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Abstract

We begin the mathematical study of Isogeometric Analysis based on NURBS (non-uniform
rational B-splines.) Isogeometric Analysis is a generalization of classical Finite Element Anal-
ysis (FEA) which possesses improved properties. For example, NURBS are capable of more
precise geometric representation of complex objects and, in particular, can exactly represent
many commonly engineered shapes, such as cylinders, spheres and tori. Isogeometric Anal-
ysis also simplifies mesh refinement because the geometry is fixed at the coarsest level of
refinement and is unchanged throughout the refinement process. This eliminates geometrical
errors and the necessity of linking the refinement procedure to a CAD representation of the
geometry, as in classical FEA. In this work we study approximation and stability properties in
the context of h-refinement. We develop approximation estimates based on a new Bramble-
Hilbert lemma in so-called “bent” Sobolev spaces appropriate for NURBS approximations
and we establish inverse estimates similar to ones for finite elements. We apply the theoret-
ical results to several cases of interest including elasticity, isotropic incompressible elasticity
and Stokes flow, and advection-diffusion, and perform numerical tests which corroborate the
mathematical results. We also perform numerical calculations that involve hypotheses outside
our theory and these suggest that there are many other interesting mathematical properties
of Isogeometric Analysis yet to be proved.

Keywords : B-splines; NURBS; finite elements; approximation; error estimates; inverse esti-
mates; stability; elliptic boundary value problems; elasticity; incompressibility; Stokes flow;
advection-diffusion; h-refinement.
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1 Introduction

Isogeometric Analysis based on NURBS (non-uniform rational B-splines) was introduced in [25, 13].
The objectives of Isogeometric Analysis are to generalize and improve upon Finite Element Analysis
(FEA) in the following ways: 1) To provide more accurate modeling of complex geometries and
to exactly represent common engineering shapes such as circles, cylinders, spheres, ellipsoids, etc.;
2) To fix exact geometries at the coarsest level of discretization and eliminate geometrical errors
ab initio; 3) To vastly simplify mesh refinement of complex industrial geometries by eliminating
the necessity to communicate with the CAD description of geometry; 4) To provide systematic
refinement procedures, including classical h- and p-refinements analogues, and to develop a new
“k-refinement” procedure that increases the smoothness almost everywhere of element functions
beyond the standard C0-continuity of finite elements and exhibits improved accuracy and efficiency
compared with classical p-refinement. The references [25, 13] provide a comprehensive introduction
to the main ideas and procedures, and computational verification of its veracity and potential. In a
sense, Isogeometric Analysis is a superset of FEA. Standard h- and p-methods can be reproduced,
but Isogeometric Analysis includes directions and possibilities not available in standard FEA. Some
of these have been explored in [25, 13] and many others identified. At the same time, Isogeometric
Analysis has many features in common with FEA, in particular, it invokes the isoparametric
concept in which dependent variables and the geometry share the same basis functions. We
note that, despite the geometry being fixed at the coarsest level of discretization, the mesh, and
the corresponding basis, can be refined and order-elevated while maintaining the original exact
geometry. The isoparametric concept possesses important properties relevant to the analysis of
structures (see [25, 23]) and the Lagrangian description of continuous media for which the geometry
and mesh need to be updated by the displacement field.

In this paper we initiate the mathematical study of Isogeometric Analysis with NURBS as
a basis. We focus on h-refinement. In Section 2 we briefly introduce the B-spline polynomials
and NURBS, focusing only on issues necessary for subsequent developments. For background,
the interested reader may consult standard references, such as Rogers [33], Piegl and Tiller [32],
and Farin [16]. The geometry of the mapping between a d-cube in the parametric space (d is the
number of space dimensions) and its image in physical space requires the introduction of concepts
and spaces not utilized in standard FEA. The reason for this is that when the continuity of the
interpolant is sufficiently high, one cannot stay in a single element and invoke a standard Bramble-
Hilbert estimate. A notion of “support extension” is necessitated, but produces the following
complication: If we assume a function u is of class Hm in the support extension in the physical
domain, its pull-back by the geometrical mapping is no longer an Hm-function in the support
extension in the parametric domain. Rather, it is of class Hm on the supports of individual
elements comprising the support extension in the parametric domain, but with reduced regularity
across the internal element boundaries. This new non-standard space is a Hilbert space, and its
approximation properties are key to our developments. It may be thought of as intermediate
in continuity between standard Sobolev spaces and the “broken” Sobolev spaces utilized in the
analysis of Discontinuous Galerkin Methods [3, 31]. For this reason we refer to these new spaces
as “bent” Sobolev spaces.

In Section 3 we establish the approximation properties of NURBS within so-called “patches”
that is, d-cubes in the parametric domain and their images in physical space under the geometric
mapping. The union of patches in physical space comprises the geometry. We begin by establishing
a new Bramble-Hilbert lemma that utilizes the concept of support extension developed in Section
2 and expresses how functions in bent Sobolev spaces, involving the regularity constraints of B-
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spline spaces, are approximated by B-splines. This result enables us to overcome the difficulties
previously mentioned, and we feel it may be of interest in its own right. NURBS are projective
transformations of B-splines (Farin [16]) and their approximation properties are established with
the aid of the new Bramble-Hilbert lemma. These results depend crucially on the specific structure
of NURBS basis functions engendered by the projective transformation. The approximation results
are generalized to include strongly imposed Dirichlet boundary data. In Section 4, we establish
inverse inequalities for NURBS. These are required, for example, in the convergence analysis of
Stabilized Methods. Our results in Sections 3 and 4 are developed for a single patch. However,
they may be generalized in a straightforward way to geometries composed of multiple patches by
standard techniques. (The assembly of arrays for multiple compatible patches is analogous to the
assembly of individual elements in FEA.) Consequently, our subsequent applications to physical
problems may be viewed as pertinent to the multiple patch case in addition, of course, to the single
patch case.

In Section 5 we apply the results obtained in Sections 3 and 4 to obtain error estimates for
problems of interest. We begin with linear elasticity theory. This is a standard symmetric, positive-
definite, elliptic problem for which a minimum principle exists and optimal error estimates follow
directly from the approximation results. Next we consider stabilized formulations of incompress-
ible and almost incompressible isotropic elasticity. Here, in order to obtain stability and error
estimates, we require both the new approximation result and inverse estimates for NURBS. As is
usual for Stabilized Methods, these results pertain to a wide variety of displacement and pressure
interpolatory combinations. We follow these developments with the more technically challenging
case of inf-sup (i.e., Babuška-Brezzi, or BB) stable Galerkin methods. We focus on the case of
C0-continuous interpolations across element boundaries and, in particular, on the case of the dis-
placement field one order higher than the pressure. (When we speak of “order” of a NURBS basis,
we are thinking of the polynomial order of their B-spline progenitors.) This case is somewhat anal-
ogous to known BB-stable finite elements (see, e.g, Brezzi-Fortin [8]). However, geometric aspects
of NURBS and Isogeometric Analysis provide new analytical challenges. In Isogeometric Analysis,
the exact geometry is fixed patch-wise by the coarsest mesh and maintained, along with its pa-
rameterization, throughout h-refinement. This is a distinguishing feature of Isogeometric Analysis
and one not shared by FEA. To facilitate analysis, the notion of a “vertex mesh” is introduced,
which may be thought of as a coarsening of the “control net” or “control mesh” of NURBS theory.
NURBS are not interpolatory and so the coefficients of basis functions (i.e, “control points,” or
“generalized coordinates”) in the geometrical mapping do not lie on the geometry and thus do
not have a direct physical interpretation. The control net is the piece-wise multilinear interpolant
of the control points. In three dimensions it is a mesh of trilinear hexahedral elements. At the
coarsest level of discretization it is often quite distinct from the exact geometry. However, as the
mesh is h-refined, the control mesh converges to the physical mesh. (In a sense, use of low-order
finite elements may be viewed as performing analysis on a particular control mesh rather than
an actual geometry.) The theoretical analysis of mixed Galerkin methods for the incompressible
problem presented herein utilizes the concept of the vertex mesh. We are able to prove inf-sup
stability and establish quasi-optimal error estimates by employing the approximation results for
NURBS. In our final application, we consider Stabilized Methods for scalar advection-diffusion.
Utilizing standard arguments, along with the new approximation results and inverse estimates, we
establish stability and error estimates analogous to those for finite elements.

In Section 6 we present several numerical calculations to test the mathematical results. In all
cases that fall within the hypotheses of the mathematical results, the computed error estimates
were found to be consistent with theory. We also tested some cases that do not satisfy our
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hypotheses. For example, in the analysis of a linear elastic boundary-value problem for a plate
with a circular hole, the geometrical mapping utilized is singular at one corner point of the domain.
(This was a choice, not a necessity.) Consequently, the hypotheses of our theory are not satisfied.
Nevertheless, optimal rates of convergence were still obtained. In other examples, concerning
incompressible elastic analysis by the mixed Galerkin method, we tested displacement-pressure
combinations that were smoother than C0 across element boundaries. Recall, our mathematical
results for the BB-stable theory are only applicable in the C0 case. In particular, we tested
cubic displacements combined with quadratic pressure, but both C1-continuous across element
interfaces. In the examples presented, and some others not shown, we found this combination to
be stable and optimally convergent. We conjecture that for additional smoothness, beyond C0,
across element interfaces, elements of this type, with displacements one order higher than pressure,
are mathematically stable and optimally convergent. We did not investigate pressures that are
discontinuous across element boundaries, but, inspired by the spectral element work of Maday,
Patera, and Ronquist [29], and others, we conjecture that for pressure two orders lower than
displacements, error estimates suboptimal by one order can be proven. We did study Stabilized
Methods and mixed Galerkin methods on the driven cavity Stokes flow problem. (The equations of
Stokes flow are form-identical to the equations of isotropic incompressible elasticity.) The solution
of the driven cavity possesses pressure singularities and represents a stringent stability test. All
Stabilized Methods, and mixed Galerkin methods with displacement (i.e., velocity in this case)
one order higher than pressure, proved stable. On the other hand, equal-order interpolations for
mixed Galerkin methods were manifestly unstable. Finally, we numerically verified error estimates
for Stabilized Methods for an advection-diffusion problem with a boundary layer. By excising the
boundary layer domain, we demonstrated optimal “interior estimates” for unresolved cases.

2 Preliminaries

In what follows, let d ≥ 2 be the dimension of the physical domain of interest. Throughout the
analysis, we will make use of the classical Lebesgue spaces Lp(Ω), endowed with the norm ‖·‖Lp(Ω),
where Ω ⊂ R

d is a generic open domain, and 1 ≤ p ≤ ∞. We also will need the Sobolev spaces
W k,p(Ω), for k a positive integer and 1 ≤ p ≤ ∞, endowed with the usual norm ‖ · ‖W k,p(Ω)

and seminorm | · |W k,p(Ω), see [1] for details. For the Hilbert spaces W k,2(Ω) we will switch to
the notation Hk(Ω), and, accordingly, ‖ · ‖Hk(Ω) and | · |Hk(Ω) will be used for their norms and
seminorms, respectively. We set H0(Ω) := L2(Ω), and

‖ · ‖H0(Ω) ≡ | · |H0(Ω) := ‖ · ‖L2(Ω).

The spaces of continuous functions on Ω with kth-order continuous derivatives will be denoted
by Ck(Ω).

The rest of this section will be devoted to the introduction of the univariate and the multivariate
(tensor product) B-spline basis functions and related spaces, the NURBS (non-uniform rational
B-spline) basis functions, function space, and the NURBS geometrical map F. This presentation is
quite brief and notationally oriented1; a more complete introduction to NURBS and isogeometric
analysis can be found in [25].

1Be aware that some of the notation and terminology contained here is different from that of [25]. Care should
be exercised in comparing the two.
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2.1 Univariate splines

For any α, 1 ≤ α ≤ d, given positive integers mα and nα, we introduce the (ordered) knot vector

Ξα := {0 = ξ1,α, ξ2,α, . . . , ξnα+mα,α = 1}, (1)

where we allow repetition of knots, that is, we only assume ξ1,α ≤ ξ2,α ≤ . . . ≤ ξnα+mα,α. We
assume the Ξα’s are open knot vectors, that is, the first mα as well as the last mα knots are
repeated (see [25, §2.1]).

Through the iterative procedure detailed in [34, Theorem 4.15] or in [25, §2.2] one constructs
mα-order B-spline basis functions, which are piecewise polynomials of degree pα := mα − 1 on
the subdivision (1)2. If a knot ξi,α is not repeated, then the B-spline basis functions have pα − 1
continuous derivatives at ξi,α. In general, at a knot ξi,α repeated k times, with 1 ≤ k ≤ pα + 1,
the B-spline basis functions have pα − k continuous derivatives, where pα − k = −1 is allowed and
stands for a discontinuity. The B-splines basis functions are denoted by Bi,α, for i = 1, . . . , nα;
each Bi,α is non-negative and supported in (ξi,α, ξi+mα,α). The interval (ξi,α, ξi+1,α) is referred to
as a knot span. The B-spline basis functions constitute a partition of unity, namely,

nα
∑

i=1

Bi,α = 1 (2)

A typical example is presented in Figure 1. The space of splines is denoted by

Sα ≡ S(Ξα, pα) := span{Bi,α}i=1,...,nα
. (3)

0 0.2 0.4 0.6 0.8 1
0

1
B

1,1
B

2,1
B

3,1 B
5,1

B
6,1 B

8,1

B
7,1

B
4,1

ξ

Figure 1: Example of a quadratic (p1 = 2) B-spline basis in one dimension derived from the knot
vector Ξ = {0, 0, 0, 0.2, 0.4, 0.6, 0.8, 0.8, 1, 1, 1}. Note that due to the open knot vector (i.e., the
first and last knots are repeated p1 + 1 times), the first and last basis functions are interpolatory
(i.e., they take on the value 1 at the first and last knots). The continuity at interior knots ξi is
Cp1−mi , where mi is the number of repetitions of knot ξi. For example, only the interior knot 0.8 is
repeated, and the continuity there is Cp1−2 = C0. At the other knots the continuity is Cp1−1 = C1,
the maximal continuity of quadratic B-splines.

2We adhere to the terminology in which the “degree” of a quadratic, cubic, quartic, etc., polynomial is 2, 3, 4,
etc., respectively, and the corresponding “order” is 3, 4, 5, etc., respectively. This is not the the usual terminology
used in the finite element literature, but is frequently used in the splines literature. In [25, 13] we use the finite
element terminology to emphasize the similarities with finite elements.
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2.2 Multivariate tensor product splines

Assume that d knot vectors Ξα, with 1 ≤ α ≤ d, are given. Let (0, 1)d ⊂ R
d be an open parametric

domain, referred to as a patch. Associated with the knot vectors Ξα there is a mesh Q, that is, a
partition of (0, 1)d into d-dimensional open knot spans, or elements,

Q ≡ Q(Ξ1, . . . , Ξd) :=
{

Q = ⊗d
α=1(ξiα,α, ξiα+1,α)|Q 6= ∅,mα ≤ iα ≤ nα − 1

}

. (4)

We denote by hQ the diameter of the element Q ∈ Q.
The tensor product B-spline basis functions are defined as

Bi1...id := Bi1,1 ⊗ . . . ⊗ Bid,d; (5)

The tensor-product spline space S is:

S ≡ S(Ξ1, . . . , Ξd; p1, . . . , pd) := ⊗d
α=1S(Ξα, pα) = span{Bi1...id}

n1,...,nd

i1=1,...,id=1. (6)

To a (non empty) element Q = ⊗d
α=1(ξiα,α, ξiα+1,α) ∈ Q, we associate Q̃ ⊂ (0, 1)d defined as

Q̃ := ⊗d
α=1(ξiα−mα+1,α, ξiα+mα ,α). (7)

The set Q̃ will be referred to as the support extension of Q, since it is the union of the supports
of basis functions whose support intersects Q. An illustration of support extensions is presented
later in Figure 3.

The functions in S are piecewise polynomials of degree pα in the α coordinate. The regularity of
each d-dimensional basis function Bi1...id across the element boundaries depends on the regularity
of the one-dimensional basis functions Biα,α, for 1 ≤ α ≤ d, at the corresponding knots. Given two
adjacent elements Q1 and Q2 we denote by mQ1,Q2 the number of continuous derivatives across
their common (d− 1)-dimensional face ∂Q1 ∩∂Q2; mQ1,Q2 = −1 is associated with a discontinuity.
For the subsequent analysis, we introduce the following “bent” Sobolev space of order m ∈ N

Hm :=







































v ∈ L2((0, 1)d) such that

v|Q ∈ Hm(Q),∀Q ∈ Q, and

∇
k(v|Q1) = ∇

k(v|Q2) on ∂Q1 ∩ ∂Q2,

∀k ∈ N with 0 ≤ k ≤ min{mQ1,Q2 ,m − 1}

∀Q1, Q2 with ∂Q1 ∩ ∂Q2 6= ∅







































; (8)

where ∇
k denotes the (k-linear) kth-order partial derivative operator, while ∇

0v = v. This is a
well-defined Hilbert space, endowed with the seminorms

|v|2Hi :=
∑

Q∈Q

|v|2Hi(Q), 0 ≤ i ≤ m (9)

and norm

‖v‖2
Hm :=

m
∑

i=0

|v|2Hi . (10)
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Indeed, the trace of ∇
kv is well defined on ∂Q1 ∩ ∂Q2, for 0 ≤ k ≤ min{mQ1,Q2 ,m − 1} (see

[1]). We also need the restriction of Hm to a given support extension Q̃, which is denoted by
Hm(Q̃) := {v|Q̃|v ∈ Hm}, and endowed with the seminorm and norm

|v|2
Hi(Q̃)

:=
∑

Q′∈Q
Q′∩Q̃ 6=∅

|v|2Hi(Q′) and ‖v‖2
Hm(Q̃)

:=
m
∑

i=0

|v|2
Hi(Q̃)

. (11)

The bent Sobolev spaces are intermediate in continuity between standard Sobolev spaces and
so-called “broken” Sobolev spaces [31] utilized in the analysis of discontinuous Galerkin methods.

2.3 NURBS and the geometry of the physical domain

We associate to each of the tensor-product B-spline basis functions Bi1...id a strictly positive con-
stant weight wi1...id and a control point Ci1...id ∈ R

d; we also introduce the weighting function

w :=

n1,...,nd
∑

i1=1,...,id=1

wi1...idBi1...id , (12)

which, due to the partition of unity and non-negativity properties of B-spline bases, is strictly
greater than zero and is smooth on each element, along with its reciprocal. The NURBS basis
functions on the patch (0, 1)d are defined by a projective transformation (see Farin [16]):

Ri1...id =
wi1...idBi1...id

w
, (13)

and, accordingly, the NURBS space on the patch, denoted by N , is

N ≡ N (Ξ1, . . . , Ξd; p1, . . . , pd; w) := span{Ri1...id}
n1,...,nd

i1=1,...,id=1. (14)

The NURBS geometrical map F is given by

F =

n1,...,nd
∑

i1=1,...,id=1

Ci1...idRi1...id ; (15)

F is a parameterization of the physical domain Ω of interest (see [25]), that is,

F : (0, 1)d → Ω.

We assume that F is invertible, with smooth inverse, on each element Q ∈ Q.
Finally, each element Q ∈ Q is mapped into an element

K = F(Q) := {F(ξ)|ξ ∈ Q}, (16)

and analogously Q̃, the support extension of Q, is mapped into

K̃ = F(Q̃). (17)

We then introduce the mesh K in the physical domain Ω

K := {K = F(Q)|Q ∈ Q}, (18)
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and the space V of NURBS on Ω (which is the push-forward of the space N of NURBS on the
patch)

V ≡ V(p1, . . . , pα) := span{Ri1...id ◦ F−1}n1,...,nd

i1=1,...,id=1 (19)

NURBS are capable of representing all conic sections, such as circles and ellipses, and con-
sequently cylinders, spheres, tori, ellipsoids, are also exactly representable. See [25, 13] and the
standard texts [33, 32, 16] for examples.

3 Approximation properties of the NURBS space

We consider now a family of meshes {Qh}h on (0, 1)d, where each Qh is defined as in Section 2.2,
and h denotes the family index, representing the global mesh size

h = max{hQ|Q ∈ Qh}.

The family of meshes is assumed to be shape regular, that is, the ratio between the smallest edge
of Q ∈ Qh and its diameter hQ is bounded, uniformly with respect to Q and h. This implies that
the mesh is locally quasi-uniform—the ratio of the sizes of two neighboring elements is uniformly
bounded. Following the construction in the previous section, associated with the family of meshes
{Qh}h we introduce the families of meshes on the physical domain {Kh}h, and the spaces {Sh}h,
{Nh}h, {Vh}h, and {Hm

h }h endowed with their respective norms.
In practical applications, the geometry of the physical domain Ω is frequently described on a

mesh of relatively few elements, while the computation of an approximate solution to the problem is
performed on a refined mesh (fine enough to achieve desired accuracy). Therefore, we assume that
there is a coarsest mesh Qh0 in the family {Qh}h, of which all the other meshes are a refinement,
and that the description of the geometry is fixed at the level of Qh0 . This means that the weighting
function w of (12) and the geometrical map F in (15) are assigned in Sh0 and (Nh0)

d, respectively,
and are the same for every h. When the mesh and the spaces are refined (see [25, §2.4] for details on
the refinement procedures), the weights wi1...id are selected so that w stays fixed (see [25, equation
(6)]); in a similar way, the control points Ci1...id are adjusted such that F remains unchanged.
Thus the geometry and its parameterization are held fixed in the refinement process. See Figure
2 for an illustration of this idea.

In what follows, we will denote by C a positive, dimensionless constant, possibly different
at each occurrence, which depends only on the space dimension d, on the polynomial degrees
pα, α = 1, 2, ..., d, and on the shape regularity of the mesh family {Qh}h. Observe that the pα are
considered fixed, since we only address h-refinement in this paper (see [25, §2.4], [13]). We will
denote by Cshape another positive, dimensionless constant, possibly different at each occurrence,
which may also depend on the geometry of Ω but still not on h. Specifically, Cshape depends on
the shape of Ω, but not on its size; therefore Cshape is by assumption homogeneous of order 0 with
respect to w and ∇F, where ∇F is the matrix of partial derivatives of the coordinate components
of F, that is, Cshape is invariant if w and ∇F are scaled by a multiplicative factor. Actually, Cshape

only depends on the dimensionless functions w/‖w‖L∞(Ω) and ∇F/‖∇F‖L∞(Ω). Furthermore, if
Cshape appears in a local estimate, then it depends only on the local values of w and ∇F.
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Coarsest mesh

F

Patch (0, 1)2 Physical domain

First refinement

F

Patch (0, 1)2 Physical domain

Second refinement

F

Patch (0, 1)2 Physical domain

Figure 2: h-refinement with NURBS. In this illustration a NURBS patch is mapped onto a quarter
of a square domain with a circular hole in physical space. The minimum degree NURBS required
to exactly represent the geometry is quadratic. The open knot vectors are Ξ1 = {0, 0, 0, 0.5, 1, 1, 1}
and Ξ2 = {0, 0, 0, 1, 1, 1}, as illustrated. (For further details of the construction, see [25].) The
exact geometry is represented at the coarsest level of discretization, and it and its parameterization
are unchanged during refinement. In particular, the geometrical map F and the weighting function
w are unchanged during refinement. In the figure, the refinement is performed uniformly, but this
is not necessary.
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3.1 Approximation with splines on a patch in the parametric domain

Our first lemma states the local approximation properties of the spline space Sh. It is an extension
of the classical result (see Bramble and Hilbert [7]). Our estimate involves bent Sobolev seminorms
and spaces (8)–(9), which will be needed, in the following sections, when dealing with NURBS on
the parametric and physical domains. Let p be defined as

p := min
1≤α≤d

{pα}. (20)

Lemma 3.1. Let k and l be integer indices with 0 ≤ k ≤ l ≤ p + 1. Given Q ∈ Qh, Q̃ as in (7),
v ∈ Hl

h, there exists an s ∈ Sh such that

|v − s|Hk
h
(Q̃) ≤ Chl−k

Q |v|Hl
h
(Q̃). (21)

Proof. Consider an element Q ∈ Qh and its corresponding support extension Q̃. The number of
elements Q′ forming the support extension Q̃ and the degree of regularity of the functions in Sh

or Hl
h across the internal element boundaries in Q̃ may vary, according to the multiplicities of

knots in the underlying knot vectors (see Section 2.2). Nevertheless, it is clear that there is only
a finite number of patterns for all the possible support extensions Q̃ of any mesh of the family
{Qh}h, and the maximum number of them depends only on pα and on the space dimension d. It is
not restrictive, therefore, to prove (21) for a particular Q̃, with the constant C appearing in (21)
independent of the size of elements forming Q̃.

For the proof, we associate to Q̃ a reference support extension Q̂ through a piecewise affine
map G : Q̂ → Q̃ such that each element Q′ ∈ Q̃ is the image of a hypercube G−1(Q′) which has
unit edge length, where G−1(Q′) := {G−1(ξ)|ξ ∈ Q′} (see Figure 3).

Let Ĥm
c

be the pullback of Hm
h (Q̃) through G

Ĥm
c

:=
{

v̂|v̂ = v ◦ G, v ∈ Hm
h (Q̃)

}

, (22)

where c is a vector of positive real numbers with the following meaning: assume that we have
an ordering of the internal boundaries e of the elements in Q̃ (e consists of d − 1-dimensional
hypercubes, that is, line segments for d = 2 or rectangles for d = 3) and a corresponding ordering
on the internal boundaries ê in Q̂. Also, define on each e and ê a unique normal direction ne and nê.
If e is shared between the two adjacent elements Q1 and Q2 belonging to Q̃, then, by construction,
a function v ∈ Hm

h (Q̃) has matching normal derivatives on e, up to the order min{mQ1,Q2 ,m − 1}
(see definition (8))

∂i

∂ni
e

(

v|Q1

)

=
∂i

∂ni
e

(

v|Q2

)

on e = ∂Q1 ∩ ∂Q2, 0 ≤ i ≤ min{mQ1,Q2 ,m − 1}. (23)

When i = 0, the equality above expresses continuity of v across ∂Q1 ∩ ∂Q2. For the pullback
v̂ = v ◦ G, condition (23) is equivalent to

∂i

∂ni
ê

(

v̂|G−1(Q1)

)

= (ce)
i ∂i

∂ni
ê

(

v̂|G−1(Q2)

)

on ê = G−1(e), 0 ≤ i ≤ min{mQ1,Q2 ,m − 1}, (24)

where the constant ce equals the ratio of the lengths of the two elements Q1 and Q2 in the direction
of ne. The vector c collects all of these coefficients. Since all of the meshes are (uniformly) shape

11



Piecewise affine map

NURBS map

Q̂

Q̃

K

K̃

Q

G

G−1

F

F−1

0
0

1

1

2

2

3

3

4

4

5

5

ξi1,1 ξi1+1,1

ξi2,2

ξi2+1,2

Figure 3: Depiction of the support extensions K̃, Q̃, and corresponding Q̂. For non-repeated knots,
the case illustrated would conform to quadratic B-splines or NURBS (i.e., pα = 2). Quadratic
splines and NURBS have support over three knot spans in each direction. That is, each basis
function is supported by a 3×3 mesh of elements. The support extensions are confined to individual
patches in the multipatch case, assuming the patches are adjoined in C0-continuous fashion.

regular and locally quasi-uniform, the coefficients ce belong to a compact set bounded away from
0. Together with the space Ĥm

c
, we introduce the usual broken Sobolev space of order m

Ĥm :=
{

v̂ | v̂ = v ◦ G, v|Q′ ∈ Hm(Q′),∀Q′ with Q′ ∩ Q̃ 6= ∅
}

, (25)

for which no conditions on the derivatives on the internal boundaries are assumed. We have
Ĥm

c
⊂ Ĥm, for any c. We define on Ĥm the seminorms and norm

|v̂|2
Ĥi :=

∑

Q′∈Qh

Q′∩Q̃6=∅

|v̂|2Hi(G−1(Q′)), 0 ≤ i ≤ m, and ‖v̂‖2
Ĥm :=

m
∑

i=0

|v̂|2
Ĥi , (26)

and we recall that
‖v̂‖2

Ĥm ≤ C
(

‖v̂‖2
L2(Q̂)

+ |v̂|2
Ĥm

)

, ∀v̂ ∈ Ĥm. (27)

Let P̂ represent the set of piecewise polynomial functions of degree at most l − 1 on Q̂, that
is, the set of functions that are polynomials of the prescribed degree on each element forming Q̂,
and define P̂c := P̂ ∩ Ĥl

c
. Observe that

P̂c ⊂ {v̂ | v̂ = v ◦ G, v ∈ Sh} . (28)

12



By (27), (28), usual scaling arguments, and since k ≤ l, in order to prove (21) it is then
sufficient to find, given v̂ ∈ Ĥl

c
, a suitable ŝ ∈ P̂c such that

‖v̂ − ŝ‖L2(Q̂) + |v̂ − ŝ|Ĥl ≤ C|v̂|Ĥl , (29)

with C independent of v̂ and c. Let Π̂c : Ĥl → P̂c be the L2(Q̂)-projection onto the space P̂c. We
prove that (29) holds true for ŝ := Π̂cv̂, that is we are going to show that

‖v̂ − Π̂cv̂‖L2(Q̂) + |v̂ − Π̂cv̂|Ĥl ≤ C|v̂|Ĥl , ∀v̂ ∈ Ĥl
c
, (30)

uniformly with respect to c.
We prove (30) by contradiction. Because

|Π̂cv̂|Ĥl = 0, ∀v̂ ∈ Ĥl, ∀c, (31)

assuming that (30) is false implies the existence of a sequence {cj}j∈N of vectors and a sequence

{v̂j}j∈N of functions in Ĥl
cj

such that

‖v̂j − Π̂cj
v̂j‖L2(Q̂) = 1, (32)

and
|v̂j|Ĥl = 1/j. (33)

As discussed above, the components of cj are in a compact set; therefore it is not restrictive to
assume that the sequence {cj}j∈N converges towards a limit c∞ (i.e., the components of cj converge
to the corresponding components of c∞).

Recall that the space Ĥl is compactly embedded into L2(Q̂). Therefore, defining η̂j := v̂j −

Π̂cj
v̂j, since ‖η̂j‖Ĥl ≤ C‖v̂j − Π̂cj

v̂j‖L2(Q̂) + C|v̂j|Ĥl(Q̂) is uniformly bounded, it is not restrictive to

assume that the functions η̂j converge towards a limit η̂∞ in L2(Q̂). By (31) and (33), {η̂j}j∈N is

also a Cauchy sequence in Ĥl, hence η̂j → η̂∞ in Ĥl. Therefore

|η̂∞|Ĥl = lim
j→∞

|η̂j|Ĥl = 0,

that is,
η̂∞ ∈ P̂ . (34)

In fact, since η̂j ∈ Ĥl
cj

, it is easy to see that the conditions of (24) pass to the limit, yielding

η̂∞ ∈ Ĥl
c∞

. This means that η̂∞ ∈ P̂c∞ , and

η̂∞ = Π̂c∞ η̂∞. (35)

We have

‖Π̂c∞ η̂∞‖L2(Q̂) ≤
∥

∥

∥
Π̂c∞ η̂∞ − Π̂cj

η̂∞

∥

∥

∥

L2(Q̂)
+
∥

∥

∥
Π̂cj

η̂∞ − Π̂cj
η̂j

∥

∥

∥

L2(Q̂)
+ ‖Π̂cj

η̂j‖L2(Q̂)

= I + II + III.

It is easy to see that I → 0 when j → ∞; indeed, we can have bases for Pcj
that converge to a basis

for Pc∞ . Moreover, since Π̂cj
is uniformly bounded, II = ‖Π̂cj

(η̂∞−η̂j)‖L2(Q̂) ≤ ‖η̂∞−η̂j‖L2(Q̂) → 0.

Clearly, III = 0. Thus, Π̂c∞ η̂∞ = 0, and so by (35), we finally get

η̂∞ = 0, (36)
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which is in contradiction with (32), which implies

‖η̂∞‖L2(Q̂) = lim
j→∞

‖η̂j‖L2(Q̂) = 1.

This proves (30).

In [34, Chapter 12] a projector on the spline space Sh is introduced. The projector, here denoted
by ΠSh

, with the present notation is written as

ΠSh
v :=

n1,...,nd
∑

i1=1,...,id=1

(λi1...idv) Bi1...id , ∀v ∈ L2((0, 1)d) (37)

where the λi1...id are dual basis functionals, that is,

λj1...jd
Bi1...id = 1 if jα = iα, ∀1 ≤ α ≤ d,

λj1...jd
Bi1...id = 0 otherwise.

From [34, Chapter 12], the functionals λi1...id can be represented by functions with local support.
This induces local stability properties on ΠSh

. We summarize the previous properties in the
following result, proved in [34, Theorem 12.6]:

Lemma 3.2. We have

ΠSh
s = s, ∀s ∈ Sh (spline preserving), (38)

‖ΠSh
v‖L2(Q) ≤ C‖v‖L2(Q̃), ∀v ∈ L2((0, 1)d),∀Q ∈ Qh (stability). (39)

Lemma 3.3. Let ΠSh
: L2((0, 1)d) → Sh satisfy (38) and (39), and 0 ≤ k ≤ l ≤ p + 1; then for all

Q ∈ Qh

|v − ΠSh
v|Hk(Q) ≤ Chl−k

Q |v|Hl(Q̃), ∀v ∈ Hl
h(Q̃) ∩ L2((0, 1)d). (40)

Proof. Let s be as in Lemma 3.1; then, using (38),

|v − ΠSh
v|Hk(Q) = |v − s + ΠSh

(v − s)|Hk(Q)

≤ |v − s|Hk(Q) + |ΠSh
(v − s)|Hk(Q)

= I + II.

Using (21) we get straightforwardly

I ≤ Chl−k
Q |v|Hl

h
(Q̃).

The usual inverse inequality for polynomials yields

|ΠSh
(v − s)|Hk(Q) ≤ Ch−k

Q ‖ΠSh
(v − s)‖L2(Q),

whence, making use of (39) and (21), we get

II ≤ Ch−k
Q ‖v − s‖L2(Q̃) ≤ Chl−k

Q |v|Hl
h
(Q̃).
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3.2 Approximation with NURBS on a patch in the parametric domain

In this section we derive the approximation properties of the NURBS space on the patch (0, 1)d.
We define the projector ΠNh

: L2((0, 1)d) → Nh as

ΠNh
v :=

ΠSh
(wv)

w
, ∀v ∈ L2((0, 1)d), (41)

where w is defined by (12).

Lemma 3.4. Let k and l be integer indices with 0 ≤ k ≤ l ≤ p + 1; we have

|v − ΠNh
v|Hk(Q) ≤ Cshape hl−k

Q ‖v‖Hl
h
(Q̃), ∀v ∈ Hl

h,∀Q ∈ Qh (42)

Proof. Recalling that w ∈ Sh0 ⊂ Sh, it follows easily that, if v ∈ Hl(Q̃), then also wv ∈ Hl(Q̃).
Therefore, making use of the definition (41), the Hölder inequality, and (40), we have

|v − ΠNh
v|Hk(Q) =

∣

∣

∣

∣

1

w
(wv − ΠSh

wv)

∣

∣

∣

∣

Hk(Q)

≤ C
k
∑

i=0

∣

∣

∣

∣

1

w

∣

∣

∣

∣

W i,∞(Q)

|wv − ΠSh
wv|Hk−i(Q)

≤ Chl−k
Q

k
∑

i=0

∣

∣

∣

∣

1

w

∣

∣

∣

∣

W i,∞(Q)

|wv|Hl−i
h

(Q̃)

≤ Chl−k
Q

k
∑

i=0

∣

∣

∣

∣

1

w

∣

∣

∣

∣

W i,∞(Q)

l−i
∑

j=0

∑

Q′∈Qh

Q′∩Q̃6=∅

|w|W j,∞(Q′) |v|Hl−(i+j)(Q′) .

Since 0 ≤ i + j ≤ l in the last summations, we get (42), with a constant Cshape that depends on
|1/w|W i,∞(Q)|w|W j,∞(Q′), that is, only depends on the weight function w and its reciprocal 1/w on

Q̃, and is uniformly bounded with respect to the mesh size.

3.3 Approximation with NURBS in the physical domain

The following lemma gives estimates for the change of variable from the patch to the physical
domain.

Lemma 3.5. Let m be a non-negative integer, Q ∈ Qh and K = F(Q). For all functions v ∈
Hm(K), it holds that

|v ◦ F|Hm(Q) ≤ Cshape ‖ det ∇F−1‖1/2
L∞(K)

m
∑

j=0

‖∇F‖j
L∞(Q)|v|Hj(K) (43)

|v|Hm(K) ≤ Cshape ‖ det ∇F‖1/2
L∞(Q) ‖∇F‖−m

L∞(Q)

m
∑

j=0

|v ◦ F|Hj(Q) (44)

Proof. We will address the case m ≥ 1, the case m = 0 being trivial. We start by introducing the
function

F̌ =
F

‖∇F‖L∞(Q)

: Q → Ǩ (45)
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A direct derivation gives
∇

kF = ‖∇F‖L∞(Q)∇
kF̌ (46)

where here and in what follows k indicates an integer with 1 ≤ k ≤ m. From (46) we get

‖∇kF‖L∞(Q) ≤ ‖∇F‖L∞(Q)‖∇
kF̌‖L∞(Q). (47)

Let now ξ be any point in Q and x = F(ξ). We then have by definition

x = ‖∇F‖L∞(Q)F̌(ξ), (48)

ξ = F̌−1

(

x

‖∇F‖L∞(Q)

)

. (49)

As a consequence we have

F−1(x) = ξ = F̌−1

(

x

‖∇F‖L∞(Q)

)

. (50)

which, by derivation, gives

∇
kF−1(x) = ∇

kF̌−1

(

x

‖∇F‖L∞(Q)

)

‖∇F‖−k
L∞(Q). (51)

Taking the L∞ norm, identity (51) gives

‖∇kF−1‖L∞(K) ≤ ‖∇kF̌−1‖L∞(Ǩ)‖∇F‖−k
L∞(Q). (52)

By Lemma 3 in [11], there exists a constant C depending only on m such that, for all ξ ∈ Q,

‖∇m(v ◦ F)(ξ)‖ ≤ C
m
∑

j=1

‖∇jv(x)‖
∑

i∈I(j,m)

‖∇F(ξ)‖i1‖∇2F(ξ)‖i2 ...‖∇mF(ξ)‖im , (53)

where

I(j,m) = {i = (i1, i2, ..., im) ∈ N
m : i1 + i2 + ... + im = j, i1 + 2i2 + ... + mim = m}. (54)

A change of variables, bound (53) and the Hölder inequality give

|v ◦ F|Hm(Q) ≤ C‖ det ∇F−1‖1/2
L∞(K)

m
∑

j=1

|v|Hj(K)

∑

i∈I(j,m)

‖∇F‖i1
L∞(Q)‖∇

2F‖i2
L∞(Q)...‖∇

mF‖im
L∞(Q).(55)

Using (47) and recalling (54), the above bound easily gives

|v ◦ F|Hm(Q) ≤ C‖ det ∇F−1‖1/2
L∞(K)

m
∑

j=1

|v|Hj(K)‖∇F‖j
L∞(Q)

·
∑

i∈I(j,m)

‖∇F̌‖i1
L∞(Q)‖∇

2F̌‖i2
L∞(Q)...‖∇

mF̌‖im
L∞(Q)

≤ C ′(m, ‖∇F̌‖W m,∞(Q)) ‖ det ∇F−1‖1/2
L∞(K)

m
∑

j=1

‖∇F‖j
L∞(Q)|v|Hj(K). (56)
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Applying Lemma 3 of [11] to the inverse function F−1, similar arguments give

|v|Hm(K) ≤

C‖ det ∇F‖1/2
L∞(Q)

m
∑

j=1

|v ◦ F|Hj(Q)

∑

i∈I(j,m)

‖∇F−1‖i1
L∞(K)‖∇

2F−1‖i2
L∞(K)...‖∇

mF−1‖im
L∞(K).

Applying (52) to bound (57), following the same steps as already performed in (56) it finally follows
that

|v|Hm(K) ≤ C ′′(m, ‖∇F̌−1‖W m,∞(Ǩ)) ‖ det ∇F‖1/2
L∞(Q) ‖∇F‖−m

L∞(Q)

m
∑

j=1

|v ◦ F|Hj(Q). (57)

Bounds (43) and (44) are proven, provided we show that C ′ and C ′′ behave as shape dependent
constants Cshape (see Section 3). From the above calculations it immediately follows that C ′ and
C ′′ are continuous functions of ‖∇F̌‖W m,∞(Q) and ‖∇F̌−1‖W m,∞(Ǩ), respectively. Observe that ∇F̌

and ∇F̌−1 are 0-homogeneous with respect to ∇F, and so are C ′ and C ′′. Furthermore, from (46)
and (51)

‖∇F̌‖W m,∞(Q) =
‖∇F‖W m,∞(Q)

‖∇F‖L∞(Q)

≤ ‖∇F‖W m,∞(Q) inf
x∈K

‖∇F−1(x)‖ (58)

‖∇F̌−1‖W m,∞(Ǩ) ≤
m
∑

j=0

‖∇jF−1‖L∞(K)‖∇F‖j
L∞(Q); (59)

recalling that the NURBS map F is fixed, uniform boundedness with respect to the mesh-size
easily follows.

We define the projector ΠVh
: L2(Ω) → Vh as

ΠVh
v := (ΠNh

(v ◦ F)) ◦ F−1, ∀v ∈ L2(Ω). (60)

We refer to (60) as the push-forward of the NURBS projector. It is defined in Figure 4 and its
approximation properties are stated in the next result.

FF

(0, 1)d(0, 1)d

ΩΩ
R R

v

v ◦ F

ΠVh
v

ΠNh
(v ◦ F)

Figure 4: ΠVh
v is the push-forward of the NURBS projector ΠNh

(v ◦ F), where v ∈ L2(Ω) and
v ◦ F ∈ L2((0, 1)d).
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Theorem 3.1. Let k and l be integer indices with 0 ≤ k ≤ l ≤ p + 1; let Q ∈ Qh, K = F(Q), Q̃
and K̃ as in (7) and (17), respectively; we have

|v − ΠVh
v|Hk(K) ≤ Cshape hl−k

K

l
∑

i=0

‖∇F‖i−l

L∞(Q̃)
|v|Hi(K̃), ∀v ∈ L2(Ω) ∩ H l(K̃), (61)

where hK is the element size in the physical domain defined as

hK = ‖∇F‖L∞(Q)hQ. (62)

Proof. Using (60), and then (44), we have

|v − ΠVh
v|Hk(K) = |v − (ΠNh

(v ◦ F)) ◦ F−1|Hk(K)

≤ Cshape ‖ det ∇F‖1/2
L∞(Q)‖∇F‖−k

L∞(Q)

k
∑

i=0

|v ◦ F − ΠNh
(v ◦ F)|Hi(Q)

(63)

Notice that since v ∈ H l(K̃), we have v ◦F ∈ Hl
h(Q̃) and we can use the estimate of (42) on each

term |v ◦ F − ΠNh
(v ◦ F)|Hi(Q), obtaining

|v ◦ F − ΠNh
(v ◦ F)|Hi(Q) ≤ Cshape hl−k

Q ‖v ◦ F‖Hl+i−k
h

(Q̃)

≤ Cshape hl−k
Q

l+i−k
∑

j=0

|v ◦ F|Hj
h
(Q̃).

(64)

Since 0 ≤ i ≤ k in (63) and 0 ≤ j ≤ l + i − k in (64), the two sums over the indices collapse into
one and we have

|v − ΠVh
v|Hk(K) ≤ Cshape ‖ det ∇F‖1/2

L∞(Q)‖∇F‖−k
L∞(Q)h

l−k
Q

l
∑

i=0

|v ◦ F|Hi
h
(Q̃)

= Cshape ‖ det ∇F‖1/2
L∞(Q)‖∇F‖−k

L∞(Q)h
l−k
Q

l
∑

i=0

∑

Q′∈Qh

Q′∩Q̃6=∅

|v ◦ F|Hi(Q′).
(65)

Using (43) on each term |v ◦ F|Hi
h
(Q′) of the last summation of (65) we get

|v ◦ F|Hi(Q′) ≤ Cshape ‖ det ∇F−1‖1/2
L∞(K′)

i
∑

j=0

‖∇F‖j
L∞(Q′)|v|Hj(K′), (66)

where, as before, F(Q′) = K ′. From (65) and (66), since 0 ≤ i ≤ l and 0 ≤ j ≤ i, by coalescing
the double summation onto a single sum, we have

|v − ΠVh
v|Hk(K) ≤ Cshape ‖∇F‖−k

L∞(Q)h
l−k
Q

l
∑

i=0

∑

K′∈Kh

K′∩K̃ 6=∅

‖∇F‖i
L∞(Q′)|v|Hi(K′)

≤ Cshape ‖∇F‖−k

L∞(Q̃)
hl−k

Q

l
∑

i=0

‖∇F‖i
L∞(Q̃)

|v|Hi(K̃),

(67)
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where we also used ‖ det ∇F‖1/2
L∞(Q)‖ det ∇F−1‖1/2

L∞(K) ≤ Cshape . Multiplying and dividing the

right-hand side of (67) by ‖∇F‖l
L∞(Q̃)

, and using the definition of the element size in the physical

domain (62) we obtain

|v − ΠVh
v|Hk(K) ≤ Cshape

‖∇F‖l−k

L∞(Q̃)

‖∇F‖l−k
L∞(Q)

hl−k
K

l
∑

i=0

‖∇F‖i−l

L∞(Q̃)
|v|Hi(K̃). (68)

Subsuming the fraction in the above inequality into Cshape , we finally get (61).

As a corollary we have the global error estimate stated below.

Theorem 3.2. Let k and l be integer indices with 0 ≤ k ≤ l ≤ p + 1, we have

∑

K∈Kh

|v − ΠVh
v|2Hk

h
(K) ≤ Cshape

∑

K∈Kh

h
2(l−k)
K

l
∑

i=0

‖∇F‖2(i−l)

L∞(F−1(K))|v|
2
Hi(K),∀v ∈ H l(Ω). (69)

Remark 3.1. We note from Theorem 3.1 and Theorem 3.2 that the NURBS space Vh on the
physical domain Ω delivers the optimal rate of convergence, as for the classical finite element
spaces of degree p. Note that a bound on the kth-order seminorm of the error v − ΠVh

v requires
a control on the full lth-order norm of v, unlike for finite elements (or splines, as in (40)) where
only the lth-order seminorm of v is involved in the right-hand side of the estimate. This is due to
the role played by the weighting function w and the geometrical map F.

Note moreover that the estimates stated in Theorem 3.1 and 3.2 are dimensionally consistent.
Indeed Cshape is a dimensionless constant, while both hK and ‖∇F‖L∞(F−1(K)) have dimensions of
length; the patch (0, 1)d is dimensionless while the physical space Ω is a dimensional space, which
implies that ∇F has the dimensions of length. The coefficients ‖∇F‖i−l

L∞(F−1(K))) compensate for

the different dimensions of the the seminorms |v|Hi inside the summation of (61) and (69).

3.4 Spaces with boundary conditions

Dealing with boundary conditions in the variational formulation of continuum mechanics problems
requires Sobolev spaces of functions satisfying boundary constraints. The analysis developed in
the previous sections can be adapted to this context with only minor modifications, as sketched
below.

We focus our attention on the case of Dirichlet boundary conditions for second-order differential
operators of the type discussed later in Section 5-6. Let ∂Ω be the boundary of Ω ⊂ R

d, with
d = 2, 3, and ΓD ⊂ ∂Ω the part of the boundary where the Dirichlet conditions hold. Moreover
assume, for the sake of simplicity, that ΓD is the union of element faces (for d = 3) or edges (for
d = 2), and let γD = F−1(ΓD). For the purposes of analysis of the numerical methods, we need a
projector from Hk(Ω) into Vh which preserves the nullity of the traces on ΓD and with the same
approximation properties as stated in Theorem 3.2. Let

H1
ΓD

(Ω) =
{

v ∈ H1(Ω) | v = 0 on ΓD

}

,

and accordingly
H1

γD
((0, 1)d) =

{

v ∈ H1((0, 1)d) | v = 0 on γD

}

,
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Assume, for the sake of simplicity, that Sh ⊂ C0((0, 1)d). It is easy to verify (see [25] or [34])
that the tensor product B-spline basis functions give

Sh ∩ H1
γD

((0, 1)d) = span{Bi1...id | Bi1...id ∈ H1
γD

((0, 1)d), 1 ≤ iα ≤ nα, 1 ≤ α ≤ d}. (70)

It seems natural therefore to modify the definition of (37), restricting to such a basis in (70).
Therefore we set

Π0
Sh

v :=
∑

iα=1,...,nα

Bi1...id
∈H1

γD
((0,1)d)

(λi1...idv) Bi1...id , ∀v ∈ H1
γD

((0, 1)d), (71)

where, since (70), Π0
Sh

: H1
γD

((0, 1)d) → Sh ∩ H1
γD

((0, 1)d).
The projectors Π0

Nh
: H1

γD
((0, 1)d) → Nh ∩ H1

γD
((0, 1)d) and Π0

Vh
: H1

ΓD
(Ω) → Vh ∩ H1

ΓD
(Ω) can

be defined accordingly:

Π0
Nh

v :=
Π0

Sh
(wv)

w
, ∀v ∈ H1

γD
((0, 1)d),

Π0
Vh

v :=
(

Π0
Nh

(v ◦ F)
)

◦ F−1, ∀v ∈ H1
ΓD

(Ω);

The key tool of our analysis, Lemma 3.1, admits the following extension.

Lemma 3.6. Let k and l be integer indices with 0 ≤ k < l ≤ p + 1 and l ≥ 1; given Q ∈ Qh, Q̃
as in (7), v ∈ Hl

h(Q̃) ∩ H1
γD

((0, 1)d), there exists an s ∈ Sh ∩ H1
γD

((0, 1)d) such that

|v − s|Hk
h
(Q̃) ≤ Chl−k

Q |v|Hl
h
(Q̃). (72)

The proof is similar. From Lemma 3.6, the rest of the analysis follows in a straight forward
manner as in the previous sections, leading to the result below.

Theorem 3.3. Let k and l be integer indices with 0 ≤ k < l ≤ p + 1, we have

∑

K∈Kh

|v−Π0
Vh

v|2Hk
h
(K) ≤ Cshape

∑

K∈Kh

h
2(l−k)
K

l
∑

i=0

‖∇F‖2(i−l)

L∞(F−1(K))|v|
2
Hi(K),∀v ∈ H l(Ω)∩H1

ΓD
(Ω). (73)

4 Inverse inequalities for NURBS

In this section, we prove some inverse inequalities which resemble the ones for finite elements
spaces.

Theorem 4.1. We have

|v|H2(K) ≤ Cshape h−1
K |v|H1(K) ∀K ∈ Kh, ∀v ∈ Vh, (74)

Proof. Lemma 3.5 yields

|v|H2(K) ≤ Cshape ‖ det ∇F‖1/2
L∞(Q)‖∇F‖−2

L∞(Q)‖v ◦ F‖H2(Q) (75)

where, as before, F(Q) = K. Moreover
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‖v ◦ F‖H2(Q) ≤ C

∥

∥

∥

∥

1

w

∥

∥

∥

∥

W 2,∞(Q)

‖w(v ◦ F)‖H2(Q) (76)

Since w(v ◦ F) is a polynomial of global degree p1 · . . . · pd, for a usual inverse inequality we have

‖v ◦ F‖H2(Q) ≤ C h−1
Q

∥

∥

∥

∥

1

w

∥

∥

∥

∥

W 2,∞(Q)

‖w(v ◦ F)‖H1(Q) (77)

We now have, again using Lemma 3.5,

‖w(v ◦ F)‖H1(Q) ≤ C‖w‖W 1,∞(Q)‖v ◦ F‖H1(Q)

≤ Cshape ‖w‖W 1,∞(Q)‖ det ∇F−1‖1/2
L∞(K)

1
∑

j=0

‖∇F‖j
L∞(Q)|v|Hj(K).

(78)

Joining all of the above bounds, we finally get

|v|H2(K) ≤ Cshape h−1
Q

1
∑

j=0

‖∇F‖j−2
L∞(Q)|v|Hj(K) (79)

Let now vK represent the constant function equal to the average of v on K; note that vK ∈ Vh.
Therefore, applying (79), classical polynomial interpolation results, and recalling that ‖∇F‖−1

L∞(Q)hK =
hQ, it easily follows that

|v|H2(K) = |v − vK |H2(K)

≤ Cshape h−1
Q

1
∑

j=0

‖∇F‖j−2
L∞(Q)|v − vK |Hj(K)

≤ Cshape h−1
K |v|H1(K).

More general inverse inequalities can be easily derived following the approach given above. In
particular, the following result holds.

Theorem 4.2. Let k and l be integer indices with 0 ≤ k ≤ l; we have

‖v‖Hl(K) ≤ Cshape hk−l
K

k
∑

i=0

‖∇F‖i−k
L∞(F−1(K))|v|Hi(K) ∀K ∈ Kh, ∀v ∈ Vh. (80)

5 Applications to physical problems

In this section we obtain error estimates for NURBS applied to some linear physical problems. The
basis of the analyses is the approximation and inverse estimates of the previous sections. After
considering classical Galerkin methods for elliptic problems, we consider application of stabilized
and BB-stable methods to saddle-point problems, and finally we study stabilized methods for
advective-diffusive problems.
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5.1 Elasticity

We start by considering the classical two- and three-dimensional linear elastic problem. We assume
that the boundary ∂Ω is decomposed into a Dirichlet part ΓD and a Neumann part ΓN ; as usual, ΓD

and ΓN are the unions of element edges (for d = 2) and faces (for d = 3), respectively. Moreover,
let f : Ω → R

d be the given body force and g : Ω : ΓN → R
d the given traction on ΓN .

Then, the mixed boundary-value problem for Ω ⊂ R
3, supported on ΓD and free on ΓN , reads







∇ · Cε(u) + f = 0 in Ω
u = 0 on ΓD

Cε(u) · n = g on ΓN ,
(81)

where (∇·) is the divergence, n is the unit outward normal at each point of the boundary and the
fourth-order tensor C is defined by

Cw = 2µ

[

w +
ν

1 − 2ν
tr(w)I

]

(82)

for all second-order tensors w, where tr represents the trace operator and µ > 0, 0 ≤ ν < 1/2 are,
respectively, the shear modulus and Poisson’s ratio. The case of inhomogeneous Dirichlet data can
be reduced to (81) by standard means. The stress, σ, is given by Hooke’s law, σ = Cε.

Assuming for simplicity a regular loading f ∈ [L2(Ω)]d and g ∈ [L2(ΓN)]d, we introduce also

< ψ,v >= (f ,v)Ω + (g,v)ΓN
∀v ∈ [H1(Ω)]d, (83)

where ( , )Ω, ( , )ΓN
indicate, as usual, the L2 scalar products on Ω and ΓN , respectively. The

variational form of problem (81) then reads: find u ∈ [H1
ΓD

(Ω)]d such that

(Cε(u), ε(v))Ω =< ψ,v > ∀v ∈ [H1
ΓD

(Ω)]d (84)

As is well known, this is an elliptic problem. In order to solve it using NURBS, we follow
the same Galerkin approach adopted for classical finite elements, that is, we restrict the original
problem to the finite-dimensional NURBS space: find uh ∈ Vh such that

(Cε(u), ε(v))Ω =< ψ,v > ∀v ∈ Vh, (85)

where
Vh = [Vh]

d ∩ [H1
ΓD

(Ω)]d, (86)

with Vh a NURBS space built as described in the previous sections.
The stability and consistency of the discrete problem (85) follow immediately. Therefore, a

classical convergence analysis easily gives

|u − uh|H1 ≤ C(ν) inf
vh∈Vh

|u − vh|H1(Ω). (87)

As a consequence, the interpolation properties of the past section give the optimal convergence of
the method with respect to the norm and degree used: assuming quasi-uniform mesh refinement,
hK ≃ h, and minα pα = k, u ∈ [Hk+1(Ω)]d we have

|u − uh|H1(Ω) ≤ C(ν,u)Cshape hk; (88)

moreover, assuming the regularity of the problem, i.e.

‖u‖H2(Ω) ≤ C‖f‖L2(Ω) (89)

for all f ∈ L2(Ω), whenever g = 0, the following L2 estimate easily follows using an Aubin-Niestche
argument

‖u − uh‖L2(Ω) ≤ C(ν,u)Cshape hk+1. (90)
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5.2 Incompressible and almost incompressible isotropic elasticity –

stabilized methods

It is well known that the constant C in bound (87) tends to +∞ as the Poisson ratio ν → 1/2. As
it happens for classical finite elements, in such cases the NURBS discretization (85) is expected
to give non-satisfactory approximation results. In order to treat both this (almost incompressible)
case and the limit (incompressible) case, we rewrite problem (84) in the standard mixed form.

For notation simplicity we now set the shear modulus 2µ = 1, and define the positive constant

ε =
1 − 2ν

ν
(91)

The incompressible case is represented by ε = 0.
The mixed variational formulation of (81) then reads: find (u, p) ∈ H1

ΓD
(Ω) × L2(Ω) such that







(ε(u), ε(v))Ω − (∇ · v, p)Ω =< ψ,v > ∀v ∈ [H1
ΓD

(Ω)]d

(∇ · u, q)Ω + ε(p, q)Ω = 0 ∀q ∈ L2(Ω).
(92)

Throughout this section and the next, we assume that ΓD 6= ∂Ω. If ΓD = ∂Ω and ε = 0, the
space for the pressure needs to be replaced by

L2
0(Ω) =

{

q ∈ L2(Ω) |

∫

Ω

q = 0

}

(93)

in order for the problem to have a unique solution.
Whenever ε > 0, the stability of the problem and the good properties of the NURBS space

guarantee optimal error bounds for Galerkin’s method applied to (92). On the other hand, similarly
to classical finite elements, we expect the Galerkin discretization with NURBS to suffer from lack
of stability as ε → 0. In general, unless certain combination of spaces (Vh, Ph) are found (see next
section), the approximation properties of the numerical method are well known to deteriorate as
ε → 0; even worse, the limit case ε = 0 can suffer from complete lack of stability and spurious
modes. One way to avoid this is to adopt a stabilized formulation of (92).

We start by introducing the discrete spaces for displacements and pressures

Vh = [Vh]
d ∩ [H1

ΓD
(Ω)]d (94)

Ph = Vh ∩ H1(Ω) (95)

Note that we are requiring continuity also on the pressures and, for the moment, we are assum-
ing equal-order displacement and pressure fields. Following [24], [18, 26], and [15] we introduce
the following stabilized formulations:

SUPG:

BSUPG(u, p;v, q) = (ε(u), ε(v))Ω − (∇ · v, p)Ω + (∇ · u, q)Ω + ε(p, q)Ω

+α
∑

K∈Kh

h2
K(−∇ · ε(u) + ∇p, ∇q)K (96)

F SUPG(v) =< ψ,v > +α
∑

K∈Kh

h2
K(f ,∇q)K (97)
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GLS:

BGLS(u, p;v, q) = (ε(u), ε(v))Ω − (∇ · v, p)Ω − (∇ · u, q)Ω − ε(p, q)Ω

−α
∑

K∈Kh

h2
K(−∇ · ε(u) + ∇p,−∇ · ε(v) + ∇q)K (98)

FGLS(v) =< ψ,v > −α
∑

K∈Kh

h2
K(f ,−∇ · ε(v) + ∇q)K (99)

DW (Douglas-Wang):

BDW (u, p;v, q) = (ε(u), ε(v))Ω − (∇ · v, p)Ω − (∇ · u, q)Ω − ε(p, q)Ω

−α
∑

K∈Kh

h2
K(−∇ · ε(u) + ∇p, ∇ · ε(v) + ∇q)K (100)

FDW (v) =< ψ,v > −α
∑

K∈Kh

h2
K(ψ,−∇ · ε(v) + ∇q)K (101)

where α is a positive constant at our disposal. The discrete NURBS problem then reads: find
(uh, ph) ∈ Vh × Ph such that

B(uh, ph;v, q) = F (v) ∀(v, q) ∈ Vh × Ph (102)

where the bilinear form B(·, ·) and the functional F (·) depend on which of the three methods above
is adopted.

For the three methods here presented, there hold optimal and ε−uniform error bounds in the
natural norms of the problem. Given the interpolation and inverse inequality results of the previous
sections, the proof of this result follows in step-by-step fashion its finite element counterpart. For
the SUPG method, see Theorem 4.1 in [24], while for the GLS and DW methods see respectively
Theorem 3.1, case (ii), and Theorem 3.2, case (ii), in [18]. For completeness we include, in the
next lemma, a very brief sketch of the proof of the stability result for the GLS case, the other two
cases being very similar; we will make use of the notation

|||(v, q)|||2 := ‖ε(v)‖2
L2(Ω) + (1 + ε)‖q‖2

L2(Ω). (103)

We recall the Korn inequality

diam(Ω)−2‖v‖2
L2(Ω) + |v|2H1(Ω) ≤ Ckorn‖ε(v)‖2

L2(Ω).

Lemma 5.1. Let the constant 0 < α < C−1
inv, where Cinv is the (shape dependent) constant of the

inverse inequality stated in Lemma 4.1. Then, there exists Cshape > 0, independent of the mesh
size, such that

sup
(v,q)∈Vh×Ph

BGLS(u, p;v, q)

|||(v, q)|||
≥ Cshape |||(u, p)|||. (104)

Proof. We follow the approach of [18]. The inf-sup condition (104) is equivalent to the following:
given any (u, p) ∈ Vh ×Ph, there exists a (v, q) ∈ Vh ×Ph and two positive constants Cshape , C ′

shape

such that

BGLS(u, p;v, q) ≥ Cshape |||(u, p)|||2 (105)

|||(v, q)|||2 ≤ C ′
shape |||(u, p)|||2.
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Inequalities (105) allow one to establish the uniform stability condition by selecting the appropriate
test function for the bilinear form. We start by recalling an argument given in Verfürth [38] that
gives the existence of two positive constants Cshape and C ′

shape such that

sup
06=v∈Vh

(∇ · v, q)Ω

|v|H1(Ω)

≥ Cshape ‖q‖L2(Ω) − C ′
shape (

∑

K∈Kh

h2
K‖∇q‖2

L2(K))
1/2, ∀q ∈ Ph. (106)

The above inequality relies solely on the interpolation estimate, which for the NURBS approxi-
mation space was established in Theorem 3.3. The following bound is immediate, provided the
inverse estimate (Theorem 4.2) holds together with the bound on α (0 < α < C−1

inv):

BGLS(u, p;u,−p) ≥ Cshape |u|
2
H1(Ω) + ε ‖p‖2

L2(Ω)

+α
∑

K∈Kh

h2
K‖∇p‖2

L2(K) ∀(u, p) ∈ Vh × Ph, (107)

with Cshape = Ckorn(1 − αCinv).
Consider w ∈ Vh which achieves the supremum in (106) for q = p (w can be rescaled such that

|w|H1(Ω) = ‖p‖L2(Ω), which is what is assumed in the sequel). Then the following bound holds:

BGLS(u, p;w, 0) ≥ −Cshape |u|
2
H1(Ω) + C ′

shape ‖p‖
2
L2(Ω)

−C ′′
shape

∑

K∈Kh

h2
K‖∇q‖2

L2(K), (108)

where Cshape , C ′
shape , and C ′′

shape are positive and (u, p) ∈ Vh ×Ph. Denoting (v, q) = (u− δw,−p)
and combining (107) and (108) we arrive at

BGLS(u, p;v, q) ≥ Cshape (|u|2H1(Ω) + (1 + ε)‖p‖2
L2(Ω)), (109)

with a suitable choice for a positive parameter δ. On the other hand we have

|v|2H1(Ω) + (1 + ε)‖q‖2
L2(Ω) ≤ Cshape (|u|2H1(Ω) + (1 + ε)‖p‖2

L2(Ω)). (110)

which, in conjunction with (109), completes the proof of the uniform stability (104).

The uniform stability result of Lemma 5.1 combined with the inverse inequalities of Section
4 and the interpolation estimates of Section 3.3 leads to error estimates which are optimal. Let
k = min (p1, p2, .., pd) where p1, p2, .., pd are as the anisotropic polynomial degrees of Vh. Then, if
u ∈ Hk+1(Ω) and p ∈ Hk(Ω),

|u − uh|H1(Ω) + ‖p − ph‖L2(Ω) ≤ C(u, p) Cshape hk. (111)

Moreover, assuming as in Section 5.1 the regularity of the problem and making use of the Aubin-
Niestche argument, we get

‖u − uh‖L2(Ω) ≤ C(u, p) Cshape hk+1. (112)

Remark 5.1. Similar results can be obtained for any pair of continuous NURBS spaces Vh, Ph.
It is not required that the displacement and pressure spaces be based on the same knot vectors and
polynomial degree. If u ∈ Hs+1(Ω) and p ∈ Hs(Ω), then

|u−uh|H1(Ω)+‖p−ph‖L2(Ω)+h−1‖u−uh‖L2(Ω) ≤ C(u, p)Cshape hk, k = min {s, ku, kp + 1} (113)

where ku and kp are the minimal anisotropic polynomial degrees used for displacements and pres-
sures, respectively.
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5.3 Incompressible and almost incompressible isotropic elasticity – a

BB-stable method

In this section we introduce pairs of displacement and pressure NURBS spaces suitable for the
approximation of problem (92) without the necessity of adding stabilizing terms. Given a positive
isotropic degree k, we introduce the spaces of displacements and pressures

Vh = [Vh(k + 1, . . . , k + 1)]d ∩ [H1
ΓD

(Ω)]d, (114)

Ph = Vh(k, . . . , k) ∩ H1(Ω), (115)

where Vh(k+1, . . . , k+1) and Vh(k, . . . , k) denote the NURBS spaces introduced in (19), of degree
k + 1 and k, respectively. We assume that in Vh no continuity of derivatives is enforced across the
element boundaries, that is, in each coordinate direction, the internal knots are repeated k + 1
times. By construction, there is a basis function that is interpolatory at each vertex of the mesh.
The control point associated with each vertex is physically located at that vertex. These control
points are a subset of the control points comprizing the control net. For this subset, the control
points are identical to the nodal points of finite elements.

We are now able to introduce the discrete problem: find (uh, ph) ∈ Vh × Ph such that







(ε(uh), ε(v))Ω − (∇ · v, ph)Ω =< ψ,v > ∀v ∈ Vh

(∇ · uh, q)Ω + ε(ph, q)Ω = 0 ∀q ∈ Ph

(116)

We recall that
h = max

Q∈Qh

hQ.

Moreover, in what follows we denote by hmax a quantity, representing a mesh-size, which depends
only on the problem domain, mesh family shape-regularity, and polynomial degree k. We have the
following a priori error estimate.

Theorem 5.1. There exists hmax > 0 such that for h ≤ hmax,

|u − uh|H1(Ω) + ‖p − ph‖L2(Ω) ≤ Cshape

(

inf
vh∈Vh

|u − vh|H1(Ω) + inf
qh∈Ph

‖p − qh‖L2(Ω)

)

. (117)

where (u, p) is the solution of problem (92) and (uh, ph) is the solution of problem (116).

Theorem 5.1 and the interpolation estimates of Section 3.3 lead to error estimates which are
optimal: if u ∈ Hk+1(Ω) and p ∈ Hk(Ω),

|u − uh|H1(Ω) + ‖p − ph‖L2(Ω) ≤ C(u, p) Cshape hk. (118)

The proof of Theorem 5.1 follows directly from the Babuška-Brezzi inf-sup (stability) condition
stated in the next theorem, and the classical theory of mixed finite element methods (see [8]).

Theorem 5.2. There exists hmax > 0 and Cshape > 0 such that the inf-sup condition

sup
v∈Vh

(∇ · v, q)

|v|H1(Ω)

≥ Cshape ‖q‖L2(Ω), ∀q ∈ Ph, (119)

holds provided that
h ≤ hmax. (120)
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The proof of Theorem 5.2 requires some preliminary results and Lemma 3.3. We denote by F̄h

the (piecewise multilinear) nodal interpolant of F, and by Ω̄h the image of F̄h, that is

F̄h : (0, 1)d −→ Ω̄h. (121)

Note that the domain Ω̄h depends on the mesh Qh. We also introduce finite-dimensional spaces
on the patch (0, 1)d,

V̂h =
{

v̂ : (0, 1)d → R
d | v̂ = v ◦ F , v ∈ Vh

}

, (122)

P̂h =
{

q̂ : (0, 1)d → R | q̂ = q ◦ F , q ∈ Ph

}

, (123)

and on Ω̄h:

V̄h =
{

v̄ : Ω̄h → R
d | v̄ = v̂ ◦ F̄−1

h , v̂ ∈ V̂h

}

, (124)

P̄h =
{

q̄ : Ω̄h → R | q̄ = q̂ ◦ F̄−1
h , q̂ ∈ P̂h

}

, (125)

Given K ∈ Kh, we define the corresponding vertex element K̄ as

K̄ = F̄h(F
−1(K)) =

{

x ∈ Ω̄h|x = F̄h(F
−1(y)), y ∈ K

}

(126)

The mesh of all K̄’s is referred to as the vertex mesh K̄h. The union of all K̄ ∈ K̄h gives Ω̄h; also
note that the K̄’s are bilinear quadrilaterals and trilinear hexahedra in R

2 and R
3, respectively.

K̄h may be thought of as a coarsening of the control net, or control mesh, in NURBS theory (see
[25, 13]). The control net facilitates a geometric interpretation of the control points as it is a
piecewise multilinear interpolation of all the control points. We recall that Fh interpolates only a
subset of the control points. See Box 1 for a schematic illustration of the setup and the relation
between mappings.
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Box 1. Geometrical setup.

Q is a parametric element, K is a geometric element, and K̄ is a vertex element. K and
K̄ are the images of Q under the mappings F and F̄h, respectively. The tangent bundles TQ,
TK and TK̄ consist of base points and d-dimensional vector spaces emanating from the base
points. Corresponding to the mappings F and F̄h are the tangent maps TF and T F̄h (and
likewise their inverses). For example, we write TF = (F,∇F) and thus the tangent maps base
points, ξ 7−→ F(ξ), and vectors by the linear transformation ê(ξ) 7−→ ∇F(ξ)ê(ξ). Composite
tangent maps transform by the chain rule, as illustrated in the figure. Vertex elements are
multilinear maps of parametric elements. Thus F̄h is bilinear in two dimensions and trilinear
in three. Geometric elements are portions of the exact geometry defined by NURBS. Under
h-refinement, the vertex elements converge to the geometric elements. πQ, πK and πK̄ are the
canonical projections onto the base elements.

Taking ξ at a corner of Q, we have x = F(ξ) and x̄ = F̄h(ξ), as shown, and T F̄h(ξ) =
(F̄h(ξ),∇F̄h(ξ)) and T F̄−1

h (x̄) = (F̄−1
h (x̄),∇F̄−1

h (x̄)). The edge lengths are given by hêα
= ‖êα‖

and hēα
= ‖ēα‖, 1 ≤ α ≤ d. Furthermore, ēα(x̄) = ∇F̄h(ξ)êα(ξ) and êα(ξ) = ∇F̄−1

h (x̄)ēα(x̄),
from which easily follows hēα

≤ ‖∇F̄h‖L∞(Q)hêα
and hêα

≤ ‖∇F̄−1
h ‖L∞(K̄)hēα

, and in turn (137).
Let x = F(ξ) where ξ ∈ Q is arbitrary. Likewise, ξ = F−1(x). Since F ◦ F−1(x) = x,

∇F(ξ)∇F−1(x) = I, the identity matrix, and so ∇F(ξ)−1 = ∇F−1(x). We write this as
(∇F)−1 = ∇F−1 ◦ F. It is necessary to be careful with compositions and base points in the
analysis. Similar results may be derived for the other mappings.
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Lemma 5.2. There exists h′
max > 0 (only dependent on the shape regularity of the mesh Qh and on

the shape of Ω), such that given Q ∈ Qh, K = F(Q), K̄ as in (126) and assuming that hQ ≤ h′
max,

then F̄h is a one-to-one mapping from Q into K̄ and we have

‖∇F̄h‖L∞(Q) ≤ Cshape ‖∇F‖L∞(Q) (127)

‖∇F̄−1
h ‖L∞(K̄) ≤ Cshape ‖∇F−1‖L∞(K) (128)

‖det∇F̄h‖L∞(Q) ≤ Cshape ‖∇F‖d
L∞(Q) (129)

‖det∇F̄−1
h ‖L∞(K̄) ≤ Cshape ‖∇F−1‖d

L∞(K) (130)

Proof. We introduce the map E and its derivative3

E = F̄h − F, ∇E = ∇F̄h − ∇F (131)

Note that a classical result gives the estimate for the interpolation error

‖∇E‖L∞(Q) ≤ CiehQ‖∇
2F‖L∞(Q); (132)

therefore, we have4

‖∇F−1
∇E‖L∞(Q) ≤ ‖∇F−1‖L∞(Q)‖∇E‖L∞(Q) ≤ Cie‖∇F−1‖L∞(K)hQ‖∇

2F‖L∞(Q).

In particular, if
hQ‖∇

2F‖L∞(Q)‖∇F−1‖L∞(K) ≤ C−1
ie /2, (133)

then

‖∇F−1
∇E‖L∞(Q) ≤

1

2
. (134)

We set

h′
max := max

Q∈Qh

K=F(Q)

{

C−1
ie

2‖∇2F‖L∞(Q)‖∇F−1‖L∞(K)

}

;

condition (133) can be stated as h ≤ h′
max, which we assume in what follows. Observe that

∇F̄h(ξ) = ∇F(ξ) + ∇E (ξ) = ∇F(ξ)
(

I + (∇F)−1(ξ)∇E(ξ)
)

∀ξ ∈ Q, (135)

whence

‖∇F̄h‖L∞(Q) ≤
3

2
‖∇F‖L∞(Q), (136)

that is, Cshape = 3
2

in (127). Furthermore, fixing ξ ∈ Q, the right hand side of (135) is a non-singular
matrix, and, in particular,

‖
(

I + (∇F)−1(ξ)∇E(ξ)
)−1

‖ ≤ (1 − ‖(∇F)−1(ξ)∇E(ξ)‖)−1 ≤ 2.

3If linear NURBS are utilized, F and F̄h are the same and thus E = 0.
4We need to elaborate on the geometric meaning of ∇F

−1
∇E. ∇F

−1(x) is a linear map from the tangent space
TxK to TξQ, where x = F(ξ). Likewise, ∇F(ξ):TξQ −→ TxK is its inverse. However, ∇F̄h(ξ):TξQ → Tx̄K̄, where
x̄ = F̄h(ξ). Thus, the images of ∇F(ξ) and ∇F̄h(ξ) reside in different tangent spaces, namely, TxK and Tx̄K̄,
respectively. To make sense of ∇F

−1
∇E, we need to identify the linear space Tx̄K̄ with TxK so that ∇E(ξ) =

∇F̄h(ξ)−∇F(ξ) may be viewed as a linear map from TξQ to TxK. In other words, if ê(ξ) 7−→ ∇F̄h(ξ)ê(ξ) ∈ Tx̄K̄,
then ∇F̄h(ξ)ê(ξ) is parallel transported to TxK.
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Therefore, ∇F̄h is nonsingular and

‖(∇F̄h)
−1‖L∞(Q) = ‖

(

I + (∇F)−1
∇E

)−1
(∇F)−1‖L∞(Q)

≤ ‖
(

I + (∇F)−1
∇E

)−1
‖L∞(Q)‖(∇F)−1‖L∞(Q)

≤ 2‖∇F−1‖L∞(K).

Since ‖∇F̄−1
h ‖L∞(K̄) = ‖(∇F̄h)

−1‖L∞(Q), we get (128). The estimates (129) and (130) follow easily
from (127) and (128), respectively.

Given an element Q ∈ Qh, let ê1 and ê2 be tangent vectors associated with any two adja-
cent edges having lengths hê1 = ‖ê1‖ and hê2 = ‖ê2‖, respectively. Let ē1 and ē2 denote the
corresponding edges of K̄, of lengths hē1 and hē2 , respectively. Then, we have (see Box 1)

hē1

hē2

≤ ‖∇F̄−1
h ‖L∞(K̄)‖∇F̄h‖L∞(Q)

hê1

hê2

≤ Cshape . (137)

where we also used the shape regularity of Qh in the last bound.
We have indeed more, as stated in the next result.

Lemma 5.3. Under the assumption of Lemma 5.2, the family of vertex meshes {K̄h}h is shape-
regular.

Proof. Since a uniform bound on the edge lengths ratio follows immediately from (137), we are
only left to prove a minimum angle condition for {K̄h}h. We will start addressing the case d = 2.
In addiction to the notation introduced above, denote by θ̄ the angle shared by the two adjacent
edges ē1 and ē2 of K̄. We will prove that

| sin θ̄| ≥ Cshape > 0. (138)

Denoting by ê1 and ê2 the two corresponding edges of Q, and ξ ∈ Q the common vertex, then
basic geometrical arguments give

| sin θ̄| =
‖ē1 × ē2‖

‖ē1‖ ‖ē2‖
=

‖∇F̄h(ξ)ê1 × ∇F̄h(ξ)ê2‖

‖∇F̄h(ξ)ê1‖ ‖∇F̄h(ξ)ê2‖
(139)

where “×” stands for the cross product. Since ê1 and ê2 are orthogonal, then ‖Aê1 × Aê2‖ =
| det A|‖ê1‖‖ê2‖ for all matrices A ∈ R

2×2. Therefore, from (139), we have

| sin θ̄| ≥
| det ∇F̄h(ξ)|

‖∇F̄h(ξ)‖2
. (140)

The uniform lower bound (138) now follows from (140) and Lemma 5.2.
The case d = 3 follows similarly, the main difference being that now the inequality

| det A|‖ê1‖‖ê2‖‖ê3‖ = | (Aê1 × Aê2) · Aê3| ≤ ‖Aê1 × Aê2‖‖A‖‖ê3‖, (141)

which holds for any orthogonal vectors ê1, ê2 and ê3, is used to bound ‖∇F̄h(ξ)ê1 × ∇F̄h(ξ)ê2‖
from below.
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In order to prove Theorem 5.1 we use a macroelement technique (see [36],[35]). A macroelement
M̄ is a connected set of elements K̄ ∈ K̄h (precisely, M̄ is the interior of the union of the closure
of adjacent elements K̄), therefore a subset of Ω̄h. In two dimensions we consider macroelements
made of two quadrilaterals that share an edge, while in three dimensions we consider macroelements
made of four adjacent hexahedra such that each shares two faces with other two hexahedra and
one edge with the last hexahedron. We denote by hM̄ the diameter of M̄ . We assume that the
mesh Qh is made at least of 2×1 or of 2×2×1 elements when d = 2 or d = 3 respectively, so that
a macroelement partitioning M̄h of Ω̄h can be found (with possibly overlapping macroelements)
such that each K̄ ∈ K̄h is contained in at least one and no more than two (if d = 2) or four (if
d = 3) macroelements M̄ of M̄h.

We associate to a macroelement M̄ ∈ M̄h the set

M̂ = F̄−1
h (M̄) =

{

ξ ∈ (0, 1)d such that F̄h(ξ) ∈ M̄
}

.

M̂ is a macroelement on (0, 1)d.
For a macroelement M̄ we define the spaces

V̄0,M̄ = V̄h|M̄ ∩ H1
0 (M̄), (142)

P̄M̄ = P̄h|M̄ ; (143)

moreover, for brevity we denote by (·, ·)M̄ the L2(M̄) scalar product.
The next step is to obtain a local inf-sup condition, for the spaces V̄0,M̄ and P̄M̄ .

Lemma 5.4. Under the assumption of Lemma 5.2, there exists a constant Cshape > 0 such that,
given M̄ ∈ M̄h and given any q̄ ∈ P̄M̄ , there exists a v̄ ∈ V̄0,M̄ for which

(∇ · v̄, q̄)M̄ ≥ Cshape hM̄ |q̄|H1(M̄) − C ′
shape hM̄ ‖∇F̄−1

h ‖L∞(M̄) ‖q̄‖L2(M̄),

|v̄|H1(M̄) ≤ 1.
(144)

Proof. In [35], a similar inf-sup condition for quadrilateral Taylor-Hood type elements, which in
our context correspond to the case when w is constant and d = 2, is proven. The purely polynomial
case for d = 3 is an easy extension of that result. We take it as a starting point for our analysis:
specifically, from [35] one can easily obtain:

w = constant ⇒ sup
v̄∈V̄0,M̄

(∇ · v̄, q̄)M̄

|v̄|H1(M̄)

≥ Cshape hM̄ |q̄|H1(M̄), ∀q̄ ∈ P̄M̄ . (145)

Note that a key ingredient of the proof in [35] (and therefore of (145)) is the regularity of the mesh,
here given by Lemma 5.3.

The inf-sup condition (145) implies that, when w is not a constant and introducing w̄ = w◦F̄−1
h ,

we have

sup
v̄∈V̄0,M̄

(∇ · (w̄v̄), w̄q̄)M̄

|w̄v̄|H1(M̄)

≥ Cshape hM̄ |w̄q̄|H1(M̄), ∀q̄ ∈ P̄M̄ . (146)

Given q̄ ∈ P̄M̄ , we denote by v̄∗ ∈ V̄0,M̄ a function which realizes maximum of the quantity
(∇ · (w̄v̄), w̄q̄)M̄/|w̄v̄|H1(M̄). We want to show that

(∇ · v̄∗, q̄)M̄

|v̄∗|H1(M̄)

≥ Cshape hM̄ |q̄|H1(M̄) − C ′
shape hM̄ ‖∇F̄−1

h ‖L∞(M̄)‖q̄‖L2(M̄), (147)
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which gives (144).
Denoting by w̄mv the mean value of w̄ on M̄ , we have

(∇ · (w̄v̄∗), w̄q̄)M̄ = (w̄∇w̄ · v̄∗, q̄)M̄ + (w̄2
∇ · v̄∗, q̄)M̄

= (w̄∇w̄ · v̄∗, q̄)M̄ + ((w̄2 − w̄2
mv)∇ · v̄∗, q̄)M̄ + (w̄2

mv∇ · v̄∗, q̄)M̄

= I + II + III.

(148)

Recalling that F̄h(M̂) = M̄ and making use of the chain rule, we have

‖w̄‖L∞(M̄) = ‖w‖L∞(M̂),

‖∇w̄‖L∞(M̄) ≤ ‖∇w‖L∞(M̂)‖∇F̄−1
h ‖L∞(M̄),

(149)

while, from the Friedrich-Poincaré inequality,

‖w̄ − w̄mv‖L∞(M̄) ≤ ChM̄‖∇w̄‖L∞(M̄)

≤ ChM̄‖∇w‖L∞(M̂)‖∇F̄−1
h ‖L∞(M̄)

(150)

and
‖v̄∗‖L2(M̄) ≤ ChM̄‖∇v̄∗‖L2(M̄). (151)

Notice also that, from the definition of Cshape and recalling that w̄mv is positive, we can write

‖w‖L∞(M̂) ≤ Cshape w̄mv

‖∇w‖L∞(M̂) ≤ Cshape w̄mv.
(152)

Therefore, using the Cauchy-Schwarz inequality, (149), (151), and (152), we have

I = (w̄∇w̄ · v̄∗, q̄)M̄

≤ ‖w̄‖L∞(M̄)‖∇w̄‖L∞(M̄)‖v̄
∗‖L2(M̄)‖q̄‖L2(M̄)

≤ ChM̄‖w‖L∞(M̂)‖∇w‖L∞(M̂)‖∇F̄−1
h ‖L∞(M̄)|v̄

∗|H1(M̄)‖q̄‖L2(M̄)

≤ hM̄Cshape w̄2
mv‖∇F̄−1

h ‖L∞(M̄)|v̄
∗|H1(M̄)‖q̄‖L2(M̄).

(153)

Furthermore, using the Cauchy-Schwarz inequality, (149), (150), and (152), we have

II = ((w̄2 − w̄2
mv)∇ · v̄∗, q̄)M̄

≤ ‖w̄ − w̄mv‖L∞(M̄)‖w̄ + w̄mv‖L∞(M̄)|v̄
∗|H1(M̄)‖q̄‖L2(M̄)

≤ ChM̄‖∇w‖L∞(M̂)‖w‖L∞(M̂)‖∇F̄−1
h ‖L∞(M̄)|v̄

∗|H1(M̄)‖q̄‖L2(M̄)

≤ hM̄Cshape w̄2
mv‖∇F̄−1

h ‖L∞(M̄)|v̄
∗|H1(M̄)‖q̄‖L2(M̄),

(154)

while, of course,
III = w̄2

mv(∇ · v̄∗, q̄)M̄ . (155)

Using again the chain rule and (149), we have

|q̄|H1(M̄) = |
w̄q̄

w̄
|H1(M̄)

≤ ‖
∇(w̄q̄)

w̄
‖L2(M̄) + ‖w̄q̄∇

1

w̄
‖L2(M̄)

≤ ‖
1

w̄
‖L∞(M̄)‖∇(w̄q̄)‖L2(M̄) + ‖∇

1

w̄
‖L∞(M̄)‖w̄‖L∞(M̄)‖q̄‖L2(M̄)

≤ ‖
1

w
‖L∞(M̂)|w̄q̄|H1(M̄) + ‖∇F̄−1

h ‖L∞(M̄)‖∇
1

w
‖L∞(M̂)‖w‖L∞(M̂)‖q̄‖L2(M̄),

(156)
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which implies, using ‖ 1
w
‖−1

L∞(M̄)
≥ Cshape w̄mv, as well as ‖∇ 1

w
‖L∞(M̂)‖w‖L∞(M̂) ≤ Cshape ,

|w̄q̄|H1(M̄) ≥ ‖
1

w
‖−1

L∞(M̄)

(

|q̄|H1(M̄) − ‖∇F̄−1
h ‖L∞(M̄)‖∇

1

w
‖L∞(M̂)‖w‖L∞(M̂)‖q̄‖L2(M̄)

)

≥ Cshape w̄mv

(

|q̄|H1(M̄) − ‖∇F̄−1
h ‖L∞(M̄)‖q̄‖L2(M̄)

)

.

(157)

In a similar way, using also the Poincaré inequality ‖w̄v̄∗‖L2(M̄) ≤ ChM̄ |w̄v̄∗|H1(M̄), we have

|v̄∗|H1(M̄) ≤ ‖
1

w
‖L∞(M̂)|w̄v̄∗|H1(M̄) + ‖∇F̄−1

h ‖L∞(M̄)‖∇
1

w
‖L∞(M̂)‖w̄v̄∗‖L2(M̄)

≤

(

‖
1

w
‖L∞(M̂) + ChM̄‖∇F̄−1

h ‖L∞(M̄)‖∇
1

w
‖L∞(M̂)

)

|w̄v̄∗|H1(M̄).
(158)

Moreover, following the steps as in (156)–(157) and using hM̄ ≤ hM̂‖∇F̄h‖L∞(M̂) ≤ ‖∇F̄h‖L∞(M̂)

together with ‖∇F̄−1
h ‖L∞(M̄)‖∇F̄h‖L∞(M̂) ≤ Cshape ‖∇F−1‖L∞(F(M̂))‖∇F‖L∞(M̂) ≤ Cshape , we have

|w̄v̄∗|H1(M̄) ≥ Cshape w̄mv|v̄
∗|H1(M̄) (159)

Recalling that v̄∗ attains the supremum in (146), we can now collect the estimates (157), (159)
and (153)–(155), getting

hM̄ w̄mv

(

|q̄|H1(M̄) − ‖∇F̄−1
h ‖L∞(M̄)‖q̄‖L2(M̄)

)

≤ Cshape hM̄ |w̄q̄|H1(M̄)

≤ Cshape

(∇ · (w̄v̄∗), w̄q̄)

|w̄v̄∗|H1(M̄)

≤ Cshape

I + II + III

w̄mv|v̄∗|H1(M̄)

≤ Cshape

(

hM̄ w̄mv‖∇F̄−1
h ‖L∞(M̄)‖q̄‖L2(M̄) +

w̄mv(∇ · v̄∗, q̄)

|v̄∗|H1(M̄)

)

,

(160)

which is, after dividing by w̄mv, (147). This concludes the proof.

We can get now a global inf-sup condition for the spaces V̄h ∩ H1
0 (Ω̄h) and P̄h. We set

h̄ = max
K̄∈K̄h

hK̄ . (161)

Lemma 5.5. Under the assumption of Lemma 5.2, there exists a constant Cshape > 0 such that,
given any q̄ ∈ P̄h, there exists a v̄ ∈ V̄h ∩ H1

0 (Ω̄h) for which

(∇ · v̄, q̄) ≥ Cshape





∑

K̄∈K̄h

h2
K̄ |q̄|2H1(K̄)





1/2

− C ′
shape h̄‖∇F̄−1

h ‖L∞(Ω̄h)‖q̄‖L2(Ω̄h),

|v̄|H1(Ω̄h) ≤ 1.

(162)

Proof. For each macroelement M̄ ∈ Mh, let w̄M̄ ∈ V̄h ∩ H1
0 (Ω̄h) such that w̄M̄ = 0 in Ω̄h/M̄ and,

according to Lemma 5.4,

(∇ · w̄M̄ , q̄)M̄ ≥ Cshape hM̄ |q̄|H1(M̄) − C ′
shape hM̄ ‖∇F̄−1

h ‖L∞(M̄) ‖q̄‖L2(M̄),

|w̄M̄ |H1(M̄) ≤ 1.
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Setting

w̄ =
∑

M̄∈Mh

hM̄ |q̄|H1(M̄)w̄M̄ ,

it is easy to see that (162) holds true for the rescaled vector field v = w̄/|w̄|H1(Ω̄h).

We are now ready to show the following proposition, which is the counterpart of Lemma 5.5
for the NURBS spaces Vh, Ph.

Proposition 5.1. Under the assumption of Lemma 5.2, there exists a constant Cshape > 0 such
that, given any q ∈ Ph, there exists a v ∈ Vh ∩ H1

0 (Ω) for which

(∇ · v, q) ≥ Cshape

(

∑

K∈Kh

h2
K |q|2H1(K)

)1/2

− C ′
shape h‖q‖L2(Ω),

|v|H1(Ω) ≤ 1.

(163)

Proof. Given any function q in Ph, we define q̂ ∈ P̂h and q̄ ∈ P̄h

q̂ = q ◦ F q̄ = q̂ ◦ F̄−1
h (164)

Due to Lemma 5.5, we have the existence of a function v̄ ∈ V̄h such that (162) holds true. We
introduce the functions v̂ ∈ V̂h and v ∈ Vh as

v̂ = v̄ ◦ F̄h v = v̂ ◦ F−1 (165)

Recalling Lemma 5.2 and that ‖∇F−1‖L∞(Ω)‖∇F‖L∞((0,1)d) ≤ Cshape , change of variables leads to
the bounds

‖q̂‖L2((0,1)d) ≤ Cshape ‖∇F−1‖d/2
L∞(Ω)‖q‖L2(Ω), (166)

|v̂|H1((0,1)d) ≤ Cshape ‖∇F−1‖d/2−1
L∞(Ω)|v̄|H1(Ω̄h), (167)

‖q̄‖L2(Ω̄h) ≤ Cshape ‖q‖L2(Ω), (168)

hK |q|H1(K) ≤ Cshape hK̄ |q̄|H1(K̄) ∀K̄ ∈ K̄h, (169)

|v|H1(Ω) ≤ Cshape |v̄|H1(Ω̄h). (170)

A direct change of variables and simple algebra now give

(∇ · v, q) =

∫

Ω

(∇ · v)q

=

∫

(0,1)d

tr(|det∇F|∇F−T
∇v̂T )q̂

=

∫

(0,1)d

tr( [ |det∇F|∇F−T − |det∇F̄h|∇F̄−T
h ] ∇v̂T ) q̂

+

∫

(0,1)d

tr(|det∇F̄h|∇F̄−T
h ∇v̂T )q̂

= I + II.

(171)

We now note that
(detA)A−T = Cof(A) ∀A ∈ R

d×d, detA 6= 0 (172)
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where Cof(A) is the cofactor matrix of A. Therefore, from the definition of F̄h and classical
interpolation results, it follows

‖ |det∇F|∇F−T − |det∇F̄h|∇F̄−T
h ‖L∞((0,1)d) ≤ Cshape ‖∇F‖d−1

L∞((0,1)d)
h (173)

where a factor ‖∇2F‖L∞((0,1)d)/‖∇F‖L∞((0,1)d) was included in Cshape . Note that this estimate
requires the use of NURBS of at least quadratic level. If linear NURBS are utilized the actual
geometry is the vertex mesh. Inequality (173) is an estimate of the difference between the actual
geometry and the corresponding vertex mesh.

As a consequence, using first the Holder inequality and (173), then (167) and (166), and
recalling that |v̄|H1(Ω̄h) ≤ 1 and ‖∇F−1‖L∞(Ω)‖∇F‖L∞((0,1)d) ≤ Cshape , we obtain

I ≥ −Cshape ‖∇F‖d−1
L∞((0,1)d)

h ‖q̂‖L2((0,1)d)|v̂|H1((0,1)d)

≥ −Cshape h‖q‖L2(Ω). (174)

For term II, first a change of variables and then using (162) we get

II =

∫

Ω̄h

tr(∇v̄)q̄ ≥ Cshape





∑

K̄∈K̄h

h2
K̄ |q̄|2H1(K̄)





1/2

− C ′
shape h̄‖∇F̄−1

h ‖L∞(Ω̄h)‖q̄‖L2(Ω̄h) (175)

Without showing the details, using the bounds (168), (169), using Lemma 5.2 and recalling
that h̄ ≤ h‖∇F‖L∞((0,1)d), we easily have

Cshape





∑

K̄∈K̄h

h2
K̄ |q̄|2H1(K̄)





1/2

− C ′
shape h̄‖∇F̄−1

h ‖L∞(Ω̄h)‖q̄‖L2(Ω̄h)

≥ Cshape

(

∑

K∈Kh

h2
K |q|2H1(K)

)1/2

− C ′
shape h‖q‖L2(Ω). (176)

Bounds (175) and (176) now give

II ≥ Cshape

(

∑

K∈Kh

h2
K |q|2H1(K)

)1/2

− C ′
shape h‖q‖L2(Ω). (177)

After rescaling of v, the identity (171) with the bounds (174) and (177), (162) and (170), finally
give (163).

Replacing q with q − qmv in (163), where qmv is the mean value of q on Ω, we get the following
obvious corollary.

Corollary 5.1. As in Proposition 5.1, given any q ∈ Ph, there exists a v ∈ Vh ∩ H1
0 (Ω) such that

(∇ · v, q) ≥ Cshape

(

∑

K∈Kh

h2
K |q|2H1(K)

)1/2

− C ′
shape h‖q‖L2(Ω)/R,

|v|H1(Ω) ≤ 1.

(178)
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We are now able to show the proof of Theorem 5.2.

Proof. (Theorem 5.2) We will use an argument from Verfürth (see [38]). Due to the validity of the
continuous inf-sup condition on Ω and recalling that Ph ∈ L2(Ω), we have the existence of a fixed
positive constant C∗

shape such that for all q ∈ Ph there exists a w ∈ H1
0 (Ω) such that

(∇ · w, q) ≥ C∗
shape ‖q‖L2(Ω)/R (179)

|w|H1(Ω) ≤ 1 (180)

where we introduced the notation C∗
shape in order to keep track of the constants in what follows.

Using the scaled Poincaré inequality

‖w‖L2(Ω) ≤ diam(Ω)|w|H1(Ω),

bound (180) is equivalent to

(

∑

K∈Kh

‖∇F‖−2
L∞(F−1(K))‖w‖2

L2(K)

)1/2

+ |w|H1(Ω) ≤ Cshape (181)

From Theorem 3.3 there exists a NURBS function wI ∈ H1
0 (Ω) such that, for all K ∈ Kh,

‖w − wI‖
2
L2(K) ≤ Cshape h2

K

(

‖∇F‖−2
L∞(F−1(K))‖w‖2

L2(K̃)
+ |w|2

H1(K̃)

)

, (182)

and, using also (181)

|wI |H1(Ω) ≤ Cshape





(

∑

K∈Kh

‖∇F‖−2
L∞(F−1(K))‖w‖2

L2(K)

)1/2

+ |w|H1(Ω)



 ≤ Cshape . (183)

First integrating by parts, then using the Cauchy-Schwarz inequality and (179), finally applying
(182) and (181), it follows

(∇ · wI , q) = (∇ · (wI − w), q) + (∇ · w, q)

≥ −
∑

K∈Kh

‖wI − w‖L2(K)|q|H1(K) + C∗
shape ‖q‖L2(Ω)/R

≥ −Cshape

(

∑

K∈Kh

‖∇F‖−2
L∞(F−1(K))‖w‖2

L2(K̃)
+ |w|2

H1(K̃)

)1/2(
∑

K∈Kh

h2
K |q|2H1(K)

)1/2

+ C∗
shape ‖q‖L2(Ω)/R

≥ −Cshape,1

(

∑

K∈Kh

h2
K |q|2H1(K)

)1/2

+ C∗
shape ‖q‖L2(Ω)/R (184)

Now, due to Corollary 5.1 and integrating by parts, we have the existence of a v ∈ Vh ∩H1
0 (Ω)

such that

(∇ · v, q) ≥ Cshape,2

(

∑

K∈Kh

h2
K |q|2H1(K)

)1/2

− Cshape,3 h‖q‖L2(Ω)/R (185)

|v|H1(Ω) ≤ 1 (186)
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We now introduce v′ = wI + αv with α = Cshape,1 /Cshape,2 . From (184) and (185) it follows

(∇ · v′, q) ≥ (αCshape,2 − Cshape,1 )

(

∑

K∈Kh

h2
K |q|2H1(K)

)1/2

+ (C∗
shape − αCshape,3 h)‖q‖L2(Ω)/R

= (C∗
shape −

Cshape,1 Cshape,3

Cshape,2

h)‖q‖L2(Ω)/R (187)

¿From (183) and (186) it is immediate to show that

|v′|H1(Ω) ≤ Cshape (188)

Assume now that the mesh Qh satisfies

h ≤ h′′
max :=

1

2

C∗
shape Cshape,2

Cshape,1 Cshape,3

(189)

Then from (187) it follows

(∇ · v′, q) ≥
C∗

shape

2
‖q‖L2(Ω)/R (190)

for all meshes in the family.
Therefore, joining (190) and (188), we have found a positive constant C∗

shape such that for all
q ∈ Ph we have the existence of a v′ ∈ Vh that satisfies

(∇ · v′, q) ≥
C∗

shape

2
‖q‖L2(Ω)/R (191)

|v′|H1(Ω) ≤ Cshape (192)

Finally, note that the control on the globally constant pressures follows easily due to the fact that
ΓD 6= ∂Ω. The proposition is proved.

Remark 5.2. Note that, in order for Theorem 5.1 to be valid, both the bound (189) and the
assumptions of Lemma 5.2 must be satisfied. Therefore the hmax in Theorem 5.1 is given by

hmax = min (h′
max, h

′′
max)

Remark 5.3. The numerical tests of the last section seem to show that the method is stable and
convergent for practical values of the mesh size. Then, the condition h ≤ hmax, which is needed
in the present theoretical analysis, does not seem to be restrictive in the practical case we have
considered.

Remark 5.4. The analysis of this section can be extended straightforwardly to the anisotropic case
where the displacement space is of polynomial degree p1 + 1, p2 + 1, .., pd + 1 and the pressure space
p1, p2, .., pd. The only point which differs is the starting polynomial inf-sup condition (145), while
the rest remains identical. The extension of such inf-sup condition to the anisotropic case can be
obtained with an easy modification of Lemma 3.2 in [35].
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5.4 Advection-diffusion

As before, let Ω be the physical domain, and let ΓD ≡ ∂Ω. Let f : Ω → R be the given body
force; a : Ω → R

d is the spatially varying velocity vector and K : Ω → R
d×d is the diffusivity

tensor, assumed symmetric positive definite; homogeneous Dirichlet boundary conditions on ΓD are
prescribed. The boundary value problem consists of solving the following equation for u : Ω → R:

Lu = f in Ω, (193)

u = 0 on ΓD, (194)

where

Lu = a · ∇u − ∇ · (K∇u). (195)

For the purposes of analysis we assume divergence-free advective velocity field and isotropic diffu-
sion:

∇ · a = 0, (196)

K = κI, (197)

where κ is a positive constant. The weak formulation of (193) is: find u ∈ H1
ΓD

(Ω) such that
∀v ∈ H1

ΓD
(Ω):

B(u, v) = F (v) in Ω, (198)

where

B(u, v) = (v,a · ∇u)Ω + (∇v, κ∇u)Ω, (199)

F (v) = (v, f)Ω. (200)

We wish to approximate (198) numerically in the NURBS space Vh defined in Section 2 of this
document. Galerkin’s method is known to be unstable for (198) when advection dominates, so
we choose to concentrate on the set of techniques known as “stabilized methods”, namely SUPG,
GLS and Multiscale (dubbed MS for brevity). The MS version is also referred to as the adjoint, or
”unusual,” stabilized method in the literature. These methods were designed to enhance stability
of Galerkin’s approach without compromising its accuracy. For background and early literature
on these formulations we refer the reader to [9], while the state-of-the-art literature on the subject
may be found in [20, 28, 37, 12, 14, 10, 22, 6, 21, 5, 2, 30]. Defining Ω̃ = ∪K,K ∈ Kh (i.e., the
union of element interiors) and Vh = Vh ∩ H1

ΓD
(Ω), stabilized methods are stated as follows:

SUPG: find uh ∈ Vh such that ∀vh ∈ Vh

BSUPG(uh, vh) = F SUPG(vh) in Ω, (201)

with

BSUPG(u, v) = B(u, v) + (a · ∇v τ,Lu)Ω̃, (202)

F SUPG(v) = F (v) + (a · ∇v τ, f)Ω̃. (203)

GLS: find uh ∈ Vh such that ∀vh ∈ Vh

BGLS(uh, vh) = FGLS(vh) in Ω, (204)
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with

BGLS(u, v) = B(u, v) + (Lv τ,Lu)Ω̃, (205)

FGLS(v) = F (v) + (Lv τ, f)Ω̃. (206)

MS: find uh ∈ Vh such that ∀vh ∈ Vh

BMS(uh, vh) = FMS(vh) in Ω, (207)

with

BMS(u, v) = B(u, v) − (L∗v τ,Lu)Ω̃, (208)

FMS(v) = F (v) − (L∗v τ, f)Ω̃, (209)

where L∗ is an adjoint of L and is given as

L∗v = −a · ∇v − κ∆v. (210)

In expressions (201)-(207) a stabilization parameter τ appears, its definition is critical for accuracy,
stability and convergence characteristics of the above methods. We adopt expressions presented
in Franca, Frey and Hughes [17] and give them here for completeness:

τ(x, PeK(x)) =
hK

2‖a(x)‖
ξ(PeK(x)) (211)

PeK(x) =
‖a(x)‖hK

2κ
(212)

ξ(PeK(x)) = min{mkPeK(x), 1} (213)

mK = min{
1

3
,

2

Cinv

} (214)

The above expressions are defined from error analysis considerations. K is any element in the
partition Kh of Ω, Cinv is the smallest constant satisfying the local inverse estimate of Theorem
4.1 with a corresponding definition of hK .

We briefly show analysis of stabilized formulations for advection-diffusion employing NURBS
approximation spaces. The approach we use is very similar to that of the stabilized formulations
of incompressible elasticity. In what follows we concentrate on SUPG, other methods are analyzed
in a similar fashion.

Lemma 5.6. The bilinear form defined in (201) inherits the following stability property:

BSUPG(w,w) ≥ C|||w|||2 ∀w ∈ Vh, (215)

where

|||w|||2 = κ‖∇w‖2
L2(Ω) + ‖τ 1/2a · ∇w‖2

L2(Ω). (216)

The above result, which can be easily verified (see, for example, Franca, Frey and Hughes
[17]), is a consequence of boundary conditions, definition of the stabilization parameter τ , and the
inverse estimate of Theorem 4.1. Continuity properties of BSUPG(·, ·) are stated in the following
lemma.
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Lemma 5.7. The bilinear form defined in (201) is continuous in the following sense:

BSUPG(w, v) ≤ C|||w||| ||||v|||| ∀w ∈ Vh, ∀v ∈ H1
ΓD

(Ω) ∩ H2(Ω̃), (217)

with the norm above is defined as

||||v||||2 = κ‖∇v‖2
L2(Ω) + ‖τ−1/2v‖2

L2(Ω) (218)

+ ‖τ 1/2a · ∇v‖2
L2(Ω) + ‖τ 1/2κ∆v‖2

L2(Ω̃).

This result follows by a direct computation. Having established coercivity and continuity, we
proceed with the error estimate as follows. Define the following quantities

e = u − uh (numerical error) (219)

η = u − Π0
Vh

u (interpolation error) (220)

eh = Π0
Vh

u − uh = Π0
Vh

e (discrete error), (221)

and compute:

|||eh|||
2 ≤ C B(eh, eh) (coercivity)

= C B(eh,−η) (Galerkin orthogonality)

≤ C|||eh||| ||||η|||| (continuity). (222)

Relation (222) combined with the triangle inequality gives a bound on the numerical error in the
solution in terms of the interpolation error

|||e||| ≤ C||||η||||. (223)

The following theorem establishes convergence rates of the methods in question posed over
NURBS spaces.

Theorem 5.3. Assuming u ∈ Hp+1, there exists Cshape > 0 such that

|||u − uh|||
2 ≤ C

∑

K

(‖a‖L∞(K)hK
2p+1 + κhK

2p)

p+1
∑

i=0

‖∇F‖2(i−p−1)

L∞(F−1(K))|u|
2
Hi(K) (224)

Proof. Given the definition of τ , the following bounds are easily established (see, for example,
Franca, Frey and Hughes [17]):

‖τ−1/2η‖2
L2(K) ≤ C(κ/h2

K + ‖a‖L∞(K)/hK)‖η‖2
L2(K), (225)

‖τ 1/2a · ∇η‖2
L2(K) ≤ C(κ + ‖a‖L∞(K)hK)‖∇η‖2

L2(K), (226)

‖τ 1/2κ∆η‖2
L2(K) ≤ C(κh2

K + ‖a‖L∞(K)h
3
K)‖∆η‖2

L2(K). (227)

Using inequality (223) together with the above bounds, the local error estimate (61), and summing
over all the elements in Kh yields the final result.

6 Numerical Examples

In this section we report on the results of numerical computations performed with NURBS. We
consider examples from compressible and incompressible linear elasticity as well as advection-
diffusion. The first two examples were already presented in [25], we repeat them here as evidence
in support of convergence theory put forth in the preceding sections of this document. On all
the convergence plots the error quantity plotted on the ordinate axis is absolute. In all cases
computational results are in agreement with the theoretical findings.
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6.1 Solid elastic circular cylinder subjected to internal pressure load-

ing

This problem falls within the framework of Section 5.1. The problem specification is shown in
Figure 5. It is a simple matter to obtain an exact solution assuming the pressure varies at most
circumferentially (see Gould [19], pp. 117-119). The internal pressure was assumed to vary as
cos(2θ) and the exact solution is thus of class C∞. Meshes developed from h-refinement are shown
in Figure 6. Quadratic, cubic, and quartic NURBS were employed. As in all of the examples
considered herein, the exact geometry is incorporated in the coarsest mesh and is maintained
throughout the refinement process. A rational quadratic basis is the minimum order capable of
exactly representing the cylindrical geometry. The cubic and quartic cases were obtained from the
quadratic case by k-refinement [25, 13], in which case the degree of continuity was increased to
C2 and C3, respectively. The rates of convergence of the error measured in the energy norm (the
natural norm for the problem, equivalent to the H1-norm) are presented in Figure 7. The rates
of convergence for quadratic, cubic, and quartic NURBS elements are optimal, that is, 2, 3, and
4, respectively. This problem falls within the hypotheses of our theoretical framework and the
optimal convergence rates are consistent with the results of Section 5.1.

uz = 0

Zero shear
Internal pressure

P = P (θ)

Top view

Ro

Ri

Figure 5: Thick cylinder pressurized internally.

6.2 Infinite elastic plate with circular hole under constant in-plane

tension in the x-direction

This is a two-dimensional problem of linear elasticity, falling within the framework of section 5.1.
The infinite plate is modeled by a finite quarter plate. The exact solution (Gould [19], pp. 120-
123), evaluated at the boundary of the finite quarter plate, is applied as a Neumann boundary
condition. The setup is illustrated in Figure 8. Tx is the magnitude of the applied stress at infinity,
R is the radius of the traction-free hole, L is the length of the finite quarter plate, E is Young’s
modulus, and ν is Poisson’s ratio. As in the previous example, a rational quadratic basis is the
minimum order capable of exactly representing a circle.
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Mesh 1 Mesh 2

Mesh 3 Mesh 4

Figure 6: Solid circular cylinder meshes
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Quadratic

Cubic

Quartic
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 0.01  0.1  1

‖u
−
u

h
‖ E

h

Figure 7: Solid circular cylinder with varying internal pressure. Convergence of the error in the
energy norm for quadratic, cubic, and quartic NURBS discretizations.
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Exact traction

σ · n = 0

E
x
ac
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tr
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ti

on
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Symmetry

R = 1
L = 4
E = 105

ν = 0.3

x

Tx

r

θ

R

Figure 8: Elastic plate with a circular hole: problem definition.
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The first six meshes used in the analysis are shown in Figure 9. The cubic and quartic NURBS
are obtained by order elevation of the quadratic NURBS on the coarsest mesh (for details of the
geometry and mesh construction, see [25]). Continuity of the basis is Cp−1 everywhere, except along
the line which joins the center of the circular edge with the upper left-hand corner of the domain.
There it is C1 as is dictated by the coarsest mesh employing rational quadratic parameterization.
Convergence results in the L2-norm of stresses (which is equivalent to the H1-seminorm of the
displacements) are shown in Figure 10. As can be seen, the L2-convergence rates of stress for
quadratic, cubic, and quartic NURBS are 2, 3, and 4, respectively. The geometrical mapping
used in this example does not conform to the assumptions of the theory, namely, in the elements
adjacent to the upper left-hand corner of the domain ‖F−1‖W 1,∞ is not uniformly bounded. This
was a choice, not a neccessity. Nevertheless, optimal convergence rates are still attained.

Mesh 1 Mesh 2 Mesh 3

Mesh 4 Mesh 5 Mesh 6

Figure 9: Elastic plate with circular hole. Meshes produced by h-refinement (knot insertion).

6.3 Constrained block subjected to a trigonometric load

In this two-dimensional example we consider a fully constrained square of incompressible elastic
material loaded externally. This problem falls within the framework of Sections 5.2 and 5.3. It
was designed by Auricchio et al. [4], and the setup is illustrated in Figure 11, where u = (u, v)
is a displacement vector, µ is the shear modulus and L is the edge half-length. Note that in this
case pressure is determined up to an arbitrary constant, so for the purposes of computing an L2

error of the pressure field, the constant mode is removed from the pressure solution. The load and
boundary conditions are selected in such a way that the analytical solution is easily obtained. We
give them here for completeness:
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Figure 10: Error measured in the L2-norm of stress vs. mesh parameter.
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u = −
cos2 x cos y sin y

2

v =
cos2 y cos x sin x

2
p = sin(x2y)

f1 = µ cos y sin y(1 − 4 cos2 x) − 2xy cos(x2y)

f2 = −µ cos x sin x(1 − 4 cos2 y) − x2 cos(x2y) (228)

u = 0 u = 0

u = 0

u = 0(−L,−L)

(L,L)(−L,L)

(L,−L)

f = (f1, f2)

L = π/2

µ = 40

Figure 11: Trigonometric load problem setup.

Meshes 1, 3, and 5 used in the computations are shown in Figure 12. Distortion of the mesh
was introduced at the coarsest level of discretization and maintained throughout the refinement.
Three studies were performed for this problem. In the first study we used a C1-continuous rational
quadratic basis for both u and p and employed the Douglas-Wang stabilized formulation. The
results of this study are shown on the top plot of Figure 13. The other stabilized methods behaved
in the same fashion and thus the results are not shown. Optimal convergence of the L2-norm and
the H1-seminorm of the displacement error and the L2-norm of the pressure error is obtained.
The results are consistent with the theoretical predictions of Section 5.2. In the second study we
used BB-compatible spaces: a C0 rational quadratic basis for p and C0 rational cubic basis for
u obtained from the former by degree elevation. These spaces are stable and convergent within
Galerkin’s method according to the results of Section 5.3. The first four of the five meshes were
used in the calculations and the results are presented in the middle plot of Figure 13. All results
converge optimally, in agreement with the theory in Section 5.3. In the third study we again
used quadratic pressure and cubic displacement, but C1-continuity was enforced. This case is not
covered in the theory of Section 5.3, yet optimal convergence is again obtained, as shown in the
bottom plot of Figure 13. We conjecture that this type of discretization is BB-stable.
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Mesh 1 Mesh 3 Mesh 5

Figure 12: Trigonometric load problem meshes produced by h-refinement (knot insertion).
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Figure 13: Trigonometric load problem. Convergence to the analytical solution for displacement
and pressure. Top: Douglas-Wang stabilization, equal-order, quadratic, C1-continuous bases.
Middle: Galerkin’s method, cubic displacement, quadratic pressure, C0-continuous bases. Bottom:
Galerkin’s method, cubic displacement, quadratic pressure, C1-continuous bases.
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6.4 Driven cavity problem

The driven cavity problem is a two-dimensional Stokes flow calculation that is often used as a
test of numerical stability. The equations of Stokes flow are identical to the equations of linear,
isotropic, incompressible elasticity, only the interpretation is different. In Stokes flow u = (u, v)
is the velocity vector and µ is the dynamic viscosity (see, e.g., [23]). In the exact specification
of this problem, the velocity boundary condition is discontinuous at the upper two corners, that
is, at (0, L) and (L,L); see Figure 14 for the problem setup. This produces singular pressures in
both corners which tend to cause unstable formulations to fail in dramatic fashion. The mesh is
comprised of 16×16 square elements. In the first two examples, the pressure discretization is taken
to be C1 quadratic splines. The velocity space is the same in the first example and consists of C1-
cubic splines in the second. Figure 15 compares solutions obtained with the Galerkin formulation.
As expected, the equal-order combination produces an unstable result, as is especially apparent for
pressure, while the mixed interpolation case appears to be quite stable. The solution is very similar
to that presented in Franca, Frey and Hughes [17]. Figure 16 shows a stabilized GLS computation
for equal-order cases. Both the p = 2 and p = 3 results appear stable and are again in general
agreement with [17]. As may be gleaned from Figures 15 and 16, the velocity at the upper corners
is set to u = (1, 0). This is referred to as the “leaky” boundary condition treatment (see [23] for
further elaboration).

Remark 6.1. Three-dimensional computations of other boundary-value problems (not shown) with
the same bases used in this study yielded consistent results, namely, the stabilized methods pro-
duced stable calculations with equal-order NURBS whereas the Galerkin formulation did not, and
the Galerkin method with velocity one order higher than pressure produced stable results when both
velocity and pressure had the same order of continuity across element boundaries. Our theoret-
ical results in Section 5.3 only pertain to C0-continuous interpolations, but there is considerable
evidence that the higher-order uniformly continuous cases are stable as well.

6.5 Advection-diffusion in a hollow cylinder

The problem geometry and parameters are given on Figure 17. The axisymmetric analytical
solution behaves logarithmically in the radial direction and exponentially in the axial direction,
viz.,

u(r, z) =
(eaz/κ − eaL/κ) log(r)

(1 − eaL/κ) log(2)
(229)

Four meshes, composed of 32, 256, 2,048 and 16,384 elements, were used. The first three are
depicted in Figure 18. The meshes are “biased” toward the outflow where a boundary layer
occurs. Two values of the diffusivity were considered. In the first case, κ was chosen to be 0.025,
which produces a solution than can be fairly well resolved by meshes 2-4. In the second case,
κ was selected to be 0.00625, and the boundary layer is fairly well resolved only by the finest
mesh. A rational quadratic basis is employed in each parametric direction and no symmetry was
assumed, yet a pointwise axisymmetric response was obtained in all cases as can be seen in Figure
19. All three stabilized formulations were implemented and compared with the Galerkin solution.
In the case of the larger value of κ, all methods produced an optimally convergent solution in
both the L2-norm and H1-seminorm as can be seen in Figure 20. This is consistent with the
theory of Section 5.4. The same error norms were computed for the case of smaller diffusivity
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u = 0u = 0

u = 0

u = (1, 0)

(0, 0) (L, 0)

(0, L) (L,L)

L = 1
µ = 0.5

Figure 14: Driven cavity problem setup.

Figure 15: Driven cavity problem. Velocity vectors superposed on pressure contours. Left:
Galerkin solution with equal-order discretization (p = 2). Right: Galerkin solution with unequal-
order discretization (p = 2 for the pressure and p = 3 for the velocity).
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Figure 16: Driven cavity problem. Velocity vectors superposed on pressure contours. GLS solution
with equal-order discretization. Left: p = 2, Right p = 3.
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(κ = 0.00625). Galerkin’s method produced a globally oscillatory solution on coarser meshes,
which resulted in a large global L2-error compared with the stabilized solutions (see Figure 21).
The H1-error for all methods was suboptimal, which is not surprising, as the major contribution
comes from the very thin, unresolved, outflow boundary layer. In order to remove the effect of
the boundary layer, we computed the error on the part of the domain which excludes it (i.e.,
{0 < z < 4.95} × {1 < r < 2}). The H1-error is much better behaved for the stabilized methods.
The optimal order of convergence is observed for both H1- and L2-norms in these cases. The results
are typical of stabilized finite element methods in that “localization” or “interior” estimates can be
proven (see, e.g., Johnson, Nävert and Pitkäranta [27] and Wahlbin [39]). These estimates are also
known not to hold for Galerkin finite element methods, for which unresolved layers result in global
pollution. This phenomenon is also evident here in Figure 21. On the finest mesh, error measures
for the Galerkin and stabilized methods seem to coincide, which suggests that the asymptotic
regime has been reached.

u = 0u = 0

u = log r
log 2

Flow

∂u
∂r = ePe(z)−ePe(L)

(1−ePe(L))2 log 2

|a| = 1
κ = 0.025, 0.00625

L = 5, Ri = 1, Ro = 2

Pe(z) = |a|z/κ = z/κ

Figure 17: Advection-diffusion in a hollow cylinder. Problem setup.

7 Conclusions

In this paper we initiated the mathematical study of Isogeometric Analysis based on NURBS,
an extension of classical finite element analysis. We developed approximation properties based
on a new Bramble-Hilbert lemma and new inverse estimates for the cases at hand. Our study
focused on h-refinement and did not treat order-elevation methods such as p- or k -refinement. We
applied the method to several cases of physical interest, namely, elasticity, isotropic incompressible
elasticity and Stokes flow, and advection-diffusion. We considered standard primal and mixed
Galerkin methods as well as stabilized methods. All of our numerical results were consistent with
our theoretical predictions. We also performed some numerical tests involving singularities and
unresolved layers that went beyond the limits of the hypotheses of our mathematical results. These
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Figure 18: Advection-diffusion in a hollow cylinder. Meshes 1-3.

tests suggest that we have barely scratched the surface in that many other interesting mathematical
properties, yet to be rigorously established, are possessed by Isogeometric Analysis.
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Solution on the whole domain

Zoom on the outflow boundary layer

Figure 19: Advection-diffusion in a hollow cylinder. Solution contours on the finest mesh, κ =
0.025.
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Figure 20: Advection-diffusion in a hollow cylinder, κ = 0.025. Convergence rates.
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Figure 21: Advection-diffusion in a hollow cylinder, κ = 0.00625. Convergence rates.
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Figure 22: Advection-diffusion in a hollow cylinder, κ = 0.00625. Convergence rates outside of the
boundary layer.
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