′ = τM(Lf(v, p; v̂) − ρff f) (131)
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τM = (
Ct

∆t2
+ (v − v̂) · G(v − v̂) + CI(

µf

ρf
)2G : G)−1/2 (132)

τC = (τMg · g)−1 (133)

τ = (v′ · Gv′)−1/2 (134)

Gij =
d
∑

k=1

∂ξk
∂xi

∂ξk
∂xj

(135)

G : G =
d
∑

i,j=1

GijGij (136)

(v − v̂) · G(v − v̂) =
d
∑

i,j=1

(vi − v̂i)Gij(vj − v̂j) (137)

gi =
d
∑

j=1

∂ξj
∂xi

, (138)

g · g = gigi. (139)

In the above,∂ξ
∂x is the inverse Jacobian of the mapping between the isoparametric,

or parent, and physical domains,∆t is the time step size, andCI is a positive con-
stant, independent of the mesh size, derived from an element-wise inverse estimate
(see, e.g., Johnson [38]). In (128) the symbolΩ̃f

t is used to denote the fact that
integrals are taken over element interiors.

Galerkin’s method is employed for the solid and mesh motion problems. The fluid
formulation (129) emanates from the variational multiscale residual-based turbu-
lence modeling paradigm [2, 4, 7, 11, 29]. Residual-based formulation of fluid flow
may be viewed as an extension of well-known stabilized methods, such as SUPG
[10]. However, the last term of (129) is not motivated by multiscale arguments, but
merely provides additional residual-based stabilization(see Taylor, Hughes, and
Zarins [59]).

4.3 Discussion of conservation

In this section we focus on the semi-discrete formulation (128) restricted to the
fluid. We show that the formulation satisfies the discrete geometric conservation
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law and is globally mass-conservative. We also show that ourformulation globally
conserves momentum under semi-discretization.

The discrete geometric conservation law is satisfied if the formulation preserves
a constant fluid velocity in space and time when there are no body forces and
the stress tensor is self-equilibrating. Indeed, if a constant particle velocity field
is assumed, it is easily seen to satisfy (128) identically. We note that selecting the
advective form was an important constituent in obtaining this result. Furthermore,
assuming that a time integrator is chosen such that it “respects” a constant solution,
that is, if the velocity field is constant in time, the discrete approximation to the time
derivative is zero, then the formulation satisfies the geometric conservation law at a
fully discrete level. Any consistent time integrator, including the one employed in
this work and described in the following section, should satisfy this condition.

To demonstrate global mass conservation, we setwf = 0, ws = 0, wm = 0, and
qf = 1 in (128). This choice leaves us with

(1,∇x · v)Ωf
t

= (1,v · nf )Γf
t

= 0, (140)

which is precisely the statement of global mass conservation on the fluid domain.
Note that in the solid region the mass-conservation is satisfied a priori due to the
choice of the Lagrangian description.

Let ei, i = 1, 2, 3, be theith Cartesian basis vector. To show global momentum
conservation, we setwf = ei, ws = ei, wm = 0 in (128) and assume that there
are no body or surface forces present. In this case (128) reduces to

(ei, ρ
s
0

∂2u

∂s2
)Ωs

0
+ (ei, ρ

f ∂v

∂r
)Ωf

t

+
(

ei, ρ
f (v − v̂) · ∇xv

)

Ωf
t

+ (ei,v
′ · ∇xv)Ωf

t
= 0 (141)

(qf ,∇x · v)Ωf
t

+ (∇xq
f ,

1

ρf
v′)Ωf

t
= 0 (142)

Integration-by-parts in the third term of (141) gives

(ei, ρ
s
0

∂2u

∂s2
)Ωs

0
+ (ei, ρ

f ∂v

∂r
)Ωf

t
+
(

ei, ρ
f{(v − v̂) · nf}v

)

Γf
t

−
(

ei, ρ
f{∇x · (v − v̂)}v

)

Ωf
t

+ (ei,v
′ · ∇xv)Ωf

t
= 0 (143)

Using (142) with a specific choice of the test functionqf = ρfvi gives

(ei, ρ
f{∇x · v}v)Ωf

t
+ (ei,v

′ · ∇xv)Ωf
t

= 0 (144)
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which, in turn, simplifies (143) to

(ei, ρ
s
0

∂2u

∂s2
)Ωs

0
+ (ei, ρ

f ∂v

∂r
)Ωf

t
+
(

ei, ρ
f{(v − v̂) · nf}v

)

Γf
t

+
(

ei, ρ
f{∇x · v̂}v

)

Ωf
t

= 0 (145)

Note thatqf = ρfvi is a valid choice because velocity and pressure are approxi-
mated by the same discrete spaces. This would not be the case if Vp

h = Wp
h 6⊃ Vv

h

component-wise. We proceed by changing variables in the second and fourth terms
of equation (145) to the referential description as

(ei, ρ
s
0

∂2u

∂s2
)Ωs

0
+ (ei, ρ

f ∂v

∂r
Ĵ)Ωf

0
+
(

ei, ρ
f{(v − v̂) · nf}v

)

Γf
t

+
(

ei, ρ
f{Ĵ∇x · v̂}v

)

Ωf
0

= 0 (146)

Recognizing that̂J∇x · v̂ = ∂Ĵ/∂r (see also equation (47)) and combining the
second and fourth terms in (146) gives

(ei, ρ
s
0

∂2u

∂s2
)Ωs

0
+ (ei, ρ

f ∂vĴ

∂r
)Ωf

0
+
(

ei, ρ
f{(v − v̂) · nf}v

)

Γf
t

= 0 (147)

Definingu̇ = ∂u/∂s to be the velocity of the solid, taking the partial time deriva-
tive outside of the inner product and changing variables back to the spatial domain
in the first two terms of (147) gives

d

dt
(ei, ρ

s
0J

−1u̇)Ωs
t
+
d

dt
(ei, ρ

fv)Ωf
t

+
(

ei, ρ
f{(v − v̂) · nf}v

)

Γf
t

= 0 (148)

By conservation of mass in the Lagrangian description,ρs
0J

−1 = ρs
t (see also equa-

tion (67)). Also note thatv = v̂ onΓfs
t . With these observations we arrive at

d

dt

(

(ei, ρ
s
t u̇)Ωs

t
+ (ei, ρ

fv)Ωf
t

)

+
(

ei, ρ
f{(v − v̂) · nf}v

)

Γf
t −Γfs

t

= 0 (149)

which precisely states that the rate of change of the global momentum of the cou-
pled system is balanced by the momentum flux through the boundary of the fluid
domain. The momentum flux through the solid boundary is zero due to the choice
of the Lagrangian description.

Remark 4.2 The term(wf ,v′·∇xv)Ωf
t

was first presented in [59]. For a stationary
fluid domain, the conservation-restoring property of this term was shown in [33],
where it was pointed out that conservation can be obtained for stabilized methods,
but not for Galerkin methods satisfying the Babuška-Brezzi condition [9, 54].

Remark 4.3 The identity∂Ĵ/∂r = Ĵ∇x · v̂ plays a critical role in proving mo-
mentum conservation. This identity holds true when a functional representation in

32



space and time is simultaneously employed, for example, when space-time finite el-
ements are employed. On the other hand, lack of satisfactionof the identity induced
by a time-integration method will, in general, prevent us from obtaining (147) from
(146) and in this case momentum may not be conserved in the fully-discrete case.

4.4 Time integration of the FSI system

In this section we present the time integration algorithm for semi-discrete equations
(128). The method is the generalized-α algorithm proposed by Chung and Hulbert
[12] for the equations of structural dynamics, and extendedto the equations of fluid
mechanics by Jansen, Whiting, and Hulbert [36]. In the context of fluid-structure
interaction, the generalized-α method was used in [15, 41]. In this section we give
details of the method as it applies to the semi-discrete formulation (128).

Let U , U̇ , Ü , andP denote the vectors of nodal or control variable degrees of
freedom of displacements, velocities, velocity time derivatives, and pressure, re-
spectively, of the fluid-structure system. LetV , V̇ , andV̈ denote the vectors of
nodal or control variable degrees of freedom of mesh displacements, velocities, and
accelerations, respectively. Note that there is no “fluid displacement” in our formu-
lation; U̇ andÜ are simply labels that we chose for fluid time derivative degrees
of freedom. Also note that fluid and solid degrees of freedom are combined in one
solution vector. We define three residual vectors corresponding to the momentum,
continuity, and mesh motion equations by substituting individual basis functions in
place ofwf , ws, qf , andwm in (128) as follows:

Rmom = [Rmom
A,i ] (150)

Rmom
A,i = Bf

MS({NAei, 0}, {v, p}; v̂) − F f
MS({NAei, 0})

+Bs(N̂Aei,u) − F s(N̂Aei) (151)
Rcont = [Rcont

A ] (152)

Rcont
A = Bf

MS({0, NA}, {v, p}; v̂) − F f
MS({0, NA}) (153)

Rmesh = [Rmesh
A,i ] (154)

Rmesh
A,i = Bm(ÑAei, û) (155)

Note that in the aboveRmom is the combined fluid and solid residual of the linear
momentum equations.

The genealized-α time integration algorithm is stated as follows: given (Un, U̇n,
Ün, V n, V̇ n, V̈ n), find (Un+1, U̇n+1, Ün+1, P n+1, V n+1, V̇ n+1, V̈ n+1, Un+αf

,
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U̇n+αf
, Ün+αm

, V n+αf
, V̇ n+αf

, V̈ n+αm
), such that

Rmom(Un+αf
, U̇n+αf

, Ün+αm
,P n+1,V n+αf

, V̇ n+αf
, V̈ n+αm

) = 0, (156)

Rcont(Un+αf
, U̇n+αf

, Ün+αm
,P n+1,V n+αf

, V̇ n+αf
, V̈ n+αm

) = 0, (157)

Rmesh(Un+αf
, U̇n+αf

, Ün+αm
,P n+1,V n+αf

, V̇ n+αf
, V̈ n+αm

) = 0, (158)

Un+αf
= Un + αf(Un+1 − Un), (159)

U̇n+αf
= U̇n + αf(U̇n+1 − U̇n), (160)

Ün+αm
= Ün + αm(Ün+1 − Ün), (161)

V n+αf
= V n + αf(V n+1 − V n), (162)

V̇ n+αf
= V̇ n + αf(V̇ n+1 − V̇ n), (163)

V̈ n+αm
= V̈ n + αm(V̈ n+1 − V̈ n), (164)

U̇n+1 = U̇n + ∆t((1 − γ)Ün + γÜn+1), (165)

Un+1 = Un + ∆tU̇n +
∆t2

2
((1 − 2β)Ün + 2βÜn+1), (166)

V̇ n+1 = V̇ n + ∆t((1 − γ)V̈ n + γV̈ n+1), (167)

V n+1 = V n + ∆tV̇ n +
∆t2

2
((1 − 2β)V̈ n + 2βV̈ n+1), (168)

where∆t = tn+1 − tn is the time step,αf , αm, γ, andβ are real-valued parameters
that define the method and are selected to ensure second-order accuracy and uncon-
ditional stability. For a second-order linear ordinary differential equation system
with constant coefficients, which is related to the solid andthe mesh parts of the
fluid-structure interaction problem, Chung and Hulbert [12] showed that second-
order accuracy is attained if

γ =
1

2
− αf + αm, (169)

and

β =
1

4
(1 − αf + αm)2, (170)

while unconditional stability requires

αm ≥ αf ≥
1

2
. (171)

Results (169) and (171) were also shown by Jansen, Whiting, and Hulbert [36] to
hold true for a first order linear ordinary differential equation system with constant
coefficients, which is related to the fluid part of the fluid-structure interaction prob-
lem. Condition (170) is only applicable to the second-ordercase. In order to have
strict control over high frequency damping,αm andαf are parameterized byρ∞,
the spectral radius of the amplification matrix at infinitelylarge time step. Optimal
high frequency damping occurs when all the eigenvalues of the amplification ma-
trix take on the same value, namely,−ρ∞. In this case, for the second-order system,
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Chung and Hulbert [12] derive

αc
m =

2 − ρc
∞

1 + ρc
∞

, (172)

αc
f =

1

1 + ρc
∞

,

while for the first order system Jansenet al. [36] give

αj
m =

1

2
(
3 − ρj

∞

1 + ρj
∞

), (173)

αj
f =

1

1 + ρj
∞

,

where superscripts distinguish the quantities coming fromtwo different methods.
The above equations show that for the same values ofρ∞ (that is,ρc

∞
= ρj

∞
) there

is a mismatch betweenαc
m andαc

j . This inconsistency may be eliminated by setting
ρc
∞

= ρj
∞

= 1, the case of zero high frequency damping corresponding to the
midpoint rule, but this is not sufficiently robust for practical calculations. In this
work, we adopt expressions (173), making the fluid part of theproblem optimally
damped, and determine the eigenvalues of the amplification matrix for a second-
order linear ordinary differential equation system at infinitely large time step, given
by an expression obtained in [12]:

lim
∆t→∞

λ = {
−1 + (αj

m − αj
f )

1 + (αj
m − αj

f)
,
−1 + (αj

m − αj
f )

1 + (αj
m − αj

f )
, 1 −

1

αj
f

}. (174)

Substituting (173) into (174), we obtain

lim
∆t→∞

λ = {
−1 − 3ρj

∞

3 + ρj
∞

,
−1 − 3ρj

∞

3 + ρj
∞

,−ρj
∞
}. (175)

The first two eigenvalues are different from−ρj
∞

, but it is a simple matter to show
that they are monotone decreasing functions ofρj

∞
and

1

3
≤ |

−1 − 3ρj
∞

3 + ρj
∞

| ≤ 1 ∀|ρj
∞
| ≤ 1. (176)

This, in turn, implies that the spectral radius of the amplification matrix never ex-
ceeds unity in magnitude and no instabilities are incurred for a second-order sys-
tem. Note that this choice of parameters maintains second-order accuracy and un-
conditional stability because conditions (169)-(171) still hold true.

To solve the nonlinear system of equations (156)-(168), we employ Newton’s method,
which can be viewed as a two-stage predictor-multicorrector algorithm.
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Predictor stage.Set

U̇n+1,(0) = U̇n, (177)

Ün+1,(0) =
(γ − 1)

γ
Ün, (178)

Un+1,(0) = Un + ∆tU̇n +
∆t2

2
((1 − 2β)Ün + 2βÜn+1,(0)), (179)

P n+1,(0) = P n, (180)

V̇ n+1,(0) = V̇ n (181)

V̈ n+1,(0) =
(γ − 1)

γ
V̈ n (182)

V n+1,(0) = V n + ∆tV̇ n +
∆t2

2
((1 − 2β)V̈ n + 2βV̈ n+1,(0)). (183)

The subscript0 on the left-hand-side quantities is the iteration index. Note that the
predictor is consistent with the generalized-α equations (165)-(168).

Multi-corrector stage. Repeat the following steps forl = 1, 2, . . . , lmax.

(1) Evaluate iterates at the intermediate time levels as

Un+αf ,(l) = Un + αf(Un+1,(l−1) − Un) (184)

U̇n+αf ,(l) = U̇n + αf(U̇n+1,(l−1) − U̇n) (185)

Ün+αm,(l) = Ün + αm(Ün+1,(l−1) − Ün) (186)
V n+αf ,(l) = V n + αf(V n+1,(l−1) − V n) (187)

V̇ n+αf ,(l) = V̇ n + αf(V̇ n+1,(l−1) − V̇ n) (188)

V̈ n+αm,(l) = V̈ n + αm(V̈ n+1,(l−1) − V̈ n) (189)
P n+1,(l) = P n+1,(l−1) (190)

(2) Use the intermediate solutions to assemble the residuals of the continuity and
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momentum equations and the corresponding matrices in the linear system

∂Rmom

∂Ün+1

∆Ün+1,(l) +
∂Rmom

∂P n+1
∆P n+1,(l)

+
∂Rmom

∂V̈ n+1

∆V̈ n+1,(l) = −Rmom
(l) (191)

∂Rcon

∂Ün+1

∆Ün+1,(l) +
∂Rcon

∂P n+1
∆P n+1,(l)

+
∂Rcon

∂V̈ n+1

∆V̈ n+1,(l) = −Rcon
(l) (192)

∂Rmesh

∂Ün+1

∆Ün+1,(l) +
∂Rmesh

∂P n+1
∆P n+1,(l)

+
∂Rmesh

∂V̈ n+1

∆V̈ n+1,(l) = −Rmesh
(l) (193)

(194)

Solve this linear system using a preconditioned GMRES algorithm (see Saad
and Schultz [52]) to a specified tolerance.

(3) Having solved the linear system, update the iterates as

Ün+1,(l) = Ün+1,(l−1) + ∆Ün+1,(l) (195)

U̇n+1,(l) = U̇n+1,(l−1) + γ∆t∆Ün+1,(l) (196)

Un+1,(l) = Un+1,(l−1) + β(∆t)2∆Ün+1,(l) (197)
P n+1,(l) = P n+1,(l−1) + ∆P n+1,(l) (198)

V̈ n+1,(l) = V̈ n+1,(l−1) + ∆V̈ n+1,(l) (199)

V̇ n+1,(l) = V̇ n+1,(l−1) + γ∆t∆V̈ n+1,(l) (200)

V n+1,(l) = V n+1,(l−1) + β(∆t)2∆V̈ n+1,(l) (201)

Remark 4.4 In the context of solution strategies employed to solve the coupled
fluid-structural equations, Tezduyar and co-workers (see,e.g., [67]) introduced the
following terminology: theblock-iterative solution strategy refers to the case when
the solution for the three fields (i.e., the solid, fluid and mesh) is obtained in a fully
segregated manner; thequasi-direct solution strategy refers to the case when the
fluid and solid equations are solved in a coupled fashion, while the mesh motion is
solved for separately; finally, thedirect strategy refers to the case when the three
fields are solved for in a coupled fashion and all the influences of the fields on each
other are reflected in the tangent matrix. Adopting the terminology of Tezduyar, the
method outlined in this section may be classified as a direct solution strategy.
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5 Linearization of the FSI equations: a methodology for computing shape
derivatives

Derivatives of the momentum, continuity, and mesh motion residuals with respect
to solution variables define the so-calledtangent matrices. In particular, deriva-
tives of the momentum and continuity residuals with respectto the mesh motion
variables are referred to asshape derivatives. The computation of shape derivative
matrices, required for a consistent linearization of the fluid-structure system, has
not been extensively studied in the fluid-structure interaction literature, although re-
cently a few references have appeared on the subject (see, e.g., [15, 19]). In this sec-
tion, we present a detailed methodology for deriving shape derivatives and provide
their explicit expressions. Although presented in the ALE context, this methodol-
ogy is applicable to other fluid-structure formulations.

We begin by introducing notation. Letx = x(ξ) denote the isoparametric mapping

at a particular time instant. Let∂x
∂ξ

be the Jacobian of this mapping, let∂ξ
∂x = ∂x

∂ξ
−1

denote its inverse, and letJξ = det∂x
∂ξ

be its determinant. A Cartesian basis will be

used throughout and operations on vectors and tensors will be expressed through
operations on their components in the Cartesian basis. Letxi andξi denote theith

component ofx andξ, respectively, and[∂x
∂ξ

]ij = ∂xi

∂ξj
, and [

∂ξ
∂x ]ij = ∂ξi

∂xj
be the

components of the Jacobian and its inverse, respectively. The following identities
are standard in nonlinear continuum mechanics (see, e.g., Holzapfel [27]), and will
be used in the sequel:

D(
∂ξi
∂xj

) = −
∂ξi
∂xl

D(
∂xl

∂ξk
)
∂ξk
∂xj

, (202)

and

DJξ = Jξ
∂ξj
∂xi

D(
∂xi

∂ξj
), (203)

whereD denotes a general derivative operator. Summation convention on repeated
indices is used throughout. Making use of equations (202) and (203) and the chain
rule, we obtain

D(Jξ
∂ξi
∂xj

) = Jξ(
∂ξl
∂xk

D(
∂xk

∂ξl
)
∂ξi
∂xj

−
∂ξi
∂xl

D(
∂xl

∂ξk
)
∂ξk
∂xj

), (204)

and, furthermore,

D(Jξ
∂ξi
∂xj

∂ξm
∂xn

) = (205)

Jξ{
∂ξl
∂xk

D(
∂xk

∂ξl
)
∂ξi
∂xj

−
∂ξi
∂xl

D(
∂xl

∂ξk
)
∂ξk
∂xj

}
∂ξm
∂xn

− Jξ
∂ξi
∂xj

∂ξm
∂xl

D(
∂xl

∂ξk
)
∂ξk
∂xn

.
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Our task is to derive expressions for shape derivatives in a term-by-term fashion.
We will treat several terms in detail so as to make the underlying procedures clear.
Results for the rest of the terms will be stated without derivation. We first consider
a derivative of the discrete residual of momentum equation with respect to mesh
acceleration degrees of freedom,

∂Rmom

∂V̈
, (206)

which we re-express in component form for convenience as

∂Rmom
A,i

∂V̈B,j

. (207)

In (206), time step and iteration superscripts are omitted in the interest of a concise
exposition. This derivative is active in the fluid region only, so we consider just the
Navier-Stokes contributions to the discrete residual.

Acceleration term

We begin with the acceleration contribution to the shape derivative matrix, that is

∂
∑Nel

e=1

∫

Ωe
NA ρ

f ∂vi

∂t
dΩe

∂V̈B,j

. (208)

In (208)Nel is the number of elements in the fluid mesh andΩe is the domain of
the spatial element.

Taking the partial derivative operator inside the sum over the elements, for a given
elemente we obtain

∂
∫

Ωe
NAρ

f ∂vi

∂t
dΩe

∂V̈B,j

. (209)

In (209) we cannot take the partial derivative operator inside the integral, as the
region of integration directly depends on the mesh motion, that is,Ωe = Ωe(V̈ ). In
order to circumvent this difficulty, we change variables,x → ξ. With this, (209)
becomes

∫

Ω̂e

NA ρ
f ∂vi

∂t

∂Jξ

∂V̈B,j

dΩ̂e, (210)

whereΩ̂e is the parent domain of the element.

Note that the basis functions, and particle density and acceleration in the parent
domain are independent of the mesh motion variables, hence the partial derivative
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only affects the Jacobian determinant. Using expression (203) in (210) gives

∫

Ω̂e

NA ρ
f ∂vi

∂t

∂(∂xk

∂ξl
)

∂V̈B,j

∂ξl
∂xk

Jξ dΩ̂e (211)

The term
∂(

∂xk
∂ξl

)

∂V̈B,j

∂ξl

∂xk
is analyzed as follows. Recall the definition ofxk,

xk = ûk + yk, (212)

whereyk are the reference configuration coordinates of andûk are the mesh dis-
placements. Then,

∂xk

∂ξl
=
∂ûk

∂ξl
+
∂yk

∂ξl
, (213)

and

∂(∂xk

∂ξl
)

∂V̈B,j

=
∂(∂ûk

∂ξl
)

∂V̈B,j

, (214)

as the second term on the right-hand-side of (213) is independent of the mesh mo-
tion. The mesh displacementûk is defined as a linear combination of mesh dis-
placement coefficients and basis functions, that is

ûk =
Ndof
∑

A=1

VA,kNA, (215)

whereNdof is the number of element degrees of freedom. The above implies

∂(∂xk

∂ξl
)

∂V̈B,j

∂ξl
∂xk

= αfβ∆t2
∂NB

∂ξl

∂ξl
∂xj

. (216)

In (216) we made use of Newmark update formulas (164) and (168). Inserting (216)
into (211), changing variables back to the physical domain,and summing over the
elements of the fluid mesh, we finally get

Nel
∑

e=1

αfβ∆t2
∫

Ωe

NA ρ
f ∂vi

∂t

∂NB

∂xj
dΩe. (217)

Matrix (217) is the contribution to the shape derivative matrix (206) from the ac-
celeration term present in the discrete momentum equationsof the INS system. It is
form-identical to and has the same sparsity structure of thematrices that contribute
to the tangents in the analysis of fluids and solids, and its implementation in finite
element and isogeometric codes is standard.

Advection term
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In the acceleration term the coupling between the momentum residual and mesh
motion variables occurs throughJξ. Other terms of the discrete incompressible
Navier-Stokes system exhibit more complex coupling. For example, consider the
advective contribution to the momentum residual

Nel
∑

e=1

∫

Ωe

NA ρ
f(vk − v̂k)

∂vi

∂xk

dΩe = (218)

Nel
∑

e=1

∫

Ωe

NA ρ
fvk

∂vi

∂xk
dΩe −

Nel
∑

e=1

∫

Ωe

NA ρ
f v̂k

∂vi

∂xk
dΩe.

Restricting the sum to a single element, changing variablesto the parent domain,
and taking the derivative with respect to the mesh acceleration degrees of freedom
gives

∫

Ω̂e

NA ρ
f(vk − v̂k)

∂vi

∂ξl

∂( ∂ξl

∂xk
Jξ)

∂V̈B,j

dΩ̂e −
∫

Ω̂e

NA ρ
f ∂vi

∂ξl

∂ξl
∂xk

∂v̂k

∂V̈B,j

Jξ dΩ̂e (219)

Using relation (204) in the first term of (219) gives

∫

Ω̂e

NA ρ
f (vk − v̂k)

∂vi

∂ξl
(
∂ξm
∂xn

∂( ∂xn

∂ξm
)

∂V̈B,j

∂ξl
∂xk

−
∂ξl
∂xn

∂( ∂xn

∂ξm
)

∂V̈B,j

∂ξm
∂xk

)Jξ dΩ̂e (220)

Changing variables back to the physical domain, taking the sum over the elements
in the fluid mesh, and accounting for the second term of (219),we get

Nel
∑

e=1

αfβ∆t2
∫

Ωe

NA ρ
f (vk − v̂k)

∂vi

∂xk

∂NB

∂xj
dΩe (221)

−
Nel
∑

e=1

αfβ∆t2
∫

Ωe

NA ρ
f(vk − v̂k)

∂vi

∂xj

∂NB

∂xk

dΩe

−
Nel
∑

e=1

αfγ∆t
∫

Ωe

NA ρ
f ∂vi

∂xj
NB dΩe.

Pressure stabilization term

As a final example we present the derivation of the shape derivative contribution
from the discrete continuity equation, that is

∂Rcont
A

∂V̈B,j

. (222)

Consider the pressure contribution from the stabilizing terms, that is

Nel
∑

e=1

∫

Ωe

∂NA

∂xi

τM
ρf

∂p

∂xi

dΩe. (223)
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As in previous developments, restricting to a single element and changing variables
in (223) gives

∫

Ω̂e

∂NA

∂ξk

∂ξk
∂xi

τM
ρf

∂p

∂ξl

∂ξl
∂xi

Jξ dΩ̂e. (224)

Taking the derivative with respect to the acceleration degrees of freedom and iso-
lating terms that are independent of the mesh motion in (224)we get

∫

Ω̂e

∂NA

∂ξk

1

ρf

∂p

∂ξl

∂(τM
∂ξk

∂xi

∂ξl

∂xi
Jξ)

∂V̈B,j

dΩ̂e =
∫

Ω̂e

∂NA

∂ξk

τM
ρf

∂p

∂ξl

∂(∂ξk

∂xi

∂ξl

∂xi
Jξ)

∂V̈B,j

dΩ̂e (225)

+
∫

Ω̂e

∂NA

∂ξk

1

ρf

∂p

∂ξl

∂ξk
∂xi

∂ξl
∂xi

Jξ
∂τM

∂V̈B,j

dΩ̂e.

The last term on the right-hand-side of the above expressioninvolves the derivative
of τM with respect to the mesh acceleration degrees of freedom. Itis, in principle,
present in the tangent matrix and is computable, but in this work it is omitted. In
order to handle the first term on the right-hand-side of (225)we employ relation
(205) to obtain

∫

Ω̂e

∂NA

∂ξk

τM
ρf

∂p

∂ξl
(
∂ξm
∂xn

∂( ∂xn

∂ξm
)

∂V̈B,j

∂ξk
∂xi

∂ξl
∂xi

(226)

−
∂ξl
∂xn

∂( ∂xn

∂ξm
)

∂V̈B,j

∂ξm
∂xi

∂ξk
∂xi

−
∂ξk
∂xn

∂( ∂xn

∂ξm
)

∂V̈B,j

∂ξm
∂xi

∂ξl
∂xi

)Jξ dΩ̂e.

Changing variables back to the physical domain and summing over the fluid domain
elements gives the following contribution to the shape derivative

Nel
∑

e=1

αfβ∆t2
∫

Ωe

∂NA

∂xi

τM
ρf

∂p

∂xi

∂NB

∂xj
dΩe (227)

−
Nel
∑

e=1

αfβ∆t2
∫

Ωe

∂NA

∂xi

τM
ρf

∂p

∂xj

∂NB

∂xi

dΩe

−
Nel
∑

e=1

αfβ∆t2
∫

Ωe

∂NA

∂xj

τM
ρf

∂p

∂xi

∂NB

∂xi
dΩe.

As before, these matrices and their implementation in a finite element/isogeometric
FSI solver are standard. In what follows, we give, without derivation, expressions
for shape derivative contributions from some of the remaining terms in the formu-
lation.
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Pressure gradient term

−
∂
∑Nel

e=1

∫

Ωe

∂NA

∂xi
p dΩe

∂V̈B,j

= (228)

−
Nel
∑

e=1

αfβ∆t2
∫

Ωe

∂NA

∂xi
p
∂NB

∂xj
−
∂NA

∂xj
p
∂NB

∂xi
dΩe.

Viscous stress term

∂
∑Nel

e=1

∫

Ωe

∂NA

∂xk
µf( ∂vi

∂xk
+ ∂vk

∂xi
) dΩe

∂V̈B,j

= (229)

Nel
∑

e=1

αfβ∆t2
∫

Ωe

∂NA

∂xk

µf(
∂vi

∂xk

+
∂vk

∂xi

)
∂NB

∂xj

−
∂NA

∂xj

µf(
∂vi

∂xk

+
∂vk

∂xi

)
∂NB

∂xk

−
∂NA

∂xk
µf ∂vi

∂xj

∂NB

∂xk
−
∂NA

∂xk
µf ∂vk

∂xj

∂NB

∂xi
dΩe.

Body force term

∂
∑Nel

e=1

∫

Ωe
NAρ

ff f
i dΩe

∂V̈B,j

=
Nel
∑

e=1

∫

Ωe

NAρ
f ∂f f

i

∂V̈B,j

+ αfβ∆t2NAρ
ff f

i

∂NB

∂xj

dΩe.

(230)

Continuity constraint term

∂
∑Nel

e=1

∫

Ωe
NA

∂vi

∂xi
dΩe

∂V̈B,j

=
Nel
∑

e=1

αfβ∆t2
∫

Ωe

NA(
∂vi

∂xi

∂NB

∂xj
−
∂vi

∂xj

∂NB

∂xi
) dΩe.

(231)

Continuity least-squares term

∂
∑Nel

e=1

∫

Ωe

∂NA

∂xi
τC

∂vk

∂xk
dΩe

∂V̈B,j

= (232)

Nel
∑

e=1

αfβ∆t2
∫

Ωe

∂NA

∂xi
τC
∂vk

∂xk

∂NB

∂xj

−
∂NA

∂xj
τC
∂vk

∂xk

∂NB

∂xi

−
∂NA

∂xi
τC
∂vk

∂xj

∂NB

∂xk
dΩe.
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Streamline diffusion stabilization term

∂
∑Nel

e=1

∫

Ωe
(vk − v̂k)

∂NA

∂xk
τM(vl − v̂l)

∂vi

∂xl
dΩe

∂V̈B,j

= (233)

−
Nel
∑

e=1

αfγ∆t
∫

Ωe

∂NA

∂xj
τM(vk − v̂k)

∂vi

∂xk
NB +

∂NA

∂xk
τM (vk − v̂k)

∂vi

∂xj
NB dΩe

+
Nel
∑

e=1

αfβ∆t2
∫

Ωe

(vl − v̂l)
∂NA

∂xl
τM(vk − v̂k)

∂vi

∂xk

∂NB

∂xj

−
∂NA

∂xj
τM(vl − v̂l)

∂vi

∂xl
(vk − v̂k)

∂NB

∂xk

−(vl − v̂l)
∂NA

∂xl
τM

∂vi

∂xj
(vk − v̂k)

∂NB

∂xk
dΩe

Contributions to the shape derivative matrix given in this section are implemented
in our software. With these contributions to the tangent matrix we observed sat-
isfactory nonlinear convergence of the FSI system within the time step. Including
additional terms in the tangent matrix may possibly lead to abetter performance of
the nonlinear solver for other problem classes of interest.

6 NURBS-based isogeometric analysis

In NURBS-based isogeometric analysis, a physical domain inR
d, d = 2, 3, is

defined as a union of subdomains, also referred to as patches.A patch, denoted by
Ω, is an image under a NURBS mapping of a parametric domain(0, 1)d, that is

Ω = {x ∈ R
d| x = F(ξ), ∀ξ ∈ (0, 1)d}. (234)

The geometrical mappingF(ξ) is defined as a linear combination of rational basis
functions and real coefficients as

F(ξ) =
∑

i∈I

Ri(ξ)Ci. (235)

In (235),Ci ∈ R
d are the control points,I is the index set of control points, and

their multi-linear interpolation is referred to as the control mesh. The basis func-
tionsRi(ξ) have the following structure:

Ri(ξ) =
Bi(ξ)

w(ξ)
, (236)

where theBi(ξ)’s are tensor-product B-spline basis functions defined on(0, 1)d,

w(ξ) =
∑

i∈I

wiBi(ξ) (237)
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is the so-called weighting function, and thewi’s are the strictly positive weights.
Due to the point-wise non-negativity of the B-spline functions and the strict posi-
tivity of the weights,w(ξ) is strictly positive.

In isogeometric analysis the geometry generation step entails constructing the ini-
tial control mesh, which, in conjunction with the underlying basis functions, defines
the “exact geometry” parametrically. For purposes of analysis, the isoparametric
concept is invoked (see [28]). The basis for the solution space in the physical do-
main, denoted byφi(x), is defined through a ‘push-forward’ of the rational basis
functions in (236) to the physical domain, namely

Ni(x) = Ri(F
−1(x)) = Ri ◦ F

−1(x). (238)

This construction guarantees that all rigid body modes and constant strain states
are represented exactly in the discrete space, which, in turn, is critical for structural
analysis. Coefficients of the basis functions in (238), defining the solution fields in
question (e.g., displacement, velocity, etc.), are calledcontrol variables.

There are NURBS analogues of finite elementh- andp-refinement, and there is also
a variant ofp-refinement, which is termedk-refinement, in which the continuity of
functions is systematically increased. This seems to have no analogue in traditional
finite element analysis but is a feature shared by some meshless methods. As a con-
sequence of the parametric definition of the “exact” geometry at the coarsest level
of discretization, mesh refinement can be performed automatically without chang-
ing the geometry and its parameterization, and without further communication with
an external description of the geometry (e.g., CAD). From the standpoint of analy-
sis, these are significant benefits. For the details of the analysis framework based on
NURBS, the corresponding mathematical theory, and mesh refinement and degree
elevation algorithms, the reader is referred to [5, 30].

7 Numerical examples: selected benchmark computations

In this section we present two numerical examples, all computed using the NURBS-
based discretization. In all test cases we use relatively thin structures for which we
employ solid elements with fourC1-continuous quadratic basis functions in the
through-thickness direction. For modeling shell-like structures with solid NURBS
elements, see [30].

7.1 Flow over an elastic beam attached to a fixed square block

Our first example is a two-dimensional flow over a thin elasticbeam attached to
a rigid and fixed square block. This benchmark was proposed byWall [69] in or-
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Fig. 3. Flow over an elastic beam attached to a fixed square block. Problem setup.

der to test accuracy and robustness of newly emerging fluid-structure interaction
procedures. The problem setup is illustrated in Figure 3. The flow is driven by a
uniform velocity of magnitude51.3 cm/s prescribed at the inflow. Lateral bound-
aries are assigned zero normal velocity and zero tangentialtraction. A zero traction
boundary condition is applied at the outflow. The fluid density and viscosity are set
to 1.18 × 10−3 g/cm3 and1.82 × 10−4 g/(cm s), respectively, resulting in a flow
at Reynolds numberRe = 100 based on the edge length of the square block. The
density of the elastic beam is0.1 g/cm3, and the Young’s modulus and Poisson’s
ratio are2.5 × 106 g/(cm s2) and0.35, respectively. Problem dimensions, material,
and boundary data are taken from the original reference.

Fig. 4. Flow over an elastic beam attached to a fixed square block. Fluid domain mesh
employed in the computations.

The mesh for this example is comprised of 6936 quadratic NURBS elements and
is shown in Figure 4. The through-thickness discretizationof the beam is shown in
Figure 5. The mesh is allowed to move everywhere in the flow domain except at
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Fig. 5. Flow over an elastic beam attached to a fixed square block. Through-thickness dis-
cretization of the beam.

the inflow and around the square block, where it is held fixed, and also at the lateral
boundaries and the outflow boundary where the mesh is constrained not to move in
the normal direction.

Figure 6 shows velocity vectors and pressure contours of thesolution at various
times. The flow features are characteristic ofRe = 100 flow. Vortices that are be-
ing shed from the square block are impinging on the bar eventually forcing it into
an oscillating motion. The bar experiences large deformations necessitating care-
ful mesh movement. The fictitious elastic Lamé parameters for the mesh motion
problem are defined as

µm =
Em

2(1 + νm)
(239)

λm =
νmEm

(1 + νm)(1 − 2νm)
, (240)

whereEm andνm are the mesh Young’s modulus and Poisson’s ratio, respectively.
For this computation we takeνm = 0.3 and define the mesh Young’s modulus to be

Em = Em
0 J

−1
ξ , (241)

where, as in the previous section,Jξ is the Jacobian determinant of the isopara-
metric element mapping andEm

0 is set to unity. Expression (241) represents the
so-called Jacobian stiffening procedure (see, e.g., [46, 66]), which preserves good
mesh quality throughout the entire simulation (see the smaller frames in Figure 6).

The onset of vortex shedding in a numerical calculation depends on many factors,
such as convergence tolerances, round-off, etc., some of which are very difficult or
even impossible to conrol. As a result, meaningful comparisons with other compu-
tations are only possible when the flow reaches a stable periodic state. Comparison
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Fig. 6. Flow over an elastic beam attached to a fixed square block. Larger frames: fluid
velocity vectors superposed on top of the pressure plotted on a moving domain. Smaller
frames: deformed fluid mesh.

with the results of Wall [69] for a periodic flow regime is shown in Figure 7. As
may be inferred from the figure, the amplitude of the tip displacement is between
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Fig. 7. Flow over an elastic beam attached to a fixed square block. Displacement of the
tip of the mid-plane of the bar as a function of time. Results of Wall [69] are plotted for
comparison using a dashed line.

1 cm and1.5 cm, and the period is approximately0.33 s. These results are in ex-
cellent agreement with those of Wall [69], despite the differences in discretizations
and solid modeling. Wall used bilinear finite elements for the fluid discretization,
biquadratic finite elements with one element through the thickness for the solid
discretization, and incompatible meshes at the fluid-solidinterface. In our compu-
tations, a compatible quadratic NURBS mesh is employed witha similar number
of elements as that of Wall. The St. Venant-Kirchhoff model for the elastic beam
was used in [69], in contrast to a neo-Hookean with penalty formulation employed
here.

7.2 Inflation of a balloon

This three-dimensional benchmark example, proposed by Tezduyar and Sathe [64],
belongs to a class of problems known as flows in enclosed domains. In this case,
the boundary of the fluid subdomain is composed of two parts: an inflow and a
fluid-solid interface. For incompressible fluids this imposes the following condi-
tion: the inflow flow rate must equal the rate of change of the fluid domain volume
(see, e.g., [40]). In loosely coupled approaches, where thesolution of the fluid and
the solid subproblems are obtained in a staggered fashion, this condition is lost
during subiteration often leading to divergence of the calculations. In the context
of loosely-coupled methods, special procedures were devised that lead to conver-
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gent behavior for this class of problems (see [40]). In this section we show that the
strongly-coupled procedures advocated in this work have nodifficulty dealing with
this situation.

The problem setup is illustrated in Figure 8. An initially spherical balloon is in-
flated, as shown in the figure. The inflow velocity is governed by a cosine function
with a period of2 s and amplitude ranging from0 m/s to2 m/s. The problem ge-
ometry, boundary conditions and material parameters are taken from [64]. In the
initial configuration the diameter of the balloon is2 m, the diameter of the circular
hole is0.6245 m, and the thickness of the balloon is0.002 m. The density, Young’s
modulus, and Poisson’s ratio for the balloon are100 kg/m3, 1000 N/m2, and 0.4,
respectively. The density and viscosity of the fluid correspond to that of air at room
temperature and are taken to be1 kg/m3 and1.5 × 10−5 kg/(m s). The mesh of the
initial configuration, comprised of 10,336 quadratic NURBSelements, is shown
in Figure 9. Note that, because NURBS are used to define the analysis-suitable
geometry, the spherical balloon is represented exactly.

For the purposes of mesh motion, we take advantage of the parametric definition of
the geometry. We takeEm (i.e., the elastic modulus of the mesh motion problem;
see equations (239-240)) to be an exponentially increasingfunction of the parame-
ter defining the radial direction, thus effectively “stiffening” the fluid elements near
the fluid-solid boundary.

Fig. 8. Inflation of a balloon. Problem setup.

The computation is advanced for14 inflow cycles, during which the volume of the
balloon grows by a factor of approximately five with respect to its initial value.
Figures 10-12 show snapshots of fluid velocity vectors superposed on the pressure
contours at a planar cut through the diameter of the sphere. The flow starts out as
being radially symmetric, although it is apparent that the symmetry of the solu-
tion breaks down towards the end of the computation. This is not surprizing as the
Reynolds number of the flow, based on the initial diameter of the balloon and the
maximum inflow speed, is4×105, which is quite high. For the purposes of plotting
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Fig. 9. Inflation of a balloon. NURBS mesh of the balloon in both top and bottom views.

the results, the geometry and solution variables are interpolated with linear hexahe-
dral finite elements at knots and midpoints of knot intervals. The meshes displayed
in Figures 10 - 12 correspond to the linear hexahedral representation.

Figure 13(a) shows the inflow flowrate versus the rate of change of the fluid do-
main volume, which are expected to be the same. On the scale ofthe plot they are
indistinguishable. A closer examination of the error between the inflow flowrate
and the rate of change of the fluid domain volume reveals that the relative error
in the quantities is on the order of10−4 − 10−3, which is attributable to the fact
that the nonlinear equations are solved to a tolerance (see Figure 13(b)). Note that
the results are, on average, slightly less accurate during the last few periods of the
simulation, which is attributable to the loss of radial symmetry in the solution. Also
note that the error has the same sign, that is, the rate of change of the fluid domain
volume is always greater than the inflow flow rate. This suggests that in the discrete
setting there is a tendency of the balloon to expand slightlyfaster (i.e., overcom-
pensate) than dictated by the inflow flowrate.
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(a) t = 0.2 s

(b) t = 5.0 s

Fig. 10. Inflation of a balloon. Mesh deformation and fluid velocity vectors superposed on
the pressure plotted on a planar cut through the diameter of the balloon.
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(a) t = 9.8 s

(b) t = 14.6 s

Fig. 11. Inflation of a balloon. Mesh deformation and fluid velocity vectors superposed on
the pressure plotted on a planar cut through the diameter of the balloon.
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(a) t = 19.4 s

(b) t = 24.2 s

Fig. 12. Inflation of a balloon. Mesh deformation and fluid velocity vectors superposed on
the pressure plotted on a planar cut through the diameter of the balloon.
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Fig. 13. Inflation of a balloon. (a) Plot of the volumetric inflow rate versus the rate of change
of the fluid domain volume. (b) Plot of the relative error in the flow rates that is attributable
to convergence tolerances employed in the calculations
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8 Computation of vascular flows

In this section we describe the construction of arterial geometries. We then make an
assessment of the solid model (presented in (75)-(80)) in describing the behavior
of arterial wall tissue. Finally, we present results of the fluid-structure interaction
calculation of a patient-specific abdominal aortic aneurysm.

8.1 Construction of the arterial geometry

Blood vessels are tubular objects and so we employ a sweepingmethod to construct
meshes for isogeometric analysis. A solid NURBS description of a single arterial
branch is obtained by extrusion of a circular curve along thevessel path and filling
the volume radially inward. Arterial systems engender various branchings and in-
tersections, which are handled with a template-based approach described in detail
in [70]. Application of these procedures generate multi-patch, trivariate descrip-
tions of patient-specific arterial geometries that are alsoanalysis suitable.

A central feature of our approach is a construction of an arterial cross-section tem-
plate that is based on the NURBS definition of the circular surface. Here we focus
on the construction of the cross-section template as it relates to fluid-structure inter-
action analysis of arterial blood flow. We identify the area occupied by the blood,
or the fluid region, and the arterial wall, or the solid region. Fluid and solid regions
are separated by the luminal surface, or the fluid-solid boundary. Figure 14 shows
an example of a NURBS mesh of a circular cross-section with both fluid and solid
regions present. NURBS elements are defined as areas enclosed between isopara-
metric lines. Note that the isoparametric lines correspondto radial and circumferen-
tial directions, and both have linear parameterization. For purposes of analysis we
separate the fluid and the solid region by aC0 line as the solution is not expected
to have regularity beyondC0 at the interface.

Human arteries are not exactly circular, hence projection of the template onto the
true surface is necessary. Only control points that govern the cross-section geom-
etry are involved in the projection process, while the underlying parametric de-
scription of the cross-section stays unchanged. The end result of this construction
is shown in Figure 14, which illustrates the mapping of the template cross-section
onto the patient-specific geometry. Here the isoparametriclines are somewhat dis-
torted so as to conform to the true geometry, while the topology of the fluid and
solid subdomains is preserved along with their interface. It is worth noting that
cross-sections of healthy arteries are nearly circular, soin this case little distortion
of the template is required to accurately capture the true geometry.

Compared to the standard finite element method, the described method has sig-
nificant benefits for analysis of blood flow in arteries, both in terms of accuracy
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Fig. 14. Arterial cross-section template based on a NURBS mesh of a circle that is subse-
quently mapped onto a subject-specific geometry. Fluid and solid regions are identified and
separated by an interface. For analysis purposes, basis functions are madeC0-continuous
at the fluid-solid boundary. Note that the topology of the fluid and the solid subdomains
remains unchanged.

and implementational convenience. It is well known in fluid mechanics that steady,
laminar, incompressible flow in a straight circular pipe that is driven by a constant
pressure gradient develops a parabolic profile in the radialdirection and has no
dependence on the circumferential or axial directions. NURBS discretization pro-
posed in this paper, in contrast to standard finite element discretizations, are capable
of exactly representing this solution profile.

Parametric definition of the geometry is not only attractivefrom the mesh refine-
ment point of view, is also beneficial in arterial blood flow applications for the
following reasons:

(1) In the fluid region structured boundary layer meshes neararterial walls may
be constructed. This is crucial for overall accuracy of the fluid-structural sim-
ulation as well as for obtaining accurate wall quantities, such as shear stress,
which plays an important role in predicting the onset and development of vas-
cular disease.

(2) In the solid region it allows for a natural representation of material anisotropy
of the arterial wall because the parametric coordinates arealigned with the
axial, circumferential and wall-normal directions. See [26] for arterial wall
material modeling which accounts for anisotropic behavior.

(3) Fluid-structure interaction applications involve motion of the fluid domain. As
described previously, this is typically done by solving an auxiliary fictitious
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elastic boundary value problem for mesh movement (see, e.g., [3, 37]). Para-
metric mesh definition in the fluid region allows for a straightforward spec-
ification of these elastic mesh parameters. For example, forproblems of this
type we “stiffen” the mesh in the radial direction so as to preserve boundary
layer elements during mesh motion.

8.2 Investigation of the solid model for a range of physiological stresses

Fig. 15. Setup for a uniaxial stress state.

We begin by examining the behavior of the material model presented in (75)-(80)
on a simple state of uniaxial stress. We first consider a bar with an applied stress
in thex-direction, denoted byσ, and zero stress in the the orthogonal directions, as
illustrated in Figure 15. We will then relate this situationto that of a pre-stressed
artery in the physiologically relevant range. For this typeof loading, the deforma-
tion tensorsF andC are constant and diagonal, that is

F =


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






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(242)
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and

C = F T F =






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(243)

where lx, ly, lz are the current lengths of the bar andl0x, l0y, l0z are the original
lengths of the bar in thex,y andz-directions, respectively. We assume thatl0y = l0z

and ly = lz due to symmetry, and use this assumption in the upcoming develop-
ments.

From considerations of equilibrium, the Cauchy stress tensor becomes

σ =
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and, by the transformation of stress formula (71),

S = JF−1σF−T =
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, (245)

with J = F11F22F33 = F11F
2
22 = (C11C

2
22)

1/2, where we used the assumption
of symmetry in the second equality. Substituting (245) into(80) and rearranging
terms, we arrive at the following2 × 2 system of nonlinear equations

σ = µsC
1/6
11 C

−5/3
22 (1 − 1/3(C11 + 2C22)C

−1
11 )

+1/2κs(C11C
2
22 − 1)C

−1/2
11 C−1

22 (246)

0 = µsC
−1/3
11 C

−2/3
22 (1 − 1/3(C11 + 2C22)C

−1
22 )

+1/2κs(C11C
2
22 − 1)C−1

22 . (247)

The shear and bulk moduliµs andκs are computed from equations (84) as

µs = µl (248)

κs = λl +
2

3
µl, (249)
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where

µl =
E

2(1 + ν)
(250)

λl =
νE

(1 + ν)(1 − 2ν)
(251)

are the Lamé coefficients:E is Young’s modulus, andν is Poisson’s ratio. We set
E = 4.144 × 106 dyn/cm2 = 3.11 × 103 mmHg andν = 0.45.

Fig. 16. Equilibrium on a cylinder with imposed internal pressure.

The relevant values ofσ corresponding to the physiologically-realistic range of
intramural pressure are obtained using the following analysis. We approximate the
arterial cross-section as a hollow cylinder. LetRi andRo denote its inner and outer
radii. We also assume that a pressure of magnitudep0 is applied at the inner wall
of the cylinder, as shown in Figure 16. We assume an approximately constant state
of stress through the thickness, as shown in Figure 16. From force equilibrium
considerations it follows that

2Rip0 = 2σt (252)

wheret = Ro − Ri is the thickness of the arterial wall. Solving forσ, we get

σ = p0Ri/t. (253)

Assuming a thickness-to-radius ratio of15% andp0 varying from80 mmHg to120
mmHg, we get the physiologically-realistic stress rangingfrom approximately530
mmHg to800 mmHg.

As a part of this analysis we also extract effective tangent moduli at different levels
of deformation as follows. The tangent modulus is defined as

C =
∂σ

∂ǫ
, (254)
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with ǫ defined as

ǫ =
lx − l0x

lx
= 1 − F−1

11 = 1 − C
−1/2
11 . (255)
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We solve (246) and (247) numerically forC11 andC22 for σ ranging from0 mmHg
to 2500 mmHg, and compute the strain according to (255). The plot of stressσ ver-
sus strainǫ is shown in Figure 17. Physiological ranges of stresses and strains due to
intramural pressure are indicated in the figure by dashed lines. Note that the stress-
strain curve exhibits convex behavior throughout the rangeof loadings considered,
showing stiffening with deformation. Also note that for thephysiological range of
stresses the deviation from a linearized stress-strain relationship is not significant.
We also compute a numerical derivative ofσ with respect toǫ in order to evaluate
the effective tangent modulus. Note that the equivalent tangent stiffness is higher
at the level of deformation caused by the physiological stress as compared to the
tangent stiffness in the undeformed configuration. Also note that, as expected, the
value of the tangent stiffness in the undeformed configuration is exactly the value
of Young’s modulus used to define the solid model parameters.Figure 18 shows the
plot of elastic energyψ versus strainǫ. We believe that this analysis justifies using
the model in fluid-structure interaction analysis of arteries. We also feel that it sup-
ports the hypotheses behind the coupled momentum method of Figueroa et al. [20].
Obviously, significant improvements are possible. However, the present model is
both qualitatively and quantitatively reasonable for the following application.

8.3 Flow in a patient-specific abdominal aortic aneurysm

Patient-specific geometry is obtained from 64-slice CT angiography courtesy of T.
Kvamsdal and J.H. Kaspersen of SINTEF, Norway. The geometrical model, which
contains most major branches of a typical abdominal aorta, is shown in Figure
19(a) . Note that one of the renal arteries is missing in the model indicating that the
patient has only one kidney. The fluid properties are:ρf = 1.06g/cm3, µf = 0.04
g/cm s. The solid has the densityρs = 1 g/cm3, Young’s modulus,E = 4.144 ×
106 dyn/cm2, and Poisson’s ratio,ν = 0.45. The model coefficientsµs andκs are
obtained using relationships from the previous section. The computational mesh,
consisting of 44892 quadratic NURBS elements, is shown in Figure 19(c). Two
quadratic NURBS elements and fourC1-continuous basis functions are used for
through-thickness resolution of the arterial wall. For thepurposes of mesh motion,
parametric stiffening in the radial direction is employed as for the inflation of a
balloon problem.

8.3.1 Imposition of initial and boundary conditions

A periodic flow waveform, with periodT = 1.05 s, is applied at the inlet of the
aorta, while resistance boundary conditions are applied atall outlets. The solid is
fixed at the inlet and at all outlets. Material and flow rate data, as well as resistance
values are taken from Figueroaet al. [20]. Wall thickness for this model is taken to
be 15% of the nominal radius of each cross-section of the fluid domain model.
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Fig. 19. Flow in a patient-specific abdominal aorta with aneurysm. (a) Patient-specific
imaging data; (b) Skeleton of the NURBS mesh; (c) Smoothed and truncated NURBS
model and mesh. In (c), every NURBS patch is assigned a different color. For more de-
tails of geometrical modeling for isogeometric analysis ofblood flow the reader is referred
to [70].

In order to ensure medically-realistic response, resistance boundary conditions must
be applied in such a way that physiological pressure levels are present in the sys-
tem at all times. This is accomplished by making use of the following variant of the
resistance boundary condition (see also Figueroaet al. [20], Vignon-Clementelet
al. [68], and Heywoodet al. [25]). At every outlet faceΓa we set

nT σn = Ca

∫

Γa

v · ndΓa + p0, (256)

τ T
1 σn = 0, (257)

τ T
2 σn = 0 (258)

wheren is the outward unit normal, andτ 1 andτ 2 are the mutually orthogonal unit
tangent vectors on the outlet face. The above boundary conditions state that normal
stress on the outlet face is a linear function of the flowrate through the face, while
both tangential stresses are zero. TheCa’s are the so-called resistance constants.
They are positive, and are, in principle, different from outlet to outlet, reflecting
the resistance of different blood vessels.p0 in (256) is responsible for imposing
physiologically realistic pressure level in the vessels, even at zero flow through the
outlet faces. For the computations reported in this sectionp0 is set to 85 mmHg,
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as in [20]. We impose boundary conditions (256) weakly by adding the following
terms to the variational formulation (109)

+
∑

a

(∫

Γa

wf · ndΓa

)

Ca

(∫

Γa

v · ndΓa

)

+
(∫

Γa

wf · ndΓa

)

p0, (259)

where the sum is taken over all the outlet faces with prescribed resistance condi-
tions.

We initialize our computations as follows. We start with an un-pressurized config-
uration, set and maintain the inflow velocity consistent with the inflow flowrate at
t = 0, and gradually increase the pressure level in the system by raisingp0 in (256)
from zero to the physiologically realistic value of 85 mmHg.This is done for one or
two cycles. Once the physiological pressure level is attained, we begin computing
with the time-varying inflow boundary condition until periodic-in-time response is
attained. This usually takes four or five cycles.

8.3.2 Numerical results

After a nearly periodic-in-time solution was attained, simulation data was collected
for postprocessing. Figures 20-21 show snapshots of the velocity field plotted on
the moving domain at various times during the heart cycle. The flow field is quite
complex and fully three-dimensional, especially in diastole. Velocity magnitude
is largest near the inflow and is significantly lower in the aneurysm region. This
occurs in part due to the fact that a significant percentage ofthe flow goes to the
upper branches of the abdominal aorta. There is a also an increase in the cross-
sectional area of the vessel associated with the aneurysm, resulting in a decreased
flow velocity in this region.

Figure 22 shows the magnitude of the wall shear stress (i.e.,the tangential compo-
nent of the fluid or solid traction vector) averaged over a cycle. Note that the wall
shear stress is significantly lower in the aneurysm region than in the upper portion
of the aorta and at branches. Also note the smoothness of the stress contours due to
the NURBS representation of the geometry and solution fields.

Figure 23 shows the oscillatory shear index (OSI) at the luminal surface. OSI is
defined as (see, e.g., [60, 61]),

OSI =
1

2
(1 −

τmean

τabs
), (260)

where, denoting byτ s the wall shear stress vector,

τmean= |
1

T

∫ T

0
τ sdt|, (261)
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(a) t = 1/25 T

(b) t = 4/25 T

Fig. 20. Flow in a patient-specific abdominal aorta with aneurysm. Large frame: fluid veloc-
ity vectors colored by their magnitude in the vicinity of theceliac and superior mesenteric
arteries. Left small frame: volume rendering of the velocity magnitude. Right small frame:
fluid velocity isosurfaces.

and

τabs =
1

T

∫ T

0
|τ s|dt. (262)

Note that, in contrast to the wall shear stress, OSI is largest in the aneurysm region,
especially along the posterior wall, suggesting that wall shear stress is highly oscil-
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(c) t = 10/25 T

(d) t = 17/25 T

Fig. 21. Flow in a patient-specific abdominal aorta with aneurysm. Large frame: fluid veloc-
ity vectors colored by their magnitude in the vicinity of theceliac and superior mesenteric
arteries. Left small frame: volume rendering of the velocity magnitude. Right small frame:
fluid velocity isosurfaces.

latory there due to the recirculating flow. Low time-averaged wall shear stress, in
combination with high shear stress temporal oscillations,as measured by the OSI,
are indicators of the regions of high probability of occurrence of atherosclerotic
disease. Figure 24 shows the distribution of flow among the branches. The out-
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Fig. 22. Flow in a patient-specific abdominal aorta with aneurysm. Magnitude of wall shear
stress averaged over a cycle plotted in three different views.

Fig. 23. Flow in a patient-specific abdominal aorta with aneurysm. Oscillatory shear index
(OSI) plotted in three different views.

flow lags the inflow due to the distensibility of the arterial wall. The overall flow
distribution and the time lag are in qualitative agreement with results in [3, 20].
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Fig. 24. Flow in a patient-specific abdominal aorta with aneurysm. Flow rate distribution
among the arterial branches during a heart cycle.

9 Conclusions

We have presented a monolithic isogeometric fluid-structure interaction formula-
tion. The fluid subdomain was assumed to be governed by the incompressible
Navier-Stokes equations and the solid subdomain was assumed to be governed
by a fully-nonlinear hyperelastic constitutive equation.The arbitrary Lagrangian-
Eulerian description was utilized for the fluid subdomain and the Lagrangian de-
scription was employed in the solid subdomain. We derived various basic forms
of the equations for the solid and fluid from fundamental continuum mechanics
relations written with respect to domains in arbitrary motion. We investigated the
conservation properties of the formulation and concluded that mass conservation
and the geometric conservation law are satisfied in the fully-discrete case, whereas
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momentum conservation is only satisfied up to truncation errors in a certain key
relation introduced by the time integration method. Details of the implementation
are described including the calculation of shape derivatives appearing in the tan-
gent operator. NURBS-based isogeometric analysis models were employed in the
numerical calculation of three test cases: flow over an elastic beam, the inflation
of a balloon, and blood flow in a patient-specific model of an abdominal aortic
aneurysm. The formulation behaved robustly in all cases.
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Appendix A. A note on exterior calculus

The fact that clocks are synchronized in the space-time mapping does engender
simplifications over the general asynchronous case. This may be inferred from

the structure of̂F
(4)

and it inverse. See (2) and (5). Time synchronization means,
roughly speaking, that space-like hypersurfaces, that is constant int andr slices of
Qx andQy are orthogonal to thet andr coordinate axes, respectively. In the general
case, one must rely on exterior calculus and differential forms, as noted in [1].

A coordinate-free exterior calculus version of the proof of(9) is given by the
following calculations. To understand these, one needs to be familiar with the
exterior derivatived; the interior product of a differential formα with a (con-
travariant) vector fieldv, denotedivα; the Lie derivative of a differential form,
Lvα = divα + idvα; and the pull-back by a mappingφ, denoted,φ∗. Dif-
ferential forms are skew-symmetric covariant tensor fields. The Piola transform is
expressed as follows:

γ(4)
y = Ĵ (4)φ̂

(4) ∗
γ(4)

x . (A.1)

By comparing this form of the Piola transform with (8), we recognize that the pull-

back of a vector field is simply multiplication bŷF
(4)

−1.

With these preliminaries we can establish the following result which is the basis of
the change of variables formula:

φ̂
(4) ∗

iγ (4)
x

dQx = i
ˆφ

(4) ∗
γ(4)

x

φ̂
(4) ∗

dQx

= i
ˆφ

(4) ∗
γ(4)

x

Ĵ (4)dQy

= i
Ĵ(4) ˆφ

(4) ∗
γ(4)

x

dQy

= iγ(4)
y

dQy (A.2)

Note thatdQx anddQy are space-time volume forms, that is 4-forms, andiγ(4)
x

dQx

andiγ(4)
y

dQy are 3-forms. Vector fields in 4-dimensions are isomorphic to3-forms,

as given by the preceding expressions. This is written asγ(4)
x → ∗γ(4)

x = iγ(4)
x

dQx

andγ(4)
y → ∗γ(4)

y = iγ(4)
y

dQy.
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With these preliminaries we have

∇(4)
y · γ(4)

y dQy = Lγ(4)
y

dQy

= d(iγ(4)
y

dQy)

= d(φ̂
(4) ∗

iγ(4)
x

dQx)

= φ̂
(4) ∗

d(iγ(4)
x

dQx)

= φ̂
(4) ∗

Lγ(4)
x

dQx

= φ̂
(4) ∗

(∇(4)
x · γ(4)

x dQx)

= ∇(4)
x · γ(4)

x ◦ φ̂
(4)

φ̂
(4) ∗

dQx

= ∇(4)
x · γ(4)

x ◦ φ̂
(4)
Ĵ (4)dQy. (A.3)

This results and the change of variables formula yields (9).

In the above we have utilized the commutativity of pull-backand exterior differenti-
ation, and the fact that the exterior derivative of a 4-form,closed in four dimensions,
is zero. ThatLγ(4)

y
dQy = ∇(4)

y ·γ(4)
y dQy can be proved by assuming cartesian coor-

dinates onR4 ⊃ Qy anddQy = dy0∧dy1∧dy2∧dy3, where∧ is the wedge product.
Likewise, the same construct can be used to proveLγ(4)

x
dQx = ∇(4)

x · γ(4)
x dQx.

Curvilinear spatial coordinates can be accommodated by using the usual tensor
transformation formulas on these coordinates (see Marsdenand Hughes [45]). The
time coordinate is unaffected in this case.

Remark A.1 With differential forms, correct boundary integral expressions can be
obtained without the necessity of unit normal vectors by using Stokes theorem and
the change of variables formula. For example,

∫

∂Qy

iγ(4)
y

dQy =
∫

Qy

d(iγ (4)
y

dQy)

=
∫

Qy

φ̂
(4) ∗

d(iγ (4)
x

dQx)

=
∫

ˆφ
(4)

(Qy)
d(iγ(4)

x
dQx)

=
∫

Qx

d(iγ(4)
x

dQx)

=
∫

∂Qx

iγ(4)
x

dQx. (A.4)

Remark A.2 The notationsdQx anddQy are used under the integration sign in the
main body of the paper, in contrast with the differential form notations to represent
volume elements,dQx anddQy, respectively, in keeping with the standard usage.
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