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Abstract. This paper will analyze the lower and upper error bounds of the finite
element solution of the p-version for linear elliptic problems in polygonal domains.
The optimal rate of convergence is rigorously proved based on the sharp estimates of

lower and upper bounds of the approximation error.



1 Introduction

The p-version, the h-version and h—p-version are the three basic approaches of the
finite element method. The p-version achieves accuracy by increasing the element
degree p on a fixed mesh. It was proved in 1980 that the p-version finite element
solution converges in the energy norm at least as fast as the h-version and that it
converges twice as fast as the h-version if the singularity of r”-type in solution occurs
near vertices of nonsmooth domains, where r denotes the distance to the vertices.
The convergence rate, given in ([?]), is of order O(p~?"*) with € > 0, arbitrary. The
result was sharpened in 1986 by removing € (see [?, ?]). Since then, the p-version of
the finite element method has developed rapidly in all aspects such as approximation,
solution of the resulting linear algebraic system, and applications to mechanics and
engineering. There are several commercial and research codes based on the p and h—p
version, including MSC/PROBE, Applied Structure, PolyFEM, Stresscheck, PHLEX
and STRIPE.

Although significant progress has been made in the past two decades, several
important issues of the p-version in two dimensions remain to be addressed. First,
the lower bound of approximation error and the optimal rate of convergence for the
p-version finite element method has to be established. Second, the inverse approx-
imation theorems for the p-version, which provide knowledge on the regularity of
solutions of the problems under consideration based on information gathered by com-
putation, is of great theoretical and practical interest. Third, a reliable and accurate
a-posteriori error estimator for the p-version is not available,

It is known that the usual Sobolev spaces are not adequate for problems on non-

smooth domains. The usual Besov space may be a very good vehicle for the h-version



approximation, but it is obviously not adequate for the p-version approximation for
the problems on nonsmooth domains. Hence it seems that usual Sobolev and Besov
spaces are not effective mathematical tools to address the important issues mentioned
above. The performance of p-version in one dimension was adequately analyzed in
[?] and a precise asymptotic expression of the approximation error of the p-version
was given there. Unfortunately, the arguments in [?] can not be carried over to the
higher-dimensional setting.

After two decades of effort, we have recently found that the best mathematical tool
for the p-version in two and three dimensions is the weighted Besov spaces with Jacobi
weights (see [?]). These spaces allow us to effectively characterize the singularity of
the solution of problems on nonsmooth domains, to precisely estimate the lower and
upper bounds of the approximation error, and to establish optimal convergence of
the p-version. The direct and inverse approximation theorems in the framework of
weighted Besov spaces perfectly reflect the relations between the approximation and
the singularity of the solutions. All of these results can lead to reliable a-posteriori
error estimation and adaptive strategy for the p-version.

This paper will concentrate on the estimate on lower and upper bounds of the
p-version approximation error in two dimensions. The rest of the paper is organized
as follows : In Section 2 we introduce the weighted Sobolev space H*#(Q) and Besov
space B*P(Q) over square domain Q = (—1,1)% for functions of r7-type, and the
lower and upper bounds of the p-version approximation error are proved based on
the space B*’(Q). In order to adequately analyze the lower and upper bound of
the p-version approximation for functions of r”log” r-type with integer v > 0, we
modify the weighted Besov space B*“(Q) to B5’(Q). It is interesting to note that

the results for integer v and non-integer v are different. For example, if v is an



integer and v = 1, the factor log p will not appear in both lower and upper bound of
the error. Furthermore, we generalize the weighted Besov spaces and approximation
results to an n-dimensional setting. The lower and upper bound of errors of the p-
version finite element solutions for elliptic boundary value problems and the optimal

rate of convergence are proved in Section 3.

2 Approximation Properties in the n-dimensional

Cube

In this section we shall investigate the approximation properties in the n-dimensional
cube for functions in weighted Sobolev spaces and weighted Besov spaces. For the
sake of exposition we shall give rigorous proofs in 2 dimensions, then generalize the
result to the n-dimensional case.

Throughout this section, we denote the n-dimensional cube by " = (—1,1)"; in

particular, we write [ = I' = (=1,1) and Q = I* = (—1,1)%

2.1 Sobolev and Besov spaces with Jacobi weights

Let o = (o1, 09,...,0,) and 3 = (81, B2, ..., B,) be two n-tuples with integers a; > 0
and real numbers 3; > —1, 1 <1 < n. A weight function associated with o and ( is

defined as

Woolw) = [J(0 =+ (2:)



and the spaces H®?(I") with integer & > 0 is defined as a closure of C'*-functions

furnished with a weighted norm:

L 1/2
[ullgrsgny = S Y | D ulWap(x)da
laj=0 71"
. 1/2
= Y [ P - a) Pl (2.2)
|o|=0 m =1
where D%u = Up1 402 pan - By |U|Hk,,6(Q) we denote the semi-norm involving the

highest derivatives of w.

For integers ¢ and k, { < k, and 6 € (0,1) we introduce an interpolation space
BA(I™) = (HYP (1), HMO (1)), (2.3a)

with s = (1 — 0){ + 0k. This space is referred to as a weighted Besov space with the

norm
[ullesamy = sup 17 K (L, u), (2.3b)
>0
where

K(t,u) = jglfw <HUHHM3(I") + tHwHHW(nQ . (2.3¢)

U=

Note that the Jacobi polynomials pﬁf’ﬁ)(t) and its derivatives C;%pgf’ﬁ)(t) are orthog-

onal with the weight W,5(¢) = (1 — #*)**P. Hence we refer to the weight function in
(2.1) as the Jacobi weight and refer to 8 = (1, B2, ... [3,) as the exponent of the Ja-
cobi weight, or the Jacobi exponent. The spaces H*?(I") and B*’(I") are referred to
as the weighted Sobolev space and Besov space with the Jacobi weight, respectively.

By P,(I™) we denote the collection of polynomials of (separate) degree < p. We

have the following approximation properties for functions in H*?(I") and B*#(I")



Theorem 2.1. Let u € H*P(I™), k > 0, and let u, be the projection of u on P,(I")

in HYP(I™). Then for { < k
| = wylresrmy < ep™ 0 Jul sy, (2.4)

Proof. For u € H*?(I™), k > 0, there is an expansion by the Jacobi polynomials
= > am1m27szIPﬁ”%
0<m1<oo 0<mpn<oo

The properties of the Jacobi polynomials (see [11]):

d 1
PO = Sm o+ B+ Dl ),

and

bodr d*

O g = )

0 iftm#/{

T 200 [m 428+ 1) - (m 28+ B T(m + 28+ 1)
itm=14
(m—E)!Cm+20+1D)I(m+k+264+1)

lead directly to (2.4). For the details, we refer to [?]. O

Since B*#(I") is an exact interpolation space of exponent 0, defined by the usual
K-method, the standard arguments of interpolation spaces yields the approximability

of functions in Bs’ﬁ([”).

Theorem 2.2. Let u € B¥?(I"), s > 0, and let u, be the projection of u on P,(I")

in HYP(I™). Then for { < s

lw = wpllrenqmy < ep™ ™ flull pesra)- (2:5)



2.2 Upper Bound of Approximation Error

for Functions of r7-type

Let Ay = (—1,—1) be the vertex of @) and I'y be the edge {# = (21, —1)]x; € I} and

let (r,0) denote the polar coordinates with respect to the vertex A; and the edge I';.

X+l =K (X +1)

1 Xl

x#+1=(x+1) [ k

(-1-1) -1

| |
I ¢

Fig. 2.1 Square Domain 2 and sub region R, g,

We consider the approximation to the function on )

u(x) =r"x(r)®(0), (2.6)

where v > 0, x(r) and ®(r) are C* functions such that for 0 < rg < 2 and 0 < §, <

/2,
x(r)y=1 for 0 <r <rg/2
, (2.7a)
x(r)=0 forr >rg
and
O(9) =0 for O€(by, /2 — by). (2.7b)



Obviously, Suppu C Ry = R, 4,, where
Rroﬁo = {l’ - Q|0 <r < 7“0,0 - (00,7’[’/2 — 00)} (28)

, which is shown in Fig. 2.1.
In order to effectively approximate the function given in (2.6) we have to charac-
terize the function in terms of the weighted Sobolev and Besov spaces introduced in

Section 2.1.

Theorem 2.3. Let u be the function given in (2.6). Then u € H't215(Q) and

u € BY28(Q) with 8= (—1/2,—1/2). Hereafter [a] denotes the biggest integer < a.

Proof. Tt is trivial to verify that v € H'FENVS(Q) by definition. To show u €
B*2P(Q), we need to write u = v + w with v = @s(r)u and w = (1 — ps(r))u
where @5(r) is a C*-function such that ¢s(r) =1 for 0 < r < §/2 and ¢s(r) = 0 for
r > §. Obviously v € H*?(Q) for any 0 < ¢ < 1 + [27] and w € H*P(Q) for any

k > 1+ 2v. Furthermore, it is seen that
HUHHMB(Q) < C§r+30-0
and
|0l mx.80) < C5*a=h,
which implies that
K(t,iu) < C <5W+%<1—‘> + téwé(l—’“)) :

Selecting § = 17t and 0 = 1—22}{—67 we have for 0 < t < 1,

sup tTK(t,u) < C.
0<t<1



For ¢t > 1 it always holds that

sup 17K (1u) < Jullesio) < [[llssa i)
>

which completes the proof. O

Remark 2.1. In one dimension, we consider the function of z7-type with v > 1/2

u(z) = a"x(x).

It can easily be shown that u/(x) € B*~%#(I) with 8 = 0, which is the interpretation

of Theorem 2.3 for n =1 with g = —1.

The theorem above, together with Theorem 2.2, leads to the next approximation

theorem.

Theorem 2.4. Let u be given in (2.6). Then

) < Cp_zwv (29)

inf U —
sentgy e = el o

where C' > 0 is independent of p.

Proof. Due to Theorems 2.2 and 2.3, it suffices to show that with 8 = (—1/2,—1/2)

lw = @llmi(r, ) < Cllu = ellrsg): (2.10)

Note that for z € R,, 4, C R?, there hold for 7,5 = 1,2

L—ro < (1 —ua;) <2,
I+ z;
o </i07

+ a;

(2.11)
/Ko <

where kg is a constant depending on 6y, which implies for |o| = 1

I

2

D (u — )Pde < C / D — )P TI(1 — 22y 2

70,00 RTO,QO i=1

< Clu— ‘Pﬁ[lﬁ(@)

10



and

2

u — pffde < / = o TI(1 = 22 2de
Q

=1

I

70,60
< lu— ‘PHJQLIO”B(Q)-

Then (2.10) follows immediately. O

2.3 Upper Bound of Approximation Error

for Functions of 7 log” r-type

Let
u(x) =r"log"r x(r)®(0), (2.12)

where y(r) and ®(§) are the same as in Section 2.2, v > 0, integer v > 0. It can be
proved that v € H'*EV5(Q) and u € BH2=9#(Q), with 8 = (—=1/2,—1/2) and an
arbitrary € > 0. It will result in a loss of O(p~°) in approximation. To avoid the loss,

we have to modify the weighted Besov space B*#(Q). For v > 0, ( < k, 0 < 0 < 1,

define
B(Q) = (H"(Q), H*(Q)), ., (2.13a)
with the norm
t—@
s = —— Kt 2.13b
HUHBD”B(Q) Stgg (1 + |10gt|)y X( 7u)7 ( 3 )

where K (t,u) is defined in (2.3c).
The factor (14 |logt|)™" in (2.13b) is supposed to balance the factor log” r in the
functions given in (2.12). Hence the space B5?(Q) can characterize the functions of

7 log” r-type more precisely than the space B*%(Q).

11



Theorem 2.5. Let u be given in (2.12) with v >0 and v > 0 Then u € BT9(Q)

if v is not an integer, or 7 is an integer and v = 0, and u € Biffﬁﬁ(Q) if v is an

integer and v > 1, with § = (—1/2,—1/2).

Proof. Let ps5(r) be a cut-off C* function as before, and v = v 4+ w with v = @s(r)u

and w = (1 — s(r))u. By a straightforward calculation we have for / < 142y < k
Iollzresg) < €870 Ollogs]
and

0] sy < €8+ log 5.

> 2 11—/
By selecting § = t%7 for 0 <t < 1 and 6 = %, we have
K (¢
sup —X( ) <C

o<t<1 (1 +|logt|)r —

and

=K (t,u)
sup —————— < |lullge <C,
P T Togayr = MMl <

which implies u € B!T2%(Q).

If v is an integer > 0, we write u = v 4+ w, with
w =1"log"(r + 0)x(r)®(0)

and

v=r"(log" r —log"(r +4))x(r)®(9).

By a straightforward calculation, we have for & > 2r 4+ 1
H w HHW(@)S C§rHI=k)/2 | log § |1/—1

12



and

| v [[ro.s@< CEFV2 | log § |77,

which implies

k(t,u) < c|logd |’} <5w+1/2 n tm"'(l—k)/?)

and by selecting § = % and 0 = (2v + 1)/k we get

=K (t,u)
su
o (14 [log €)=t =

which implies u € BT?77(Q). For details of the above argument we refer to [?]. O

Theorem 2.6. Let u € B3°(Q), s > 0, v > 0. Then there exists a polynimial

© € P,(Q) such that for integer { < s
lu = @llaesigy < Cp~C= (14 log ) Jlull g5 g (2.14)

where C' is dependent of p.

Proof. Due to Definition (2.13), there are v € H%?(Q) and w € H*?(Q) such that

forall t >0

lolleniy + Hlwllara@) < C (1 + [ogt)” llull ge g (2.15)
—/
k-1
H%P-projection of w on P,(Q), satisfies

where { < s < k, § = By Theorem 2.1 the polynomial w,, which is the
[ = wyllgesigy < Cp~ 9wl mrsq).

Therefore
le = wpllmes(q) < Nollmeri@) + [lw = wpllmeso)
< wllzesg) + Cr™ " wll s (2.16)

< C(llollmesi) + 2~ O lwllmer@) -

13



Letting ¢t = p~*=9 and combining (2.15) and (2.16), we have
lu = ¢llmren@) < C (lolles) + twllms@)
¢ v
< C1°(1 + log t) HuHBﬁ”B(Q)

< Cpt9 (1 + logp)” HuHstﬁ(Q)a
which leads to (2.14). O

Remark 2.2. It is worth noting that the space B5°(Q), v > 0, is not an exact
interpolation space of exponent # defined by usual K-method. We proved Theorem
2.6 by using the definition (2.13) of B%?(I") and Theorem 2.5, but not by using the
usual arguments of exact interpolation spaces as we argued for Theorem 2.2 in [?].
The space B##(Q) is actually a uniform interpolation space. For various important
properties of the space B*#(Q), such as reiteration and equivalent norms by the

K-method and the J-method, we refer to [?].

For the functions in B5?(Q) there is a sharp estimate on the upper bound of

approximation error, which is parallel to Theorem 2.4.

Theorem 2.7. Let u be given in (2.12). Then

) < Cp™" (1 + log p)” (2.17a)

inf flu = @llmi(a, o) <

wEPR(Q)

if v is not an integer, or v is an integer and v = 0; and

inf |lu—o|lmmr, )< Cp~7 (1 —|—10gp)y_1 (2.17b)

0,06
wEP(Q) 0o

if v is an integer and v > 0,where C' is independent of p.

Proof. Due to Theorem 2.5, u € B+*%(Q). Applying (2.10) and (2.14) for ( = 1,

we have a ¢ € P,(Q) such that

[ = @l (ryy ) < Clle = @llmsr

r0,00 Toyeo)

< CptY (1+logp)” HuHBﬁ?W(Q)

14



which yields (2.17a). Similarly (2.17b) stands for integer v and v > 0. O

2.4 Lower Bound of Approximation Error for Functions of
r7log” r-type

To prove the lower bounds of approximation error for functions of 7 log” r-type with
v > 0 or with non-integer v and v = 0 in n-dimensions, we need an asymptotic
expression of approximation error in one dimension. For functions of x”-type in one
dimension it has been explored very well in [?]. We shall establish the asymptotic
expression of approximation error for the function of z”log” x-type with v > 0.

Let H®A(I), B > —1 be the weighted Sobolev space on [ with Jacobi weight

defined in Section 2.1, and let P,(I) denote the set of polynomials of degree < p on
I.

Lemma 2.1. Let u € HY(I) with 3 = 0, and let u, € P,(I) be the projection of u

on P,(I) in L*(I). Then
[u — wplgisry > pllu — wpllr21)- (2.18)

Proof. Let u = E;’; a;Lj(x), where L;(x) is the Legendre polynomial of degree j.

0

Then w, = >"_ya;L;(x), and

- 2
v — @pllr2(r) = Z |%‘|m-

J=p+1

Since u'(x) = Za]‘L’z(:p) = Zajji ;1_1)(:1:) where pil_i)(:li) is the Jacobi polynomial

J
J=1 J=1

of degree (j — 1), and u(x) = » a; 4 p;_1'(x). Due to the orthogonal properties of

15



the Jacobi polynomial (see [?])

1 i) 0 0 ifi#£y
e (2)ps 7 (2)(1 — 2*)da = . )
[t - ) I
(27 +3)(5 +2)
we have
. 2 8]
' —ul|(1 — 2?)dr = 2 ( ) . .
[ ]22]1' CESVTESY
Z | ]|2 7+ 1)
J= p-I—l 2 +1
>p Z | ]|
J=p+1 2 +1
ZPZHU—@’\%2(1)
which yields (2.18). O

Theorem 2.8. Let u = (z +1)7, v > —1/2, and let ©(x) be the projection of u on

P,(1), p > max(1,v) in L*(I). Then, for v >0, @’(zx) = dd;V @2 () is the projection

of the function u, = (1 4+ 2)"In"(1 + z) in L*(I), and

_ 1
Hm—¢wmnzpm“@wm»0+0go (2.19)

with

E,(vy,p)? = (ch () In? 1—|—p)> : (2.20)

where Cs(7), 0 < s < v, are analytic for v > —1.

Proof. Since u € L*(I), we have the expansion:



where L;(x) is the Legendre polynomial of degree ¢, and according to [?]

I'(t —v)

i(v) = (=1)7'C : 42 2.21
) = ()G i+ 221
with
HIT(1 4+ ~)2sin
Coly) = ( WV) ! (2.22)
Let ¢9(x) = >°7_gai(y)Li(x); then it was proved in [?, Theorem 5] that
0 _ - 2 2 - F —(2v+1) 1 O 1
lu — ()22 = gp; ai(7) 5757 = Eolv:p)p +0()
with
E (7 p)2 — 03(7)
0 ) (4@ _I_ 2) ”
where O(%) depends on 5. This is (2.20) for v = 0.
By differentiation with respect to 7, we have
d
uy=—(1+a) =(1+2)In(l+ ).
dy
Then u; € L*(I), and has the expansion:
wr =Y bi(y)Lifx)
=1
with b;(v) = ai(v) for v > —1. Also
d P P
pr(a) = @@3(1‘) =Y di(y)Lix) =Y bi(y)Li(x)
=0 =0
which is the projection of uy on P,(I) in L*(1), and
o = ey = D )5 223)
ur = @5llLan = i:pﬂ“i Vet ‘

17



It follows from (2.21) that

i) = 0+ 1 G0 g + G (7
(2.24)
Lo —y)M"e+~+ 2))}
I'(i+~v+2)? '
Due to formula 6.3.8 of [?]
I"(z) = % (InT(2)I'(2) = ¢(2)I'(2) (2.25a)
with
plz)=lnz— 21_2 - 12122 * 12(1)24 - 25(1)26 L (2.25b)
Therefore for z > 1
p(z)=Inz 4 0(1)
and
[(z) < T'(z) (lnz + O(é)) )
Due to Stiring’s formula [?] and (2.24)-(2.25), we obtain
() = o) (1 ¥ o@)) L (1 ¥ 0(%))
and

which yields

B 1
Hm—¢wanzawmm@w”0+0go

18



with

Co(v) |
ml (1+p)

2(C3(7) + Co(7)Co(v)(4er + 2))
0 +2) In(1 + p)

N 205(7) + 2Co(7)Co(v)(4y + 2) + Cy(v)?(4y + 2)°
(4 +2)°

47+QZC v)In®(p + 1),

where Cy_4(7y),s = 0,1, 2 are analytic functions for v > —1, which is (2.24) for v = 1.

E{(v.p) =

For v > 1 we can derive analogously

y Co(y)In" i 4+ Cy(y)In" i+ ...Cu(~ 1
iy = SO0 2 (1voi)),

which leads directly to

ot () — @)y = B (3, )@+ (1 ¥ 0<3>)

p

with

E,(v,p)* = 47+2 (ZCU o 1+p)) 7

where C,_s(v), s =0,1,2,...v are analytic for v > —1. Thus we complete the proof

of the lemma for v > 0. ]
Corollary 2.1. If v is not an integer, there holds with Co(vy) # 0
1
— " (2)||2 @D (1 1 —) . 2.2
Joute) = 2l = ol ) (14O ) (220

If v is an integer and v = 0, Co(v) = Fo(vy,p) = 0, and there is no approxrimation

error in this case.

If v is an integer and v > 0, Co(y) = 0 and C1(v) # 0, and there holds

! ))> C2.21)

() = @ @llz2) = o)™V I (14 p) (1 oGy

19



2
Remark 2.3. (2.25) implies that » :°/ di—yyai(’y)‘ converges uniformly with respect

to parameter v € [y, A] for any 79 > —1 and A < oco. Hence, for v > —1/2 and
integer v > 0, the following always holds

dl/
d~v

(e = (e (0 = L)L)
Theorem 2.9. Let u = r"®(0)x(r), with non-integer v > 0, where x(r) and ®(9)

are smooth functions defined as in (2.6). Then

inf ||lu— 1oy > Cp™, 2.28
=l 2 (229

where C' > 0 is independent of p.

Proof. We assume that ®(f) # 0 and that y(r) = 1 for 0 < r < 1 . There is
an interval [f1, 03] on which |®()] > ®¢ > 0. For any ¢(x) € P,(Q), ¢(r,0) is a

polynomial of r with # as a parameter. Therefore

/ e [ [ e -
_ /:2 B(0) (/01 2rdr> do.

Since |®(0)] > ®¢ > 0 on [0y,0,], @71 (A)e(r,0) is a polynomial of r, which is well-

2

0 rdrdf

g(u—@

96— (0))

defined on [0,1]. Therefore

Ay > 2 —
/0 o (r ) ((9)(,9) rdr > weﬁfll)/o ER (r w)| rdr
1 a 2
> Ry _
weﬁfll)/o ER ( w)| (1 —r)dr
= lﬂf |7",y — w|217,@(1) 5

where 3 = (0,0), [; = (0,1). By Lemma 2.1
|7"’7 — wﬁ'{l”@(h) 2 Cp |7",y _ w|L2(Il) .

20



Since v # integer, by Theorem 5 of [?] we have

1
= wlpag, = [Colr) Y (1 s o<];>) .

Summarizing the above, we have

J

which implies (2.28). O

2

a dl’ 2 CCI)(Z)(@Q — Gl)p_m,

g(u—@

Theorem 2.10. Let u = r"log” ry(r)®(0) with ®(0) and x(r) being C> functions

as in the previous lemma. Then

inf |ju— 0|z > Cp~2(1 + log p)*~, 2.29
b= el g > Cp1(1+log p) (2:29)

where C' > 0 is independent of p, v* = v —1 if v is an integer and v > 0, and v* = v.

otherwise.

Proof. We can proceed as in the proof of Theorem 2.9 except for using Theorem 2.8

and Corollary 2.1 instead of Theorem 5 of [?]. O

2.5 Lower Bound of Approximation Error for Functions of
r’-type with Integer ~

We now consider the lower bound of the approximation error for functions of r7-
type with an integer v. Obviously, the arguments in the proof of Theorem 2.9-2.10,
which are based on one-dimensional analysis, are unable to give us a precise estimate
on lower bounds for n-dimensional cases with an integer v. Namely, it will give a
zero lower bound, but it is not sharp. Hence we have to develop a totally different

approach to derive a sharp estimate on a lower bound for n dimensions, n > 2.

21



Lemma 2.2. Let F(t) be a non-increasing function on [0,00), and 7}imF(t) = 0.
—+00

Then, there is a function G(t) on (0,00) with the following properties:

(P1) G(t) > F(t) fort € (0,00),

(P2) G/(t) is non-increasing,
(P3)  lim Gl =0,
G(th) 1
(P4) G((t)) > 5 for t € (1,00) and integer k > 1.
Proof. Let {p,}_, and {p,,,}32, be a sequence and its subsequence with p,, = 2"
and p,,, = 2F where m, = K10 =1,2,.... Define
G(t) = F(t) for € (0, pm, ],
G(t) = G(me) fOI’ pm[ S t < pmg+17
and

Glpnens) = Max{F (b, ), 5 G0 )

Obviously, (P1) and (P2) hold. Since G/(t) is non-increasing, (P3) holds if there
is a sequence {xp, }o7_; such that lim x, = oo and lim G(z,) = 0. Let p,, be such
m—00 mM—00

that G(pm, ) = F(pm, ). If these p,,, form an infinite sequence, we have

lim pp,, = oo and lim G(pm,) = Zlim F(pp,)=0
=00

=00 =00

It {pmz }or contains only finite number of terms, then there exists fo > 0 such that

G(pmy ) = (5)0 G(Pmy, ) for £ > Lo, which immediately leads to

lim p,,, = o and lim G(pp,) = 0.
£—00

£—00
which implies (P3).
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Due to the definition of G/(1) we have for p,,, <t < p,,,

G(t*) _ Glon,) _ Glpmey,) 1

G(t)  Glpm,)  Glpm,) — 2

Hence, (P4) holds. O

Remark 2.4. Monotonicity of F(t) is not necessary for constructing G:(¢) in Lemma

2.2. Since lim F'(t) = 0 there is a sequence {t,}>>, such that limt, = oo and

t—00 n—00

F(tys1) < F(tn), n=1,2,.... Define F

_ﬁ(f(tn-l'l)_f(tn))—l_f(tn)v tngtgtn+17 n:1,2,..,
n+1 n

F(t)y=F(t)), 0<t<t.

Then G(t) can be constructed based on F(t) such that G(t) > F(t), F(t,) = F(t,),
and (P2)—(P4) hold.
We now introduce a weighted Besov space associated with the function G satisfying

(P1)-(P4) :

BE(Q) = (H(Q). Q) .,

with norm

lll  TTK(tu)
ez =38 e

where 0 < § < 1, s = (1 —0)( + 0F.

Lemma 2.3. If for all p > 1 there holds

inf ||lu— 20y < Cp°G
onto = ¢l = CpGilp)

where G(t) satisfies (P1)—(P4), then u € Bgﬁ/(Q) with 3" = (0,0).
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Proof. We write u = v +w with w = ¢,, € P, (Q), where p,, = 2™* with integer

k > s. Then
[0l go.er gy = Iollze@) = I — @p.llr2(@) < AP Glpm),
[[wl] g, Q) = = [|pp, + Z ‘Pp] ¥pj—1 M . #(Q)

< [lep, HkaB'(Q) + Z H‘ij — ¥pj-1 HHkﬁ'(Q)v

by inverse inequality [?, Lemma 5.1],

< Cpblenliiz + 3 plen = ool )
7=2

< C{p ) + v = 2 llr2@)

—I_ prHu - Sopj HL2(Q) —I_ Hu - S‘Qp]_l HL2(Q)}
=2
< C{llulliza) + P Gm) + z (V5 Glpy) + i, Glpi) |
< C{lullzzo) + Zp’f )

< {llulz +pmsa<pm>i(ﬁ)k_55<f;)>}-

N

Pm

Here we used the facts that p;_; = 27%p;. G(p;_1) = G(p;) if 2k < Pi—1, p; < ok
and G(p;j_y) < 2G(p;) if pj_y < 28 < p,.

Due to the definition of Gi(¢) and (P4), we have for k > s + 1

m k—s m
p_]) ]mk52m]_ 2]mk51
> <3 >

Pm

which implies for & > s + 1
leollgesngy < C{lullzzq) + i Glpm) |-
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Therefore, for 0 <t < 1

K(tu) < lollgos gy + twllgre g
< Ap,PGpm) + Ct (Jull 120y + P Glpn))

< C (A lullrz@) (P Glpm) + o Glpm)) -

Here we used the fact that pf=*G(p,,) > 2"t~V G (p) > C. Selecting t = p=* and

0 = s/k we have

UK (t, u) G(t1/F)
GOy < C(A+ lullzeg)) N

by (P4),

<20 (A4 ||ulle2g)) -

Fot ¢t > 1, it is trivial to show that

K (t,u)

Thus the proof of the lemma is completed. O

Let S = (0,1) x (0,1), and let Ty be the rectangular radical mesh with nodal

points (21, 2;),

i\’ I\’ .
1 = (ﬁ) , To; = (ﬁ) i,7=0,1,2,... N (2.30)

(z2)

T2
=1, — 1,1 and hj

where o > 0. By hﬁ““) = 23, — 3,1 we denote the length of
edges of element 7,; = (21,1, 214) X (23,-1,22,), 1,7 = 1,2,... N.
Let Py(7;;) (resp. Py(S)) be set of polynomials of (separate) degree < 2 over 7;

(resp. ), and let P(Ty) = {p(x) |p(z)] € Pa(m;)}-

Tiy
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Lemma 2.4. Let v € H*(S)NC°(S),k > 1. Then for 1 <{,m <k

0lu
|u — Thou|| 12 (s) ( ‘ ) (2.31)
12(8)

da}
where yu is the projection of u on Py(S) in L2
Proof. The standard arguments of the projection in the framework of the Legendre

expansion lead directly to the assertion of the lemma. O

Lemma 2.5. Let T be radical mesh defined by (2.30) with o > 3. Assume that
u=0 at (1/2,1/2) and

Pu\’ Pu\’
/s ((8—:1;1> at + (8—:1;2> :1:%) dr = |u|qu*(5) < 0.

N
|u— H?“H%?(S) = Z |u— H?“H%?(T,,)
i =1 (2.32)

S CN_6|U|§{3*(S)

Then

where 1y is a projection operator in L*(S) (resp. L*(7;;)) on Py(S) (resp. Pa(7;)).

Proof. On elements 7;;,1,7 > 1, by Lemma 2.4 we have

9B ||? 6 ||0%ul®
Hu—quH22 i < C{ 9.3 T ) 50 }7
L2(7y5) 8:1;:1)’ L2(7i;) ! 8:1;:2)’ L2(7i5)
by (2.30),
S CN_6|U|?—[3*(7—U)‘ (233)

We next consider the approximation on 7 ;,7 > 1. By Schwarz inequality we get
DPu| | [ Pult, )

dt‘
r11 83 1/2 T 1/2
g(/ xd:z;1> (/ t—3dt>
1/2 8:1:1 1/2
([,
1/2

9 V2
“ x:l)’dx1> —,

da? 1
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which implies

a_u S /I1 azu(t;x?) dt
r1,1 2 2 1/2 Ty 1/2
< / w i/‘ldwl (/ t_5/4dt>
1/2 dxy 1/2

Pu(t,zy)|

3
Oy

<C / |
1/2

Therefore we have

2

ou 0>y

Cde <o ()" 3d
/m a—xl £ < ' > /71/2J a—x:{) o
where 71/5; = (0,1/2) X (23,-1, %2,;).
For 5 > 1 we have
/ 83u2d< C/ 83u23d
—| dx xyde.
T1 6:1;% N x%,j—l T1j 6:1;% :
Applying Lemma 2.4 with m = 1 and ¢ = 3 we get
2 PPul?
— Mufde < C{ (1) s Y
/TU |u 2U| 0 ' T1/2,5 ax:f e
(22)[°
N ‘hj / Pul? 5 }
x%,j—l le ax% xz : ’

by (2.30),

S C <N_7|u|?{3*(s) + N_6|u|?{3*(7_1j)> .
In the same way, we have for ¢ > 1

/ lu — Maul*dz < CN7° (|u]gassy + [ulgesir,)) -
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Similarly we have by applying Lemma 2.4 with m =/ =1

2 Pul?
/ lu — Tyu|*de < C{ h(lxl) / a—;; zidx
T11 Ti1 1
2 P’
+ ple2) / — :I;Sd:z;}
< ON"lulfae(s)- (2.35)
Then (2.32) follows from the combination of (2.33)~(2.35). O

Lemma 2.6. Let u € Bé’ﬁ/(Q) with 3" = (0,0), and let T be a radical mesh on Q
with o > 3 which is a union of four radical meshes on unit squares S;,1 = 1,2,3,4

with Sy = (=1,0)%, 85 = (—=1,0) x (0,1), S5 = (0,1) x (=1,0), and Sy = (0,1)*. Then

inf flu—¢|l200) < CNT*G(N?) (2.36)

wEP (T)

with C' > 0 independent of N.

Proof. Due to the definition of Bé’ﬁ/(Q), there exist v € H%%'(Q) and w € H>(Q)

such that for ¢t > 0
[0l 0.5 @) + twll gz gy < CtQ/BG(l/t)HUHBéﬁ'(Q)- (2.37)

Let x(t) be a C* function such that y(t) =1 for 0 <t < 1/2 and x(¢) =0 for ¢t > 1.

4
We compose w = ) ,_, wy where

wy = wx(z1)x(r2),
Wy = wX(Slfl)(l - X(l'?))v
ws = w(l — x(x1))x(22),

wq = w(l — x(z1))(1 = x(22)).
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Note that supp. wy C Q1 = (—1,0) x (—=1,0), supp. wy C Q2 = (—1,0) x (=1, 1),
supp. ws C Qs = (—3,1) x (=1,0), and supp. wy C Q4 = (—3,1) x (—3,1). Since
H>P'(Q) C C%(Q) (see [?, ?]) we have by Lemma 2.6

||y — szlHiz(Q) = |Jwy — H2w1”3:2(621)
§0N4(9(i;;i1+af+éggzﬂ+wﬁﬁdx
o ( % 2 (1 B :1;2)3 n PPwy 2 (1 B :1;2)3> dz
= 0, oz’ ! da; ’

S CN_6|U)1|?{3”6/(Q)

S CN_6|U)|2375/(Q),

where Ilyw; is the projection of wy on Py(()q). Similarly, the following hold

lwy — Tgws |72y = lwz — Mawal|72g,) + llws — Maws|[72 g,
8311)2 2 8311)2 2
— Maws|F2i0,) < CN7° 1 3 1 1d
|| w2 2wsl|7 (Q2) = o, ( D (14 2)” + pre (14 x2) x
S CN_6|U)|3¥3”3/(Q),
and
8311)2 3 311)2 2 3
HU)Q H2w2HL2 < CN / / 8;1; —|—$1) + W (1 —|—$2) dzx
-1/2J-1 1 2
8311)2 8311)2 2
< CN~ / / —:1;23—|— 1 —a2)? ) de
-1/2J1 ( 8:1:1 2 dx; ( d

S CN_6|U)2|23”6/(Q)

S CN_6|U]|§_13”6/(Q).

The functions w3 and w4 are approximated by the projection on P(Q;),1 <[ < 4,

and similar estimates hold.
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Letting Ilyw = 22}21 II5w,, we have
4
[w — sz”%?(@) = Z |2 — szé”%?(@,g)
(=1
< CN—GHwH?{Sﬁ’(Q)?

which implies

= |72y < ollz) + lw — Wawl|Z2(q)

< ollzzay + OV ol -

by selecting ¢t = N2,

<C <HUHL2(Q) + tWH%W(Q)) ’
by (2.37),

< CPEG( D] ull o g

. —2 3 )

which leads to (2.36). O

Lemma 2.7. Let u = ry(r)®(0), where r = (2 + 22)'2, x(r) and ®(0) are C*
functions such that x(r) =1 forr < /2 < 1/2 and x(r) =0 forr > §, and () £ 0

on (0,7/2). Then there exist 6,05 € (0,7/2) such that

inf s, — @llr2s,) > CN72, 2.38
nf ey = el 2 (2.38)

where T is a radical mesh with o =4, So = {x € S|r < § and ; < 0 < 0,}, and

(r,0) are polar coordinates.
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Proof. By straightforward calculation we have for |a| =4

1
|Daul’1| < 0_47
r
and for |a| <3 and |z| < /2
N 1
D Uy = T—SKIIQ(G),

where U, () is analytic and not identically zero. Hence there exists an interval [6;, 65]

such that for 8 € [01,0,] and all o with |a| = 3
W, (0)] > Co >0,
which implies that there holds in S, for |a| = 3
D%y, | > Cofr?, (2.39a)

and for |o| = 4,

Py,

ox3

Py,

dy3

1
| D%, | < C— (
”

) . (2.39Db)

Let M;; be a linear mapping of ) onto the elements 7;; C ()s5/2,, and by U;; we

denote the mapped functions

Ui](f? 77) = Uy, (sz(fv 77))

By scaling arguments, (2.39) leads to, for |a| = 4,

g3

1D U] < C P Jhy) (
17| =

(|h£xl)|3 + |h;‘x2)|3)\/ xii—l + x%,j—l

Note that there holds for some ¢,, > 0,m = 1,2,

on?

) (2.40)

1

—T1i-1 < T2 -1 < KT1,i-1,

K (2.41)
arh{™ < Bl < ephly,
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which, together with (2.30) and (2.40), leads to

i)
Zi

-1

-
o

where (' is independent of 7,7 and N. We now assume and will prove later that there

63Uij
o3

on?

)
)

) (2.42)

aSUZ']‘
o¢?

aSUZ']‘
o¢?

aSUZ’]‘
on?
on?

exists €' > 0 such that

1Us; = Ui [ 725) = ClUiGlFos(s) (2.43)
. o 9 _lefuy, |2, ety |
where II,U;; is the projection of U;; on the P»(S) and |UiJ|H3*(S) = |7 5|

which immediately leads to

o 2 || 0 us (o) |2 P,
Hul’l - H2ux1HL2 Tij 2 C ‘h; 1) ! + L le2 1
" day L2(7;) ! o3 12(r)
by (2.30),(2.39) and (2.41)
4
> C ||

> CN™™.

This yields

[SN]  [Ka2d]
inf flu—@liasy =CY > ONT?

P (T,
PeP ) P

> (N2,

where K, = tan ;.
Now it remains to prove (2.43). If it is not true, there exists a sequence {U,, }5°_,

among those U;;,1 <1,7 < NN =1,2,... such that

Tr}l_r}rio HUm — HQUmHL2(Q) = 0, (2.44)
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U, | U, |*
|Un [2rv 0y = =1 (2.45)
0 [12(0) I’ |12
Furthermore, we have by (2.42) and (2.45)
DU = ) DU < C. (2.46)

|o|=4

We introduce an equivalent norm on H*(Q) (see [?])

1/2
{|U|fq4(@) + U fenq) + HH?“H%2(Q)} )

which, together with (2.44)~(2.46), implies that {U,, }>°_; is a bounded sequence in
H*(Q). By compactness theorem (see e.g. [?]) there is a subsequence, denoted by

{Un }2_, again, such that

lim U, =U in H*(Q).

m—00

Consequently
0 = 1,0 ) = 0

and

UHS*(Q) =1,
but these two contradict each other. Thus we complete the proof of the lemma. [

We now conclude with our main result of this subsection.

Theorem 2.11. Let u = r7x(r)®(0) with integer v where x(r) and ®(0) are C*
function satisfying (2.7) as before. Then, if rY®(0) is not a polynomial, there exists

a constant C' independent of p such that

inf J|u— 1oy > Cp~ 27, 2.47
o) lu = @l = Cp (2.47)
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Proof. For the sake of simplicity we shall prove the case for v = 1. The proof for
integer v > 1 is similar to what follows. Suppose (2.48) is false, then there exists

some F'(p) such that lim,_. F(p) =0, and

inf  ||u— 1 < Cp~2F(p).
= slne) < CrF )

Due to Lemma 2.2 and Remark 2.3 we can construct a function G() satisfying (P1)-
(P4), and introduce a weighted Besov space Bé’ﬁ/(Q) with 3" = (0,0). Then D%u €

Bé’ﬁ/(Q) for |o| < 1. It is proved in Lemma 2.6 that for |a| <1

inf  ||D% — o||r20) < CNT2G(N?), 2.48
1D = llzzio) < (V%) (2.48)

where limy_,., G(N?) = 0. On the other hand, Lemma 2.8 indicates that there exists

a constant C' independent of N such that

inf  Jug, — |20y > CN72, 2.49
it pllrze) > (2.49)

which contradicts (2.48). Hence the theorem is proved for v = 1.
For integer v > 1 we can analogously show that D%u € B?g’ﬁ/(Q) with 5" = (0,0),

and for |o| =1

inf D% = gl 120y < Cp~ 2 G(p?+Y), 2.50
) H @HL Q > bp (p ) ( )
and
inf |[|[D% — 20y > Cp™2. 2.51
ver(@) ] ellrz@) = Cp (2.51)

The contradiction between (2.50) and (2.51) leads to (2.47) immediately for all integer

v. U

Remark 2.5. If u = v with even integer v then there is no approximation error if a
polynomial of degree p > v is used. In general, the estimate (2.47) holds if u = r7®(9)

is not a polynomial on ).
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2.6 Lower and Upper Bounds of Approximation Error in the
n-dimensional Cube (—1,1)"

We now consider the approximation to functions of r”log” r-type in the n-dimensional

cube ™. Let

u=r"log" ry(r)®(z) (2.52)
with ¥ > 0 and v > 0, where r = (> (z; + 1)2)1/2,2 = (21,22,-..,%n-1) is the
variable on the unit sphere S = {x|r = 1} centered at the vertex (—1,—1,--- —1).

x(r) and ®(z) are C* functions such that y(r) satisfies (2.7a) and
O(z) =0 for z€S,,, (2.53)

where S, C S = 5N I" such that the the (angular) distance between Sy, and the

xs-axis is larger than kg, 1 <1 < n. Then
Suppu C Ry = Ry ={x € I"|r <rg,2 € Sy }, (2.54)

and (2.11) holds for 1 < 1,5 < n with constant ko depending on 6.
We have the following results for the n-dimensional setting which are analogous

to Theorem 2.5 ~ 2.7 and Theorem 2.9 ~ 2.11.

Theorem 2.12. Letu be given as in (2.52). Thenu € B2P(I™) with 3 = (-1, -1 ...

n’? n’

and s =2v+n—1.

Theorem 2.13. Let u be given as in (2.52). Then, if r"log” r®(z) is not a polyno-

mial,

Cyp~ =21 4 logp)”” < e}vnfln) v = llE (R, o) < Cop™ =2 (1 4 log p)”",
©EP;

(2.55)
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where Cy and Cy are constants independent of p, v*° = v — 1 if v s an integer and

v >0, and v* = v, otherwise .

3 Approximation Error of the p-version Finite El-
ement Solution in Two Dimensions

In this section we shall analyze the approximation error of the p-version finite element
solutions for elliptic problems on polygonal domains in two-dimensions in the frame-
work of weighted Besov spaces. The lower and upper bounds of the approximation

error will be rigorously proven.

3.1 The p-version Finite Element Solution in Two Dimen-
sions

Let © be a polygonal domain shown in Fig. 3.1, with vertices 4;,1 < ¢ < m,
(Amt1 = A1), and (open) edge I'; = A;A;41. By w; we denote the internal angle
between I'; and I';;;. Let D be a subset of M = {0,1,..., M}, and N' = M\ D. We
refer to I'p = Useply as the Dirichlet boundary and I'ny = Us;enl; as the Neumann
boundary.

Consider a boundary value problem:

—Au+u=f in

du
—_ o g‘
an T'n

By H*(Q),k > 0, integer, we denote the usual Sobolev space and HL () = {u €

36



HY () |u|r, = 0}. The variational form is to seek u(z) € HL(£) such that
B(u,v)= F(v) Vo€ HL(Q) (3.2a)
where B is the bilinear form on H}(Q) x HL(Q):
B(u,v) = /Q(Vu Vo + uv)dr, (3.2b)
and F is the linear functional on H'():

(3.2¢)

Fig. 3.1 Polygonal domain €2

Let T = {A} be a family of quasi-uniform meshes A = {Q;}” with shape regular
elements Qs which are (open) triangles and quadrilaterals. We assume that Q =
U™, Q; and Q; N Q;,7 # j is an entire side, a vertex in common, or empty.

By M; we denote an affine mapping of S = (—1,1)? onto ;. The finite element

space is defined as
SP(Q;A) = {p € H'(Q)|p o M; is a polynomial of degree p on S}

and

SP(Q;A) = SP(Q; A) N HL(Q).
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The finite element formulation is to seek u, € S7,(£; A) such that
B(u,,v) = F(v), Yo € ST A). (3.3)
Due to the coercivity of B, it follows easily that

)l < C inf — ol 3.4
[l = up|lm1 (@) < Uesﬁg;A)H“ o[l (3.4)

Theorem 3.1. Let u € H¥(),k > 1 be the solution of the problem (3.2), and let

u, € SP(Q; A) be the finite element solution of (3.3). Then there holds forp >k —1
lu = wpllmri@) < Cp~"VJullray- (3.5)

Proof. First, we introduce a linear mapping M which maps Q onto Q' C Q = (—1,1)?,
and then we extend the function @ = w o M on @ with preserving the H*-norm,

denoted again by @. Obviously @ € H*?(Q) with any 3 > 0. Then by Theorem 2.1

there is a polynomial ¢ € P,(Q) such that
i = Glmegg) < Cp™ " Dlalrs(g)
< Cp~ Vi)l s o) (3.6)
< Cp* |l e y-

Note that ¢ = g o M~ € SP(; A) and

lu— @l < Clla— @llmeg)

which,together with (3.4) and (3.6), leads to (3.5) if |['p| = 0.
For |I'p| # 0 we refer to [?] for the techniques to adjust the Dirichlet boundary
conditions on elements §; such that |09Q; N I'p| # 0. We also refer to [?] for the

arguments of partition of unity for homogeneous Dirichlet boundary conditions. [J
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3.2 The Lower and Upper Bounds of Approximation Errors
for Elliptic Problem with Singular Solution in Polygonal

Domains

It is well known that the solutions of problem (2.1) in polygonal domains are singular
in neighborhoods of vertices A;’s, governing the performance of the finite element
solutions.

Let S5, = {x € Q|dist(x,A;) < 4§} be a neighborhood of the vertex A; with
6; € (0,1) shown in Fig. 3.2. §; is selected such that S5, N S5, = 0 for ¢ = .
Qo = Q\ UiemSs, /2 contains no vertices of Q, and Qg NS5, # 0 for i € M. Qq is called

the regular part of the domain ).

Fig. 3.2 A neighborhood of the vertex A;

It is known that if f € H*2(Q),g € H**/2(Q),k > 2 then u € H*(Qp), and in
each neighborhood S5, u(x) has an asymptotic expansion in terms of singular functions
of r’log” r-type:

[ q i .
w= 3 i (logr) P ell(0)xB(r) + uf] (37)

m21
o<l <k—1

where (r;,60;) are polar coordinates with the origin located at the vertex A;, and

ug] € H*(Ss,) is the smooth part of wu, 1/7[2],%[2] > 0, vl are integers. We assume
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that I/T[fl] > V[i]+1 > 0 and ’yT[fL] < ’y[i]_l_l, X[i](ri) and CI)[i](Gi) are (C°°-functions such that

m m

X[i](ri) =1for 0 <r <é;/2, X[i](ri) = 0 for r > §;. Let v, and ¢4 be such that

y=miny{! =4 = max =l (3.8)
: =y

We will apply the estimates of error based on the weighted Besov space to the

problem (3.1).

Theorem 3.2. Let u be the solution of the problem (3.1) with f € H*2(Q) and
g € H*32(T), k > max{2,2y + 1} and let u, € SL(Q;A),p > k — 1 be the finite

element solution. Then
e — )] < Cp (1 + log p)” (3.9)

with a constant C' independent of p, with v and v given in (3.8), and

v if v is not an integer
vVi=9q v—1 if~isan integer and v > 1 (3.10)
0 ifr=20

Remark 3.1. The estimate (3.9) was given in [?], where special techniques were
used for the corner singularity and adjustment between elements was made for C°-
continuity while retaining the optimal rate of the approximation error on each ele-
ment. Here we will use a different approach, namely using the weighted Besov space

to obtain the error estimate and using partition of unity for the C°-continuity.

Proof. of Theorem 3.2  Due to (3.4), it suffices to construct a series of polynomial

0, € SHQ;A),p=k—1,k, ..., such that for each p
lu = @pllmey < Cp~ (1 +logp)” (3.11)
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By Ty,1 < ¢ < L, we denote vertices of the mesh A and by (); we denote a union
of elements which have T as a vertex, i.e. Q¢ = Ur,.q, Q;. T, and Q, are referred
to as a node and a patch centered at Ty, respectively. Let ¢, € S'(Q; A) such that
be(Ty) = 1, ¢o(T;) = 0 for j # (. Note that supp. &, = Q, and that S0 & = 1.
Thus {¢,}, is a partition of unity.

Let ¢, = Ele gbgc,og]_l with c,og]_l € P,_1(Q¢), where P,_1(Q);) is a set of polynomial

of degree p on (). Then, ¢, € SP(Q; A) and
L
u—py =3 dulu—@ll).
=1

We now need to construct a polynomial c,og]_l € P,_1(Q¢) in each patch @), such that

c,og]_l satisfies the homogeneous Dirichlet boundary condition on I'p, and

¢ (k-
e = eplillinay < Cr~*Vllully (3.12)
if Q, contains no vertices of Q, or
le =Ly < Cp™(1 + log p)” (3.13)

if Q, contains a vertex of €.
For the sake of simplicity, we assume that |I'p| = 0. We refer to [?] for technical
detail of arguments for the Dirichlet boundary condition and the mixed boundary

condition.

4

o1 on each (), for two different cases:

We shall construct ¢
(A) Q¢ contains no vertex;
(B) Q¢ contains a vertex.

Case (A): Since Q, contains no vertices of Q, Q, C Qo and u € H*(Qy). We

introduce a linear mapping M, which maps Q; onto @, C Q = (—1,1)%, and @ =
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wo M;'. @ can be extended to whole () preserving the H* norm. By standard

argument of the p-version on @) (e.g. see [?, Lemma 4.1]) there exists a polynomial

@p—1 € Po—1(Q) such that

1d = Ge-illmg) < Cp~ "Vl ieq)- (3.14)

Let c,og]_l = @p—1 0 My. Then c,og]_l € P,_1(Qr), and (3.12) follows from (3.14).

Case (B): We shall analyze the case that the center Ty is the vertex A; of ) because
the treatments for those with 7y located on the boundary or in interior are the same
with what follows.

We assume that Ty = A; is the origin and that there are several elements (),
1 <t < m around the vertex A; located on the line § = 6,, 0 < t < m, where
0o = 0,0,, = w;. In Q the solution has an asymptotic expansion (3.7), namely
u = v + ug, where ug € H*¥(Q,) is the smooth part, and

v = Z "™ (log 7)™ @, (0) x (1)

m>1
ngk—l

is the singular part, where we omitted the super-index [i].

0]

Since ug € H*(Q,), using the argument in Case (A), we have a polynomial c,oL_l €
Py_1(Qe) (or SP7HL; A)) such that
o = &3l < €~V lfuollina- (3.15)

We shall next construct a polynomial c,ogﬂl € P,_1(Qy) for two cases: (B1) the
internal angle w; < m; (B2) the internal angle w; > 7.

In case (B1), there is a 0 > 0 such that w; + 20 < 7. We extend ®(8) to interval
[—o,w; + o]; then v is extended to @)} which contains @, and is between the lines

§ = —o and 0 = w; + 0. We now introduce an affine mapping M which maps
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Q% into Q% C Ry = Ryyg C Q = (—1,1)%, where R, g, is defined in (2.8). Then
o =vo Mt e B (Q), with s =142y and 3 = (—1/2,—1/2). By Theorem 2.7,

there exists a polynomial ¢,_; € P,_1(Q) such that
18— Gpoi ||t (r) < Cp~ 2" (1 + log p)*i. (3.16)

Letting c,o[v] = @p-10M € P,_1(Q}), we have

p—1 7

lo — & @ < v — el an

< Clo = Gpillm1(ro)s
by (3.16),
< Cp™1(1 + log p)1. (3.17)

Noting that & > 2y 4 1, and combining (3.14) and (3.16), we have (3.13) for case
(B1).

In case (B2), we extend ®(0) to [—o,w; + o], with ¢ > 0, such that 6, + 0 < 7
and (0, — 0—1) + 0 < 7. Let 0y = —0 and 0,41 = w; + 0, and let Qy and Q44
denote the two additional elements, which are between lines # = #_; and 6 = 6, and
the lines § = 60, and 6 = 6,1, respectively.

Let Sy = (0i—1 + 04,0i11 — 04), with 0,1 <t < m properly selected, such that
{St}72y will be a cover of [0,w;]. Let {¢4};2, be a partition of unity subordinated to
the cover {S:}™,. Set v; = v, supp. vy C S; C (2 U Qiy1). We assume here that
(0141 — 01—1) < m for all 0 < ¢ < m. For each v; it becomes case (B1); namely, there

exists a polynomial ¢l € P,_1(Q: U Qy1), such that

e = 5L i1 @ty ) < Cp~ (1 + log p)7.
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We extend ¢ by zero outside of Sy, and set c,o[v] = Y7, ol Then c,ogJ]l €

p—1 -

SPTHQ; A), and
lo = e illmen € D Mo = il @iwn
t=0
< Cp* (1 4 log p)'7,
which together with (3.15) leads to (3.13).
If (0:, —0:—1) > 7 for some t, we introduce an additional linear mapping M; which
maps the line § = 6, onto itself and maps the line § = #,_; onto § = #,_; such that

0, — 0, , <m— (041 —0:). Then (0,41 — 0,_,) < 7, the case is converted to the one

which we have analyzed above. For details of this technique, we refer to [?]. O
We shall next prove a lower bound theorem.

Theorem 3.3. Let u be the solution of the problem (3.1) with f € H*2(Q) and
g € H"3%(Ty), k = max{2,1 + 27}, and let u, € SH(Q;A) be the finite element

solution of the corresponding problem (3.3). Then

=l > Cp21(1 + log )", (3.18)

*

where C is independent of p, v* is given in (3.10), v and v are given by (3.8).

Proof. We assume that {2, is the element containing the vertex A;, where the strongest

singularity occurs. It suffices to prove
e — wp|| 1 () > Cp~™(1 +log p)”” (3.19)

By M, we denote a linear mapping which maps €; onto R C ) = (—1,1)* and A;
to the vertex (—1,1). We may assume R C R,, 4, C ) with some rq € (0,1) and

0o € (0,73), with R, g, as defined in (2.8). Let & = v o M; and @, = u, o M;. Then
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i, € P,(Q). For non-integer v and any v > 0, and integer v with v > 0, we have by

Theorem 2.9-2.10
@ = |10y > Cp™*'(1 +log p)”, (3.20a)
and for integer v with » = 0 by Theorem 2.11 we have
@ — |l o) > Cp™7, (3.20b)

where (' is independent of p. Because M; is a linear mapping (3.18) follows immedi-

ately from (3.20). O

Combining the estimate of the upper and lower bounds of errors of the p-version
in the H'-norm derived above, we now conclude with the optimal error estimate for

the elliptic problem on polygonal domains.

Theorem 3.4. Let u and u, be the solution of the problem (3.1) on polygonal domain
Q and the finite element solution of the p-version in S},(; A), respectively. Then

there are constants Cy and Cy independent of p such that
Cip™ (1+log p)”" < flu = wy[lm (@) < Cop™ (1 4 logp)"”,

where v and v are given in (3.8), which represent the strongest singularity of the

solution of the problem (3.1). v* is given in (3.10).

Remark 3.2. We have rigorously proved the optimal convergence of the p-version of
the finite element method for two dimensions. The mathematical tools and techniques

can be generalized to three dimensional problems.

Remark 3.3. Whether 'y and C; are asymptotically the same remains to be an-

swered yet. Nevertheless, the same order on the the upper and lower bound of errors
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allows us to develop a-posteriori error estimators by extrapolation of computational

solutions, which will be reasonably reliable in practice if the difference between Cy

and (5 is not very large.
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