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Abstract. This paper will analyze the lower and upper error bounds of the �nite

element solution of the p-version for linear elliptic problems in polygonal domains.

The optimal rate of convergence is rigorously proved based on the sharp estimates of

lower and upper bounds of the approximation error.
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1 Introduction

The p-version, the h-version and h{p-version are the three basic approaches of the

�nite element method. The p-version achieves accuracy by increasing the element

degree p on a �xed mesh. It was proved in 1980 that the p-version �nite element

solution converges in the energy norm at least as fast as the h-version and that it

converges twice as fast as the h-version if the singularity of r
-type in solution occurs

near vertices of nonsmooth domains, where r denotes the distance to the vertices.

The convergence rate, given in ([?]), is of order O(p�2
+�) with � > 0, arbitrary. The

result was sharpened in 1986 by removing � (see [?, ?]). Since then, the p-version of

the �nite element method has developed rapidly in all aspects such as approximation,

solution of the resulting linear algebraic system, and applications to mechanics and

engineering. There are several commercial and research codes based on the p and h{p

version, including MSC/PROBE, Applied Structure, PolyFEM, Stresscheck, PHLEX

and STRIPE.

Although signi�cant progress has been made in the past two decades, several

important issues of the p-version in two dimensions remain to be addressed. First,

the lower bound of approximation error and the optimal rate of convergence for the

p-version �nite element method has to be established. Second, the inverse approx-

imation theorems for the p-version, which provide knowledge on the regularity of

solutions of the problems under consideration based on information gathered by com-

putation, is of great theoretical and practical interest. Third, a reliable and accurate

a-posteriori error estimator for the p-version is not available,

It is known that the usual Sobolev spaces are not adequate for problems on non-

smooth domains. The usual Besov space may be a very good vehicle for the h-version
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approximation, but it is obviously not adequate for the p-version approximation for

the problems on nonsmooth domains. Hence it seems that usual Sobolev and Besov

spaces are not e�ective mathematical tools to address the important issues mentioned

above. The performance of p-version in one dimension was adequately analyzed in

[?] and a precise asymptotic expression of the approximation error of the p-version

was given there. Unfortunately, the arguments in [?] can not be carried over to the

higher-dimensional setting.

After two decades of e�ort, we have recently found that the best mathematical tool

for the p-version in two and three dimensions is the weighted Besov spaces with Jacobi

weights (see [?]). These spaces allow us to e�ectively characterize the singularity of

the solution of problems on nonsmooth domains, to precisely estimate the lower and

upper bounds of the approximation error, and to establish optimal convergence of

the p-version. The direct and inverse approximation theorems in the framework of

weighted Besov spaces perfectly re
ect the relations between the approximation and

the singularity of the solutions. All of these results can lead to reliable a-posteriori

error estimation and adaptive strategy for the p-version.

This paper will concentrate on the estimate on lower and upper bounds of the

p-version approximation error in two dimensions. The rest of the paper is organized

as follows : In Section 2 we introduce the weighted Sobolev space Hk;�(Q) and Besov

space Bs;�(Q) over square domain Q = (�1; 1)2 for functions of r
-type, and the

lower and upper bounds of the p-version approximation error are proved based on

the space Bs;�(Q). In order to adequately analyze the lower and upper bound of

the p-version approximation for functions of r
 log� r-type with integer � > 0, we

modify the weighted Besov space Bs;�(Q) to Bs;�

�
(Q). It is interesting to note that

the results for integer 
 and non-integer 
 are di�erent. For example, if 
 is an
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integer and � = 1, the factor log p will not appear in both lower and upper bound of

the error. Furthermore, we generalize the weighted Besov spaces and approximation

results to an n-dimensional setting. The lower and upper bound of errors of the p-

version �nite element solutions for elliptic boundary value problems and the optimal

rate of convergence are proved in Section 3.

2 Approximation Properties in the n-dimensional

Cube

In this section we shall investigate the approximation properties in the n-dimensional

cube for functions in weighted Sobolev spaces and weighted Besov spaces. For the

sake of exposition we shall give rigorous proofs in 2 dimensions, then generalize the

result to the n-dimensional case.

Throughout this section, we denote the n-dimensional cube by In = (�1; 1)n; in

particular, we write I = I
1 = (�1; 1) and Q = I

2 = (�1; 1)2.

2.1 Sobolev and Besov spaces with Jacobi weights

Let � = (�1; �2; : : : ; �n) and � = (�1; �2; : : : ; �n) be two n-tuples with integers �i � 0

and real numbers �i > �1, 1 � i � n. A weight function associated with � and � is

de�ned as

W�;�(x) =

nY
i=1

(1� xi
2)�i+�i (2.1)
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and the spaces Hk;�(In) with integer k � 0 is de�ned as a closure of C1-functions

furnished with a weighted norm:

kukHk;�(In) =

8<
:

kX
j�j=0

Z
In

jD
�
uj

2
W��(x)dx

9=
;

1=2

=

8<
:

kX
j�j=0

Z
In

jD
�
uj

2

nY
i=1

(1� xi
2)�i+�idx

9=
;

1=2

; (2.2)

where D�
u = u

x
�1
1 x

�2
2 :::x

�n
n
. By jujHk;�(Q) we denote the semi-norm involving the

highest derivatives of u.

For integers ` and k, ` < k, and � 2 (0; 1) we introduce an interpolation space

B
s;�(In) =

�
H

`;�(In);Hk;�(In)
�
�;1

(2.3a)

with s = (1 � �)`+ �k. This space is referred to as a weighted Besov space with the

norm

kukBs;�(In) = sup
t>0

t
��
K(t; u); (2.3b)

where

K(t; u) = inf
u=v+w

�
kvkH`;�(In) + tkwkHk;�(In)

�
: (2.3c)

Note that the Jacobi polynomials p
(�;�)
m (t) and its derivatives d

�

dt�
p
(�;�)
m (t) are orthog-

onal with the weight W��(t) = (1� t
2)�+�. Hence we refer to the weight function in

(2.1) as the Jacobi weight and refer to � = (�1; �2; : : : �n) as the exponent of the Ja-

cobi weight, or the Jacobi exponent. The spaces Hk;�(In) and Bs;�(In) are referred to

as the weighted Sobolev space and Besov space with the Jacobi weight, respectively.

By Pp(I
n) we denote the collection of polynomials of (separate) degree � p. We

have the following approximation properties for functions in Hk;�(In) and Bs;�(In)
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Theorem 2.1. Let u 2 Hk;�(In), k � 0, and let up be the projection of u on Pp(I
n)

in H0;�(In). Then for ` � k

ju� upjH`;�(In) � cp
�(k�`)

:jujHk;�(In): (2.4)

Proof. For u 2 Hk;�(In), k � 0, there is an expansion by the Jacobi polynomials

u =
X

0�m1<1

� � �

X
0�mn<1

am1;m2:::mn

nY
i=1

p
(�i;�i)
mi

(xi):

The properties of the Jacobi polynomials (see [11]):

d

dt
p
(�;�)
m

(t) =
1

2
(m+ � + 1)p

(�+1;�+1)
m�1 (t);

and Z 1

�1

d
k

dtk
p
(�;�)
m

(t)
d
k

dtk
p
(�;�)

`
(t)(1� t

2)k+�dt

=

8>><
>>:
0 if m 6= `

22(�+1) [(m+ 2� + 1) � � � (m+ 2� + k)]
2
�(m + 2� + 1)2

(m� k)!(2m+ 2� + 1)�(m + k + 2� + 1)
if m = `

lead directly to (2.4). For the details, we refer to [?].

Since Bs;�(In) is an exact interpolation space of exponent �, de�ned by the usual

K-method, the standard arguments of interpolation spaces yields the approximability

of functions in Bs;�(In).

Theorem 2.2. Let u 2 Bs;�(In), s > 0, and let up be the projection of u on Pp(I
n)

in H0;�(In). Then for ` < s

ku� upkH`;�(In) � cp
�(s�`)

kukBs;�(In): (2.5)
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2.2 Upper Bound of Approximation Error

for Functions of r

-type

Let A1 = (�1;�1) be the vertex of Q and �1 be the edge fx = (x1;�1)jx1 2 Ig and

let (r; �) denote the polar coordinates with respect to the vertex A1 and the edge �1.

0r

x +1 = 2 (x +1)1

(x +1)1 κ

Q
θ

0

R
0r ,

0

1

-1

1-1

(-1,-1)

X

X

1

2κ

x +1 = 2

θ
0

θ
0

/

Fig. 2.1 Square Domain 
 and sub region Rr0;�0

We consider the approximation to the function on Q

u(x) = r


�(r)�(�); (2.6)

where 
 > 0, �(r) and �(r) are C1 functions such that for 0 < r0 < 2 and 0 < �0 <

�=2,

�(r) = 1 for 0 < r < r0=2

�(r) = 0 for r > r0

; (2.7a)

and

�(�) = 0 for ��2(�0; �=2� �0): (2.7b)
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Obviously, Supp u � R0 = Rr0 ;�0
, where

Rr0;�0
= fx 2 Qj0 < r < r0; � 2 (�0; �=2� �0)g (2.8)

, which is shown in Fig. 2.1.

In order to e�ectively approximate the function given in (2.6) we have to charac-

terize the function in terms of the weighted Sobolev and Besov spaces introduced in

Section 2.1.

Theorem 2.3. Let u be the function given in (2.6). Then u 2 H
1+[2
];�(Q) and

u 2 B
1+2
;�(Q) with � = (�1=2;�1=2). Hereafter [a] denotes the biggest integer < a.

Proof. It is trivial to verify that u 2 H
1+[2
];�(Q) by de�nition. To show u 2

B
1+2
;�(Q), we need to write u = v + w with v = '�(r)u and w = (1 � '�(r))u

where '�(r) is a C
1-function such that '�(r) = 1 for 0 < r < �=2 and '�(r) = 0 for

r > �. Obviously v 2 H
`;�(Q) for any 0 � ` < 1 + [2
] and w 2 H

k;�(Q) for any

k > 1 + 2
. Furthermore, it is seen that

kvkH`;�(Q) � C�

+ 1

2
(1�`)

and

kwkHk;�(Q) � C�

+ 1

2
(1�k)

;

which implies that

K(t; u) � C

�
�

+ 1

2
(1�`) + t�


+ 1
2
(1�k)

�
:

Selecting � = t
2

k�` and � = 1+2
�`

k�`
, we have for 0 < t < 1,

sup
0<t<1

t
��
K(t; u) � C:
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For t > 1 it always holds that

sup
t>1

t
��
K(t; u) � kukH`;�(Q) � kuk

H1+[2
];�(Q);

which completes the proof.

Remark 2.1. In one dimension, we consider the function of x
-type with 
 > 1=2

u(x) = x


�(x):

It can easily be shown that u0(x) 2 B2
�1;�(I) with � = 0, which is the interpretation

of Theorem 2.3 for n = 1 with � = �1.

The theorem above, together with Theorem 2.2, leads to the next approximation

theorem.

Theorem 2.4. Let u be given in (2.6). Then

inf
'2Pp(Q)

ku� 'kH1(Rr0;�0
) � Cp

�2

; (2.9)

where C > 0 is independent of p.

Proof. Due to Theorems 2.2 and 2.3, it su�ces to show that with � = (�1=2;�1=2)

ku� 'kH1(Rr0;�0
) � Cku� 'kH1;�(Q): (2.10)

Note that for x 2 Rr0;�0
� R

2, there hold for i; j = 1; 2

1 � r0 � (1� xi) � 2;

1=�0 �
1 + xi

1 + xj
� �0;

(2.11)

where �0 is a constant depending on �0, which implies for j�j = 1Z
Rr0;�0

jD
�(u� ')j2dx � C

Z
Rr0;�0

jD
�(u� ')j2

2Y
i=1

(1 � x
2
i
)�i�1=2dx

� Cju� 'j
2
H1;�(Q)
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and

Z
Rr0;�0

ju� 'j
2
dx �

Z
Q

ju� 'j
2

2Y
i=1

(1 � x
2
i
)�1=2dx

� ku� 'k
2
H0;�(Q):

Then (2.10) follows immediately.

2.3 Upper Bound of Approximation Error

for Functions of r

 log� r-type

Let

u(x) = r

 log� r �(r)�(�); (2.12)

where �(r) and �(�) are the same as in Section 2.2, 
 > 0, integer � � 0. It can be

proved that u 2 H
1+[2
];�(Q) and u 2 B

1+2
��;�(Q), with � = (�1=2;�1=2) and an

arbitrary � > 0. It will result in a loss of O(p��) in approximation. To avoid the loss,

we have to modify the weighted Besov space Bs;�(Q). For � > 0, ` < k, 0 < � < 1,

de�ne

B
s;�

�
(Q) =

�
H

`;�(Q);Hk;�(Q)
�
�;1;�

(2.13a)

with the norm

kuk
B
s;�
� (Q)

= sup
t>0

t
��

(1 + j log tj)�
K(t; u); (2.13b)

where K(t; u) is de�ned in (2.3c).

The factor (1+ j log tj)�� in (2.13b) is supposed to balance the factor log� r in the

functions given in (2.12). Hence the space Bs;�

�
(Q) can characterize the functions of

r

 log� r-type more precisely than the space Bs;�(Q).
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Theorem 2.5. Let u be given in (2.12) with 
 > 0 and � � 0 Then u 2 B1+2
;�
�

(Q)

if 
 is not an integer, or 
 is an integer and � = 0, and u 2 B
1+2
;�
��1 (Q) if 
 is an

integer and � � 1, with � = (�1=2;�1=2).

Proof. Let '�(r) be a cut-o� C
1 function as before, and u = v + w with v = '�(r)u

and w = (1� '�(r))u. By a straightforward calculation we have for ` < 1 + 2
 < k

kvkH`;�(Q) � C�

+ 1

2
(1�`)

jlog�j
�

and

kwkHk;�(Q) � C�

+ 1

2
(1�k)

j log �j�:

By selecting � = t
2

k�` for 0 < t < 1 and � =
2
 + 1� `

k � `
, we have

sup
0<t<1

t
��
K(t; u)

(1 + j log tj)�
� C

and

sup
t>1

t
��
K(t; u)

(1 + j log tj)�
� kukH`;�(Q) � C;

which implies u 2 B1+2
;�
�

(Q).

If 
 is an integer > 0, we write u = v + w, with

w = r

 log�(r + �)�(r)�(�)

and

v = r

 (log� r � log�(r + �))�(r)�(�):

By a straightforward calculation, we have for k > 2r + 1

k w kHk;�(�)� C�

+(1�k)=2

j log � j��1
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and

k v kH0;�(�)� C�

+1=2

j log � j��1;

which implies

�(t; u) � c j log � j��1
�
�

+1=2 + t�


+(1�k)=2
�

and by selecting � = t
2
k and � = (2
 + 1)=k we get

sup
t>0

t
��
K(t; u)

(1 + j log tj)��1
� C;

which implies u 2 B1+2
;�
��1 (Q). For details of the above argument we refer to [?].

Theorem 2.6. Let u 2 B
s;�

�
(Q), s > 0, � � 0. Then there exists a polynimial

' 2 Pp(Q) such that for integer ` � s

ku� 'kH`;�(Q) � Cp
�(s�`) (1 + log p)

�
kuk

B
s;�
� (Q)

(2.14)

where C is dependent of p.

Proof. Due to De�nition (2.13), there are v 2 H
`;�(Q) and w 2 H

k;�(Q) such that

for all t > 0

kvkH`;�(Q) + tkwkHk;�(Q) � Ct
� (1 + j log tj)

�
kuk

B
s;�
� (Q)

(2.15)

where ` < s < k, � =
s� `

k � `
. By Theorem 2.1 the polynomial wp, which is the

H
0;�-projection of w on Pp(Q), satis�es

kw � wpkH`;�(Q) � Cp
�(k�`)

kwkHk;�(Q):

Therefore

ku� wpkH`;�(Q) � kvkH`;�(Q) + kw � wpkH`;�(Q)

� kvkH`;�(Q) + Cp
�(k�`)

kwkHk;�(Q)

� C
�
kvkH`;�(Q) + p

�(k�`)
kwkHk;�(Q)

�
:

(2.16)
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Letting t = p
�(k�`) and combining (2.15) and (2.16), we have

ku� 'kH`;�(Q) � C
�
kvkH`;�(Q) + tkwkHk;�(Q)

�
� Ct

� (1 + log t)
�
kuk

B
s;�
� (Q)

� Cp
�(s�`) (1 + log p)

�
kuk

B
s;�
� (Q)

;

which leads to (2.14).

Remark 2.2. It is worth noting that the space Bs;�

�
(Q), � > 0, is not an exact

interpolation space of exponent � de�ned by usual K-method. We proved Theorem

2.6 by using the de�nition (2.13) of Bs;�

�
(In) and Theorem 2.5, but not by using the

usual arguments of exact interpolation spaces as we argued for Theorem 2.2 in [?].

The space Bs;�

�
(Q) is actually a uniform interpolation space. For various important

properties of the space Bs;�

�
(Q), such as reiteration and equivalent norms by the

K-method and the J-method, we refer to [?].

For the functions in B
s;�

�
(Q) there is a sharp estimate on the upper bound of

approximation error, which is parallel to Theorem 2.4.

Theorem 2.7. Let u be given in (2.12). Then

inf
'2Pp(Q)

ku� 'kH1(Rr0;�0
) � Cp

�2
 (1 + log p)
�

(2.17a)

if 
 is not an integer, or 
 is an integer and � = 0; and

inf
'2Pp(Q)

ku� 'kH1(Rr0;�0
) � Cp

�2
 (1 + log p)
��1

(2.17b)

if 
 is an integer and � > 0,where C is independent of p.

Proof. Due to Theorem 2.5, u 2 B
1+2
;�
�

(Q). Applying (2.10) and (2.14) for ` = 1,

we have a ' 2 Pp(Q) such that

ku� 'kH1(Rr0;�0
) � Cku� 'kH1;�(Rr0;�0

)

� Cp
�(s�`) (1 + log p)

�
kuk

B
1+2
;�
� (Q)
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which yields (2.17a). Similarly (2.17b) stands for integer 
 and � > 0.

2.4 Lower Bound of Approximation Error for Functions of

r

 log� r-type

To prove the lower bounds of approximation error for functions of r
 log� r-type with

� > 0 or with non-integer 
 and � = 0 in n-dimensions, we need an asymptotic

expression of approximation error in one dimension. For functions of x
-type in one

dimension it has been explored very well in [?]. We shall establish the asymptotic

expression of approximation error for the function of x
 log� x-type with � > 0.

Let Hk;�(I), � > �1 be the weighted Sobolev space on I with Jacobi weight

de�ned in Section 2.1, and let Pp(I) denote the set of polynomials of degree � p on

I.

Lemma 2.1. Let u 2 H
1;�(I) with � = 0, and let up 2 Pp(I) be the projection of u

on Pp(I) in L
2(I). Then

ju� upjH1;�(I) � pku� upkL2(I): (2.18)

Proof. Let u =
P

1

j=0 ajLj(x), where Lj(x) is the Legendre polynomial of degree j.

Then up =
P

p

j=0 ajLj(x), and

ku� 'pkL2(I) =

1X
j=p+1

jajj
2

2j + 1
:

Since u0(x) =

1X
j=1

ajL
0

j
(x) =

1X
j=1

aj
j+1

2
p
(1;1)

j�1 (x) where p
(1;1)

j�1 (x) is the Jacobi polynomial

of degree (j � 1), and u0
p
(x) =

pX
j=1

aj
j+1

2
p
(1;1)

j�1 (x). Due to the orthogonal properties of
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the Jacobi polynomial (see [?])

Z 1

�1

p
(1;1)

i
(x)p

(1;1)

j
(x)(1� x

2)dx =

8>><
>>:
0 if i 6= j

8(j + 1)

(2j + 3)(j + 2)
if i = j

;

we have Z 1

�1

ju
0
� u

0

p
j(1 � x

2)dx =

1X
j=p+1

jajj
2

�
j + 1

2

�2
8j

(2j + 1)(j + 1)

=

1X
j=p+1

jajj
2 2

2j + 1
j(j + 1)

� p
2

1X
j=p+1

jajj
2 2

2j + 1

= p
2
ku� 'k

2
L2(I);

which yields (2.18).

Theorem 2.8. Let u = (x+ 1)
 , 
 > �1=2, and let '0


(x) be the projection of u on

Pp(I), p � max(1; 
) in L2(I). Then, for � � 0, '�


(x) = d

�

d
�
'
0


(x) is the projection

of the function u� = (1 + x)
 ln�(1 + x) in L2(I), and

ku� � '
�



kL2(I) = p

�(2
+1)
E�(
; p)

�
1 +O(

1

p
)

�
(2.19)

with

E�(
; p)
2 =

1

4�+ 2

 
�X

s=0

C��s(
) ln
s(1 + p)

!2

; (2.20)

where Cs(
), 0 � s � �, are analytic for 
 > �1.

Proof. Since u 2 L2(I), we have the expansion:

u(x) =

1X
i=0

ai(
)Li(x)
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where Li(x) is the Legendre polynomial of degree i, and according to [?]

ai(
) = (�1)i�1C0(
)
�(i� 
)

�(i+ 
 + 2)
(i+ 2) (2.21)

with

C0(
) =
2
+1�(1 + 
)2 sin�


�
(2.22)

Let '0


(x) =

P
p

i=0 ai(
)Li(x); then it was proved in [?, Theorem 5] that

ku� '
0


(x)kL2(I) =

1X
i=p+1

ai(
)
2 2

2i + 1
= E0(
; p)p

�(2
+1)

�
1 +O(

1

p
)

�

with

E0(
; p)
2 =

C
2
0(
)

(4�+ 2)
;

where O(1
p
) depends on 
. This is (2.20) for � = 0.

By di�erentiation with respect to 
, we have

u1 =
d

d

(1 + x)
 = (1 + x)
 ln(1 + x):

Then u1 2 L
2(I), and has the expansion:

u1 =

1X
i=1

bi(
)Li(x)

with bi(
) = a
0

i
(
) for 
 > �1. Also

'
1


(x) =

d

d

'
0


(x) =

pX
i=0

a
0

i
(
)Li(x) =

pX
i=0

bi(
)Li(x)

which is the projection of u1 on Pp(I) in L
2(I), and

ku1 � '
1


k
2
L2(I) =

1X
i=p+1

a
0

i
(
)2

2

2i+ 1
: (2.23)
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It follows from (2.21) that

a
0

i
(
) = (�1)i�1(i+ 1=2))

n
C
0

0(
)
�(i� 
)

�(i+ 
 + 2)
+ C0(
)

� �0(i� 
)

�(i+ 
 + 2)

+
�(i� 
)�0(i+ 
 + 2)

�(i+ 
 + 2)2

�o
:

(2.24)

Due to formula 6.3.8 of [?]

�0(z) =
d

dz
(ln �(z)) �(z) =  (z)�(z) (2.25a)

with

 (z) = ln z �
1

2z
�

1

12z2
+

1

120z4
�

1

250z6
+ : : : (2.25b)

Therefore for z > 1

 (z) = ln z +O(
1

z
)

and

�0(z) � �(z)

�
ln z +O(

1

z
)

�
:

Due to Stiring's formula [?] and (2.24)-(2.25), we obtain

a
0

i
(
) =

C
0

0(
)

i2
+1

�
1 +O(

1

i
)

�
+
C0(
) ln i

i2
+1

�
1 +O(

1

i
)

�

=
C
0

0(
) + C0(
) ln i

i2
+1

�
1 +O(

1

i
)

�

and

1X
i=p+1

ja
0

i
(
)j2

2

2i+ 1
=

1X
i=p+1

C
0

0(
)
2 + C

2
0(
)(ln i)

2 + 2C0(
)C1(
) ln i

i4
+3

�
1 +O(

1

i
)

�
;

which yields

ku1 � '
1


k
2
L2(I) = E1(
; p)p

�(2
+1)

�
1 +O(

1

p
)

�
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with

E
2
1(
; p) =

C
2
0(
)

(4
 + 2)
ln2(1 + p)

+
2 (C2

0 (
) + C0(
)C
0

0(
)(4�+ 2))

(4
 + 2)2
ln(1 + p)

+
2C2

0(
) + 2C0(
)C
0

0(
)(4
 + 2) + C
0

0(
)
2(4
 + 2)2

(4
 + 2)3

=
1

4
 + 2

2X
s=0

C
2
2�s(
) ln

s(p + 1);

where C2�s(
); s = 0; 1; 2 are analytic functions for 
 > �1, which is (2.24) for � = 1.

For � > 1 we can derive analogously

a
(�)

i
(
) =

C0(
) ln
�
i+ C1(
) ln

��1
i+ : : :C�(
)

i2
+1

�
1 +O(

1

i
)

�
;

which leads directly to

ku�(x)� '
�



(x)kL2(I) = E�(
; p)p

�(2
+1)

�
1 +O(

1

p
)

�

with

E�(
; p)
2 =

1

(4
 + 2)

 
�X

s=0

C��s(
) ln
s(1 + p)

!2

;

where C��s(
), s = 0; 1; 2; : : : � are analytic for 
 > �1. Thus we complete the proof

of the lemma for � � 0.

Corollary 2.1. If 
 is not an integer, there holds with C0(
) 6= 0

ku�(x)� '
�



(x)kL2(I) = C0(
)p

�(2
+1) ln�(1 + p)

�
1 +O(

1

ln(1 + p)
)

�
: (2.26)

If 
 is an integer and � = 0, C0(
) = E0(
; p) = 0, and there is no approximation

error in this case.

If 
 is an integer and � > 0, C0(
) = 0 and C1(
) 6= 0, and there holds

ku�(x)� '
�



(x)kL2(I) = C1(
)p

�(2
+1) ln��1(1 + p)

�
1 +O(

1

ln(1 + p)
)

�
: (2.27)
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Remark 2.3. (2.25) implies that
P

1

i=0

��� d�
d
�
ai(
)

���2 converges uniformly with respect

to parameter 
 2 [
0; A] for any 
0 > �1 and A < 1. Hence, for 
 > �1=2 and

integer � � 0, the following always holds

d
�

d
�
(1 + x)
 = (1 + x)
 ln�(1 + x) =

1X
i=1

d
�

d
�
ai(
)Li(x):

Theorem 2.9. Let u = r

�(�)�(r), with non-integer 
 > 0, where �(r) and �(�)

are smooth functions de�ned as in (2.6). Then

inf
'2Pp(Q)

ku� 'kH1(Q) � Cp
�2


; (2.28)

where C > 0 is independent of p.

Proof. We assume that �(�) 6� 0 and that �(r) � 1 for 0 < r < 1 . There is

an interval [�1; �2] on which j�(�)j � �0 > 0. For any '(x) 2 Pp(Q), '(r; �) is a

polynomial of r with � as a parameter. ThereforeZ
Q

���� @
@r

(u� ')

����
2

dx �

Z
�2

�1

Z 1

0

���� @
@r

(r
�(�)� ')

����
2

rdrd�

=

Z
�2

�1

j�(�)j2

 Z 1

0

���� @
@r

(r
 � ��1(�)')

����
2

rdr

!
d�:

Since j�(�)j � �0 > 0 on [�1; �2], �
�1(�)'(r; �) is a polynomial of r, which is well-

de�ned on [0; 1]. ThereforeZ 1

0

���� @
@r

�
r


� ��1(�)'

�����
2

rdr � inf
w2Pp(I1)

Z 1

0

���� @
@r

(r
 � w)

����
2

rdr

� inf
w2Pp(I1)

Z 1

0

���� @
@r

(r
 � w)

����
2

r(1� r)dr

= inf
w2Pp(I1)

jr


� wj

2

H1;�(I) ;

where � = (0; 0), I1 = (0; 1). By Lemma 2.1

jr


� wj

2

H1;�(I1)
� Cp jr



� wj

L2(I1)
:
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Since 
 6= integer, by Theorem 5 of [?] we have

jr


� wj

L2(I1)
= jC0(
)jp

�(2
+1)

�
1 +O(

1

p
)

�
:

Summarizing the above, we have

Z
Q

���� @
@r

(u� ')

����
2

dx � C�2
0(�2 � �1)p

�2

;

which implies (2.28).

Theorem 2.10. Let u = r

 log� r�(r)�(�) with �(�) and �(r) being C1 functions

as in the previous lemma. Then

inf
'2Pp(Q)

ku� 'kH1(Q) � Cp
�2
(1 + log p)�

�

; (2.29)

where C > 0 is independent of p, �� = ��1 if 
 is an integer and � > 0, and �� = �.

otherwise.

Proof. We can proceed as in the proof of Theorem 2.9 except for using Theorem 2.8

and Corollary 2.1 instead of Theorem 5 of [?].

2.5 Lower Bound of Approximation Error for Functions of

r

-type with Integer 


We now consider the lower bound of the approximation error for functions of r
 -

type with an integer 
. Obviously, the arguments in the proof of Theorem 2.9{2.10,

which are based on one-dimensional analysis, are unable to give us a precise estimate

on lower bounds for n-dimensional cases with an integer 
. Namely, it will give a

zero lower bound, but it is not sharp. Hence we have to develop a totally di�erent

approach to derive a sharp estimate on a lower bound for n dimensions, n � 2.
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Lemma 2.2. Let F (t) be a non-increasing function on [0;1), and lim
t!1

F (t) = 0.

Then, there is a function G(t) on (0;1) with the following properties:

(P1) G(t) � F (t) for t 2 (0;1);

(P2) G(t) is non-increasing;

(P3) lim
t!1

G(t) = 0;

(P4)
G(tk)

G(t)
>

1

2
for t 2 (1;1) and integer k � 1:

Proof. Let fpmg
1

m=1 and fpm`
g
1

`=1 be a sequence and its subsequence with pm = 2mk

and pm`
= 2k

`
where m` = k

`�1
; ` = 1; 2; : : : . De�ne

G(t) = F (t) for t 2 (0; pm1
];

G(t) = G(pm`
) for pm`

� t < pm`+1
;

and

G(pm`+1
) = maxfF (pm`+1

);
1

2
G(pm`

)g:

Obviously, (P1) and (P2) hold. Since G(t) is non-increasing, (P3) holds if there

is a sequence fxmg
1

m=1 such that lim
m!1

xm =1 and lim
m!1

G(xm) = 0. Let pm`0
be such

that G(pm`0
) = F (pm`0

). If these pm`0
form an in�nite sequence, we have

lim
`0!1

pm`0
=1 and lim

`0!1

G(pm`0
) = lim

`0!1

F (pm`0
) = 0

If fpm0

`
g`0 contains only �nite number of terms, then there exists `0 > 0 such that

G(pm0
) = (1

2
)`�`0G(pm`0

) for ` � `0, which immediately leads to

lim
`!1

pm`
=1 and lim

`!1

G(pm`
) = 0:

which implies (P3).
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Due to the de�nition of G(t) we have for pm`
� t < pm`+1

G(tk)

G(t)
=
G(pk

m`
)

G(pm`
)
=
G(pm`+1

)

G(pm`
)
�

1

2
:

Hence, (P4) holds.

Remark 2.4. Monotonicity of F (t) is not necessary for constructing G(t) in Lemma

2.2. Since lim
t!1

F (t) = 0 there is a sequence ftng
1

n=1 such that lim
n!1

tn = 1 and

F (tn+1) < F (tn), n = 1; 2; : : : . De�ne F

~F (t) =
t� tn

tn+1 � tn
(f(tn+1)� f(tn)) + f(tn); tn � t � tn+1; n = 1; 2; : : :

~F (t) = F (t1); 0 < t � t1:

Then G(t) can be constructed based on ~F (t) such that G(t) � ~F (t), ~F (tn) = F (tn),

and (P2){(P4) hold.

We now introduce a weighted Besov space associated with the functionG satisfying

(P1){(P4) :

B
s;�

G
(Q) =

�
H

`;�(Q);Hk;�(Q)
�
�;1;G

with norm

kuk
B
s;�
G (Q)

= sup
t>0

t
��
K(t; u)

G(1=t)
;

where 0 < � < 1, s = (1 � �)`+ �k.

Lemma 2.3. If for all p � 1 there holds

inf
'2Pp(Q)

ku� 'kL2(Q) � Cp
�s
G(p)

where G(t) satis�es (P1){(P4), then u 2 B
s;�0

G
(Q) with �0 = (0; 0).
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Proof. We write u = v + w with w = 'p` 2 Ppm(Q), where pm = 2mk with integer

k > s. Then

kvk
H0;�0(Q) = kvkL2(Q) = ku� 'pmkL2(Q) � Ap

�s

m
G(pm);

kwk
Hk;�0 (Q) = k'p1 +

mX
j=2

('pj � 'pj�1
)k

Hk;�0 (Q)

� k'p1kHk;�0 (Q) +
X

k'pj � 'pj�1
k
Hk;�0 (Q);

by inverse inequality [?, Lemma 5.1],

� C

n
p
k

1k'p1kL2(Q) +

mX
j=2

p
k

j
k'pj � 'pj�1

kL2(Q)

o

� C

n
p
k

1

�
kukL2(Q) + ku� 'p1kL2(Q)

�
+

mX
j=2

p
k

j
ku� 'pjkL2(Q) + ku� 'pj�1

kL2(Q)

o

� C

n
kukL2(Q) + p

k�s

1 G(p1) +

mX
j=2

�
p
k�s

j
G(pj) + p

k

j
p
�s

j�1G(pj�1)
�o

� C

n
kukL2(Q) +

mX
j=1

p
k�s

j
G(pj)

o

� C

n
kukL2(Q) + p

k�s

m
G(pm)

mX
j=1

�
pj

pm

�k�s
G(pj)

G(pm)

o
:

Here we used the facts that pj�1 = 2�kpj, G(pj�1) = G(pj) if 2
k
`

� pj�1, pj < 2k
`+1

and G(pj�1) < 2G(pj) if pj�1 < 2k
`+1

� pj .

Due to the de�nition of G(t) and (P4), we have for k > s+ 1

mX
j=1

�
pj

pm

�
k�s

G(pj)

G(pm)
�

mX
j=1

2(j�m)(k�s)2m�j =

mX
j=1

2(j�m)(k�s�1)
;

which implies for k > s+ 1

kwk
Hk;�0 (Q) � C

n
kukL2(Q) + p

k�s

m
G(pm)

o
:
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Therefore, for 0 < t < 1

K(t; u) � kvk
H0;�0(Q) + tkwk

Hk;�0(Q)

� Ap
�s

m
G(pm) + Ct

�
kukL2(Q) + p

k�s

m
G(pm)

�
� C

�
A+ kukL2(Q)

� �
p
�s

m
G(pm) + tp

k�s

m
G(pm)

�
:

Here we used the fact that pk�s
m

G(pm) > 2m(k�s�1)
G(p1) > C. Selecting t = p

�k

m
and

� = s=k we have

t
��
K(t; u)

G(1=t)
� C

�
A+ kukL2(Q)

� G(t�1=k)
G(t�1)

;

by (P4),

� 2C
�
A+ kukL2(Q)

�
:

Fot t > 1, it is trivial to show that

t
��
K(t; u)

G(t�1)
� CkukL2(Q):

Thus the proof of the lemma is completed.

Let S = (0; 1) � (0; 1), and let TN be the rectangular radical mesh with nodal

points (x1;i; x2;j),

x1;i =

�
i

N

��

; x2;j =

�
j

N

��

i; j = 0; 1; 2; : : : N (2.30)

where � > 0. By h
(x1)

i
= x1;i� x1;i�1 and h

(x2)

j
= x2;j �x2;j�1 we denote the length of

edges of element �ij = (x1;i�1; x1;i)� (x2;j�1; x2;j), i; j = 1; 2; : : : N .

Let P2(�ij) (resp. P2(S)) be set of polynomials of (separate) degree � 2 over �ij

(resp. S), and let P2(TN) = f'(x) j'(x)
���
�ij

2 P2(�ij)g.
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Lemma 2.4. Let u 2 Hk(S) \ C0( �S); k � 1. Then for 1 � `;m � k

ku��2ukL2(S) � C

 



@mu@x
m

1






L2(S)

+





@`u
@x

`

2






L2(S)

!
(2.31)

where �2u is the projection of u on P2(S) in L
2(S).

Proof. The standard arguments of the projection in the framework of the Legendre

expansion lead directly to the assertion of the lemma.

Lemma 2.5. Let TN be radical mesh de�ned by (2.30) with � � 3. Assume that

u = 0 at (1=2; 1=2) andZ
S

 �
@
3
u

@x1

�2

x
3
1 +

�
@
3
u

@x2

�3

x
3
2

!
dx = juj

2
H3�(S) <1:

Then

ku��2uk
2
L2(S) =

NX
i;j=1

ku��2uk
2
L2(�ij)

� CN
�6
juj

2
H3�(S);

(2.32)

where �2 is a projection operator in L2(S) (resp. L2(�ij)) on P2(S) (resp. P2(�ij)).

Proof. On elements �ij ; i; j > 1, by Lemma 2.4 we have

ku��2uk
2
L2(�ij)

� C

n���h(x1)i

���6




@3u@x31






2

L2(�ij)

+
���h(x2)j

���6




@3u@x

3
2






2

L2(�ij)

o
;

by (2.30),

� CN
�6
juj

2
H3�(�ij)

: (2.33)

We next consider the approximation on �1;j; j > 1. By Schwarz inequality we get����@2u
@x

2
1

���� =
����
Z

x1

1=2

@
3
u(t; x2)

@x
3
1

dt

����
�

�Z
x1;1

1=2

����@3u
@x

3
1

����x31dx1
�1=2�Z x1

1=2

t
�3
dt

�1=2

� C

�Z
x1;1

1=2

����@3u@x
3
1

����x31dx1
�1=2

1

x1
;
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which implies

���� @u
@x1

���� �
����
Z

x1

1=2

@
2
u(t; x2)

@x
2
1

dt

����
�

 Z
x1;1

1=2

����@2u(t; x2)
@x

2
1

����
2

x
5=4

1 dx1

!1=2�Z
x1

1=2

t
�5=4

dt

�1=2

� C

 Z
x1;1

1=2

����@3u(t; x2)@x
3
1

����
2

x
3
1dx1

!1=2

x
�1=8
1 :

Therefore we have

Z
�1j

���� @u
@x1

����
2

dx � C

�
h
(x1)

1

�3=4 Z
�1=2;j

����@3u
@x

3
1

����
2

x
3
1dx;

where �1=2;j = (0; 1=2) � (x2;j�1; x2;j).

For j > 1 we have

Z
�1j

����@3u
@x

3
2

����
2

dx �
C

x
3
2;j�1

Z
�1j

����@3u
@x

3
2

����
2

x
3
2dx:

Applying Lemma 2.4 with m = 1 and ` = 3 we get

Z
�1j

ju��2uj
2
dx � C

n�
h
(x1)

1

�2 Z
�1=2;j

����@3u@x31
����
2

x
3
1dx

+

���h(x2)j

���6
x
3
2;j�1

Z
�1j

����@3u
@x

3
2

����
2

x
3
2dx

o
;

by (2.30),

� C

�
N
�7
juj

2
H3�(S) +N

�6
juj

2
H3�(�1j)

�
: (2.34a)

In the same way, we have for i > 1

Z
�i1

ju��2uj
2
dx � CN

�6
�
jujH3�(S) + jujH3�(�i1)

�
: (2.34b)
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Similarly we have by applying Lemma 2.4 with m = ` = 1

Z
�11

ju��2uj
2
dx � C

n���h(x1)1

���2 Z
�i1

����@3u
@x

3
1

����
2

x
3
1dx

+
���h(x2)1

���2 Z
�i1

����@3u
@x

3
2

����
2

x
3
2dx

o

� CN
�6
juj

2
H3�(S): (2.35)

Then (2.32) follows from the combination of (2.33)�(2.35).

Lemma 2.6. Let u 2 B
2;�0

G
(Q) with �0 = (0; 0), and let ~TN be a radical mesh on Q

with � � 3 which is a union of four radical meshes on unit squares Si; i = 1; 2; 3; 4

with S1 = (�1; 0)2; S2 = (�1; 0)� (0; 1); S3 = (0; 1)� (�1; 0), and S4 = (0; 1)2. Then

inf
'2P2( ~TN)

ku� 'kL2(Q) � CN
�2
G(N3) (2.36)

with C > 0 independent of N .

Proof. Due to the de�nition of B
2;�0

G
(Q), there exist v 2 H

0;�0(Q) and w 2 H
3;�0(Q)

such that for t > 0

kvk
H0;�0 (Q) + tkwk

H3;�0 (Q) � Ct
2=3
G(1=t)kuk

B
2;�0

G
(Q)
: (2.37)

Let �(t) be a C1 function such that �(t) = 1 for 0 < t < 1=2 and �(t) = 0 for t > 1.

We compose w =
P4

`=1 w` where

w1 = w�(x1)�(x2);

w2 = w�(x1)(1 � �(x2));

w3 = w(1 � �(x1))�(x2);

w4 = w(1 � �(x1))(1 � �(x2)):
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Note that supp. w1 � Q1 = (�1; 0) � (�1; 0), supp. w2 � Q2 = (�1; 0) � (�1
2
; 1),

supp. w3 � Q3 = (�1
2
; 1) � (�1; 0), and supp. w4 � Q4 = (�1

2
; 1) � (�1

2
; 1). Since

H
3;�0(Q) � C

0( �Q) (see [?, ?]) we have by Lemma 2.6

kw1 ��2w1k
2
L2(Q) = kw1 ��2w1k

2
L2(Q1)

� CN
�6

Z
Q1

 ����@3w1

@x
3
1

����
2

(1 + x1)
3 +

����@3w1

@x
3
2

����
2

(1 + x2)
3

!
dx

� CN
�6

Z
Q1

 ����@3w1

@x
3
1

����
2

(1 � x
2
1)

3 +

����@3w1

@x
3
2

����
2

(1� x
2
2)

3

!
dx

� CN
�6
jw1j

2

H3;�0 (Q)

� CN
�6
jwj

2

H3;�0 (Q)
;

where �2w1 is the projection of w1 on P2(Q1). Similarly, the following hold

kw2 ��2w2k
2
L2(Q) = kw2 ��2w2k

2
L2(Q1)

+ kw2 ��2w2k
2
L2(Q2)

;

kw2 ��2w2k
2
L2(Q2)

� CN
�6

Z
Q2

 ����@3w2

@x
3
1

����
2

(1 + x1)
3 +

����@3w2

@x
3
2

����
2

(1 + x2)
3

!
dx

� CN
�6
jwj

2

H3;�0 (Q)
;

and

kw2 ��2w2k
2
L2(Q1)

� CN
�6

Z 0

�1=2

Z 0

�1

 ����@3w2

@x
3
1

����
2

(1 + x1)
3 +

����@3w2

@x
3
2

����
2

(1 + x2)
3

!
dx

� CN
�6

Z 0

�1=2

Z 0

1

 ����@3w2

@x
3
1

����
2

(1� x
2
1)

3 +

����@3w2

@x
3
2

����
2

(1� x
2
2)

3

!
dx

� CN
�6
jw2j

2

H3;�0 (Q)

� CN
�6
jwj

2

H3;�0 (Q)
:

The functions w3 and w4 are approximated by the projection on P2(Ql); 1 � l � 4,

and similar estimates hold.
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Letting �2w =
P4

`=1
�2w`, we have

kw ��2wk
2
L2(Q) =

4X
`=1

kw` ��2w`k
2
L2(Q`)

� CN
�6
kwk

2

H3;�0 (Q)
;

which implies

ku��2wk
2
L2(Q) � kvkL2(Q) + kw ��2wk

2
L2(Q)

� kvkL2(Q) + CN
�3
kwk

2

H3;�0 (Q)
;

by selecting t = N
�3,

� C

�
kvkL2(Q) + tkwk

2
H3;�(Q)

�
;

by (2.37),

� Ct
2=3
G(1=t)kuk

B
2;�0

G (Q)

= CN
�2
G(N3)kuk

B
2;�0

G (Q)
;

which leads to (2.36).

Lemma 2.7. Let u = r�(r)�(�), where r = (x21 + x
2
2)

1=2, �(r) and �(�) are C1

functions such that �(r) = 1 for r < �=2 < 1=2 and �(r) = 0 for r > �, and �(�) 6� 0

on (0; �=2). Then there exist �1; �2 2 (0; �=2) such that

inf
'2P2(TN)

kux1 � 'kL2(S0) � CN
�2
; (2.38)

where TN is a radical mesh with � = 4, S0 = fx 2 S j r < � and �1 < � < �2g, and

(r; �) are polar coordinates.
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Proof. By straightforward calculation we have for j�j = 4

jD
�
ux1j � C

1

r4
;

and for j�j � 3 and jxj < �=2

D
�
ux1 =

1

r3
	�(�);

where 	�(�) is analytic and not identically zero. Hence there exists an interval [�1; �2]

such that for � 2 [�1; �2] and all � with j�j = 3

j	�(�)j � C0 > 0;

which implies that there holds in S0 for j�j = 3

jD
�
ux1j � C0=r

3
; (2.39a)

and for j�j = 4,

jD
�
ux1j � C

1

r

�����@3ux1
@x3

����+
����@3ux1
@y3

����
�
: (2.39b)

Let Mij be a linear mapping of Q onto the elements �ij � Q�=2;�, and by Uij we

denote the mapped functions

Uij(�; �) = ux1(Mij(�; �)):

By scaling arguments, (2.39) leads to, for j�j = 4,

jD
�
Uijj � C

jh
(x1)

i
j
�1 jh

(x2)

j
j
�2

(jh
(x1)

i
j
3 + jh

(x2)

j
j
3)
q
x
2
1;i�1 + x

2
2;j�1

�����@3Uij
@�3

����+
����@3Uij
@�3

����
�

(2.40)

Note that there holds for some cm > 0;m = 1; 2,

1

�
x1;i�1 < x2;j�1 < �x1;i�1;

c1h
(x2)

i
� h

(x2)

j
� c2h

(x1)

i
:

(2.41)
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which, together with (2.30) and (2.40), leads to

jD
�
Uijj � C

h
(x1)

i

xi�1

�����@3Uij
@�3

����+
����@3Uij
@�3

����
�

�

C

i

�����@3Uij
@�3

����+
����@3Uij
@�3

����
�

� C

�����@3Uij
@�3

����+
����@3Uij
@�3

����
�

(2.42)

where C is independent of i; 
 and N . We now assume and will prove later that there

exists C > 0 such that

kUij ��2Uijk
2
L2(S) � CjUijj

2
H3�(S); (2.43)

where �2Uij is the projection of Uij on the P2(S) and jUijj
2
H3�(S)

=
���@3Uij
@�3

���2+ ���@3Uij
@�3

���2,
which immediately leads to

kux1 ��2ux1kL2(�ij) � C

 ���h(x1)i

���3




@3ux1
@x

3
1






L2(�ij)

+
���h(x2)j

���3




@3ux1
@x

3
2






L2(�ij)

!

by (2.30),(2.39) and (2.41)

� C

���h(x1)i

���4 x�3i�1
� CN

�4
:

This yields

inf
'2P2(TN)

ku� 'k
2
L2(S0)

� C

[�N ]X
i=1

[K2i]X
j=[K1i]+1

CN
�4

� CN
�2
;

where K` = tan �`.

Now it remains to prove (2.43). If it is not true, there exists a sequence fUmg
1

m=1

among those Uij; 1 � i; j � N;N = 1; 2; : : : such that

lim
m!1

kUm ��2UmkL2(Q) = 0; (2.44)
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jUmj
2
H3�(Q) =

����@3Um
@�3

����
2

L2(Q)

+

����@3Um
@�3

����
2

L2(Q)

= 1 (2.45)

Furthermore, we have by (2.42) and (2.45)

jD
4
Umj

2 =
X
j�j=4

jD
�
Umj

2
� C: (2.46)

We introduce an equivalent norm on H4(Q) (see [?])

n
jU j

2
H4(Q) + jU j

2
H3�(Q) + k�2uk

2
L2(Q)

o1=2

;

which, together with (2.44)�(2.46), implies that fUmg
1

m=1 is a bounded sequence in

H
4(Q). By compactness theorem (see e.g. [?]) there is a subsequence, denoted by

fUmg
1

m=1 again, such that

lim
m!1

Um = �U in H
3(Q):

Consequently

k �U ��2
�UkL2(Q) = 0

and

�UH3�(Q) = 1;

but these two contradict each other. Thus we complete the proof of the lemma.

We now conclude with our main result of this subsection.

Theorem 2.11. Let u = r


�(r)�(�) with integer 
 where �(r) and �(�) are C1

function satisfying (2.7) as before. Then, if r
�(�) is not a polynomial, there exists

a constant C independent of p such that

inf
'2Pp(Q)

ku� 'kH1(Q) � Cp
�2


: (2.47)
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Proof. For the sake of simplicity we shall prove the case for 
 = 1. The proof for

integer 
 > 1 is similar to what follows. Suppose (2.48) is false, then there exists

some F (p) such that limp!1 F (p) = 0, and

inf
'2Pp(Q)

ku� 'kH1(Q) � Cp
�2
F (p):

Due to Lemma 2.2 and Remark 2.3 we can construct a function G(t) satisfying (P1){

(P4), and introduce a weighted Besov space B
k;�

0

G
(Q) with �0 = (0; 0). Then D�

u 2

B
2;�0

G
(Q) for j�j � 1. It is proved in Lemma 2.6 that for j�j � 1

inf
'2Pp(Q)

kD
�
u� 'kL2(Q) � CN

�2
G(N3); (2.48)

where limN!1G(N
3) = 0. On the other hand, Lemma 2.8 indicates that there exists

a constant ~C independent of N such that

inf
'2Pp(Q)

kux1 � 'kL2(Q) �
~CN�2

; (2.49)

which contradicts (2.48). Hence the theorem is proved for 
 = 1.

For integer 
 > 1 we can analogously show that D�
u 2 B

2
;�0

G
(Q) with �0 = (0; 0),

and for j�j = 1

inf
'2Pp(Q)

kD
�
u� 'kL2(Q) � Cp

�2

G(p2
+1); (2.50)

and

inf
'2Pp(Q)

kD
�
u� 'kL2(Q) � Cp

�2

: (2.51)

The contradiction between (2.50) and (2.51) leads to (2.47) immediately for all integer


.

Remark 2.5. If u = r

 with even integer 
 then there is no approximation error if a

polynomial of degree p � 
 is used. In general, the estimate (2.47) holds if u = r

�(�)

is not a polynomial on Q.
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2.6 Lower and Upper Bounds of Approximation Error in the

n-dimensional Cube (�1; 1)n

We now consider the approximation to functions of r
 log� r-type in the n-dimensional

cube In. Let

u = r

 log� r�(r)�(z) (2.52)

with 
 > 0 and � � 0, where r = (
P

n

i=1(xi + 1)2)
1=2
; z = (z1; z2; : : : ; zn�1) is the

variable on the unit sphere S = fx j r = 1g centered at the vertex (�1;�1; � � � � 1).

�(r) and �(z) are C1 functions such that �(r) satis�es (2.7a) and

�(z) = 0 for z�2S�0 ; (2.53)

where S�0 � SIn = S \ I
n such that the the (angular) distance between S�0 and the

xi-axis is larger than �0, 1 � i � n. Then

Supp u � R0 = Rr0;�0
= fx 2 I

n
j r < r0; z 2 S�0g; (2.54)

and (2.11) holds for 1 � i; j � n with constant �0 depending on �0.

We have the following results for the n-dimensional setting which are analogous

to Theorem 2.5 � 2.7 and Theorem 2.9 � 2.11.

Theorem 2.12. Let u be given as in (2.52). Then u 2 Bs;�

�
(In) with � =

�
�

1
n
;�

1
n
; � � � �

1
n

�
and s = 2
 + n� 1.

Theorem 2.13. Let u be given as in (2.52). Then, if r
 log� r�(z) is not a polyno-

mial,

C1p
�(2
+n�2)(1 + log p)�

�

� inf
'2Pp(In)

ku� 'kH1(Rr0;�0
) � C2p

�(2
+n�2)(1 + log p)�
�

;

(2.55)
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where C1 and C2 are constants independent of p, �� = � � 1 if 
 is an integer and

� > 0, and �� = �, otherwise .

3 Approximation Error of the p-version Finite El-

ement Solution in Two Dimensions

In this section we shall analyze the approximation error of the p-version �nite element

solutions for elliptic problems on polygonal domains in two-dimensions in the frame-

work of weighted Besov spaces. The lower and upper bounds of the approximation

error will be rigorously proven.

3.1 The p-version Finite Element Solution in Two Dimen-

sions

Let 
 be a polygonal domain shown in Fig. 3.1, with vertices Ai; 1 � i � m,

(Am+1 = A1), and (open) edge �i = AiAi+1. By !i we denote the internal angle

between �i and �i+1. Let D be a subset ofM = f0; 1; : : : ;Mg, and N =MnD. We

refer to �D = [i2D
��i as the Dirichlet boundary and �N = [i2N�i as the Neumann

boundary.

Consider a boundary value problem:8>>>>>><
>>>>>>:

��u+ u = f in 


uj�D = 0

@u

@n

���
�N

= g:

(3.1)

By Hk(
); k � 0, integer, we denote the usual Sobolev space and H
1
D
(
)) = fu 2
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H
1(
) juj�D = 0g. The variational form is to seek u(x) 2 H1

D
(
) such that

B(u; v) = F (v) 8v 2 H
1
D
(
) (3.2a)

where B is the bilinear form on H1
D
(
)�H

1
D
(
):

B(u; v) =

Z



(ru � rv + uv)dx; (3.2b)

and F is the linear functional on H1(
):

F (v) =

Z



fvdr +

Z
�N

gvds: (3.2c)
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A

Fig. 3.1 Polygonal domain 


Let T = f�g be a family of quasi-uniform meshes � = f
ig
n

i
with shape regular

elements 
0
i
s which are (open) triangles and quadrilaterals. We assume that �
 =

[
n

i=1
�
i and �
i \

�
j ; i 6= j is an entire side, a vertex in common, or empty.

By Mi we denote an a�ne mapping of S = (�1; 1)2 onto 
i. The �nite element

space is de�ned as

S
p(
;�) = f' 2 H

1(
)j' �Mi is a polynomial of degree p on Sg

and

S
p

D
(
;�) = S

p(
;�) \H1
D
(
):
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The �nite element formulation is to seek up 2 S
p

D
(
;�) such that

B(up; v) = F (v); 8v 2 S
p

D
(
;�): (3.3)

Due to the coercivity of B, it follows easily that

ku� upkH1(
) � C inf
v2S

p
D(
;�)

ku� vkH1(
): (3.4)

Theorem 3.1. Let u 2 H
k(
); k > 1 be the solution of the problem (3.2), and let

up 2 S
p(
;�) be the �nite element solution of (3.3). Then there holds for p � k � 1

ku� upkH1(
) � Cp
�(k�1)

kukHk(
): (3.5)

Proof. First, we introduce a linear mappingM which maps 
 onto Q0
� Q = (�1; 1)2,

and then we extend the function ~u = u � M on Q with preserving the Hk-norm,

denoted again by ~u. Obviously ~u 2 Hk;�(Q) with any � > 0. Then by Theorem 2.1

there is a polynomial ~' 2 Pp(Q) such that

j~u� ~'jH1;�(Q) � Cp
�(k�1)

j~ujHk;�(Q)

� Cp
�(k�1)

k~ukHk;�(Q)

� Cp
�(k�1)

kukHk(Q):

(3.6)

Note that ' = ~' �M�1
2 S

p(
;�) and

ju� 'jH1(
) � Ck~u� ~'kH1;�(Q);

which,together with (3.4) and (3.6), leads to (3.5) if j�Dj = 0.

For j�Dj 6= 0 we refer to [?] for the techniques to adjust the Dirichlet boundary

conditions on elements 
i such that j@
i \ �Dj 6= 0. We also refer to [?] for the

arguments of partition of unity for homogeneous Dirichlet boundary conditions.
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3.2 The Lower and Upper Bounds of Approximation Errors

for Elliptic Problem with Singular Solution in Polygonal

Domains

It is well known that the solutions of problem (2.1) in polygonal domains are singular

in neighborhoods of vertices Ai's, governing the performance of the �nite element

solutions.

Let S�i = fx 2 
 jdist(x;�i) < �ig be a neighborhood of the vertex Ai with

�i 2 (0; 1) shown in Fig. 3.2. �i is selected such that S�i \ S�j = ; for i = j.


0 = 
n[i2MS�i=2 contains no vertices of 
, and 
0\S�i 6= ; for i 2 M. 
0 is called

the regular part of the domain 
.

A i

S δ

i-1

i

δ
i

Γi

Γ

Fig. 3.2 A neighborhood of the vertex Ai

It is known that if f 2 H
k�2(
); g 2 H

k�3=2(
); k � 2 then u 2 H
k(
0), and in

each neighborhood S�i u(x) has an asymptotic expansion in terms of singular functions

of r
 log� r-type:

u =
X
m�1

0<

[i]
m�k�1

r


[i]
m

i
(log ri)

�
[i]
m�[i]

m
(�i)�

[i](ri) + u
[i]
0 (3.7)

where (ri; �i) are polar coordinates with the origin located at the vertex Ai, and

u
[i]

0 2 H
k(S�i) is the smooth part of u, �

[i]
m ; 


[i]
m � 0, �

[i]
m are integers. We assume
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that �
[i]
m > �

[i]

m+1 � 0 and 

[i]
m � 


[i]

m+1, �
[i](ri) and �[i](�i) are C

1-functions such that

�
[i](ri) = 1 for 0 < ri < �i=2, �

[i](ri) = 0 for r > �i. Let 
; � and i0 be such that


 = min
i



[i]
1 = 


[i0]
1 ; � = max



[i]
1 =


�
[i]
1 = �

[i0]
1 : (3.8)

We will apply the estimates of error based on the weighted Besov space to the

problem (3.1).

Theorem 3.2. Let u be the solution of the problem (3.1) with f 2 H
k�2(
) and

g 2 H
k�3=2(�), k � maxf2; 2
 + 1g and let up 2 S

p

D
(
;�); p � k � 1 be the �nite

element solution. Then

ku� upk � Cp
�2
(1 + log p)�

�

(3.9)

with a constant C independent of p, with 
 and � given in (3.8), and

�
� =

8>>>><
>>>>:

� if 
 is not an integer

� � 1 if 
 is an integer and � � 1

0 if � = 0

(3.10)

Remark 3.1. The estimate (3.9) was given in [?], where special techniques were

used for the corner singularity and adjustment between elements was made for C0-

continuity while retaining the optimal rate of the approximation error on each ele-

ment. Here we will use a di�erent approach, namely using the weighted Besov space

to obtain the error estimate and using partition of unity for the C0-continuity.

Proof. of Theorem 3.2 Due to (3.4), it su�ces to construct a series of polynomial

'p 2 S
p

D
(
;�); p = k � 1; k; : : : , such that for each p

ku� 'pkH1(
) � Cp
�2
(1 + log p)�

�

(3.11)
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By T`; 1 � ` � L, we denote vertices of the mesh � and by Q` we denote a union

of elements which have T` as a vertex, i.e. Q` = [T`2
�
j
�
j. T` and Q` are referred

to as a node and a patch centered at T`, respectively. Let �` 2 S
1(
;�) such that

�`(T`) = 1, �`(Tj) = 0 for j 6= `. Note that supp. �` = Q` and that
P

L

`=1 �` � 1.

Thus f�`g
L

`=1 is a partition of unity.

Let 'p =
P

L

`=1 �`'
[`]
p�1 with '

[`]
p�1 2 Pp�1(Q`), where Pp�1(Q`) is a set of polynomial

of degree p on Q`. Then, 'p 2 S
p(
;�) and

u� 'p =

LX
`=1

�`(u� '
[`]
p�1):

We now need to construct a polynomial '
[`]
p�1 2 Pp�1(Q`) in each patch Q` such that

'
[`]

p�1 satis�es the homogeneous Dirichlet boundary condition on �D, and

ku� '
[`]

p�1kH1(Q) � Cp
�(k�1)

kukHk(Q) (3.12)

if �Q` contains no vertices of 
, or

ku� '
[`]
p�1kH1(Q) � Cp

�2
(1 + log p)�
�

(3.13)

if �Q` contains a vertex of 
.

For the sake of simplicity, we assume that j�Dj = 0. We refer to [?] for technical

detail of arguments for the Dirichlet boundary condition and the mixed boundary

condition.

We shall construct '
[`]

p�1 on each Q` for two di�erent cases:

(A) Q` contains no vertex;

(B) Q` contains a vertex.

Case (A): Since Q` contains no vertices of 
, Q` � 
0 and u 2 H
k(
0). We

introduce a linear mapping M` which maps ~Q` onto Q` � Q = (�1; 1)2, and ~u =
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u � M
�1
`
. ~u can be extended to whole Q preserving the Hk norm. By standard

argument of the p-version on Q (e.g. see [?, Lemma 4.1]) there exists a polynomial

~'p�1 2 Pp�1(Q) such that

k~u� ~'`�1kH1(Q) � Cp
�(k�1)

k~ukHk(Q): (3.14)

Let '
[`]

p�1 = ~'p�1 �M`. Then '
[`]

p�1 2 Pp�1(Q`), and (3.12) follows from (3.14).

Case (B): We shall analyze the case that the center T` is the vertexAi of 
 because

the treatments for those with T` located on the boundary or in interior are the same

with what follows.

We assume that T` = Ai is the origin and that there are several elements 
t,

1 � t � m around the vertex Ai located on the line � = �t, 0 � t � m, where

�0 = 0; �m = !i. In Q` the solution has an asymptotic expansion (3.7), namely

u = v + u0, where u0 2 H
k(Q`) is the smooth part, and

v =
X
m�1


m�k�1

r

m(log rm)

�m�m(�)�(r)

is the singular part, where we omitted the super-index [i].

Since u0 2 H
k(Q`), using the argument in Case (A), we have a polynomial '

[0]

p�1 2

Pp�1(Q`) (or S
p�1(
;�)) such that

ku0 � '
[0]

p�1kH1(Q`) � Cp
�(k�1)

ku0kHk(Q`)
: (3.15)

We shall next construct a polynomial '
[�]

p�1 2 Pp�1(Q`) for two cases: (B1) the

internal angle !i < �; (B2) the internal angle !i � �.

In case (B1), there is a � > 0 such that !i + 2� < �. We extend �(�) to interval

[��; !i + �]; then v is extended to Q�

`
which contains Q` and is between the lines

� = �� and � = !i + �. We now introduce an a�ne mapping M which maps
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Q
�

`
into ~Q�

`
� R0 = Rr0;�0

� Q = (�1; 1)2, where Rr0;�0
is de�ned in (2.8). Then

~v = v �M
�1
2 B

s;�

�
(Q), with s = 1 + 2
 and � = (�1=2;�1=2). By Theorem 2.7,

there exists a polynomial ~'p�1 2 Pp�1(Q) such that

k~v � ~'p�1kH1(R0) � Cp
�2
1(1 + log p)�

�

1 : (3.16)

Letting '
[v]

p�1 = ~'p�1 �M 2 Pp�1(Q
�

`
), we have

kv � '
[v]

p�1kH1(Q`) � kv � '
[v]

p�1kH1(Q�

`)

� Ck~v � ~'p�1kH1(R0);

by (3.16),

� Cp
�2
1(1 + log p)�

�

1 : (3.17)

Noting that k � 2
 + 1, and combining (3.14) and (3.16), we have (3.13) for case

(B1).

In case (B2), we extend �(�) to [��; !i + �], with � > 0, such that �1 + � < �

and (�m � �m�1) + � < �. Let ��1 = �� and �m+1 = !i + �, and let 
0 and 
m+1

denote the two additional elements, which are between lines � = ��1 and � = �0, and

the lines � = �m and � = �m+1, respectively.

Let St = (�t�1 + �t; �t+1 � �t), with �t1 � t � m properly selected, such that

fStg
m

t=0 will be a cover of [0; !i]. Let f tg
m

t=0 be a partition of unity subordinated to

the cover fStg
m

t=0. Set vt =  tv, supp. vt � St � (�
t [
�
t+1). We assume here that

(�t+1 � �t�1) < � for all 0 � t � m. For each vt it becomes case (B1); namely, there

exists a polynomial '[t]
2 Pp�1(�
t [

�
t+1), such that

kvt � '
[t]

p�1kH1(�
t[�
t+1)
� Cp

�2
1(1 + log p)�
�

1 :
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We extend '
[t] by zero outside of St, and set '

[v]

p�1 =
P

m

t=0 '
[t]. Then '

[v]

p�1 2

S
p�1(
;�), and

kv � '
[v]

p�1kH1(Q`) �

mX
t=0

kvt � '
[t]

p�1kH1(�
t[�
t+1)

� Cp
�2
1(1 + log p)�

�

1 ;

which together with (3.15) leads to (3.13).

If (�t1��t�1) � � for some t, we introduce an additional linear mappingMt which

maps the line � = �t onto itself and maps the line � = �t�1 onto � = �
0

t�1 such that

�t � �
0

t�1 < � � (�t+1 � �t). Then (�t+1 � �
0

t�1) < �, the case is converted to the one

which we have analyzed above. For details of this technique, we refer to [?].

We shall next prove a lower bound theorem.

Theorem 3.3. Let u be the solution of the problem (3.1) with f 2 H
k�2(
) and

g 2 H
k�3=2(�N ), k = maxf2; 1 + 2
g, and let up 2 S

p

D
(
;�) be the �nite element

solution of the corresponding problem (3.3). Then

ku� upk � Cp
�2
(1 + log p)�

�

; (3.18)

where C is independent of p, �� is given in (3.10), 
 and � are given by (3.8).

Proof. We assume that 
1 is the element containing the vertexAi0
where the strongest

singularity occurs. It su�ces to prove

ku� upkH1(
1) � Cp
�2
(1 + log p)�

�

(3.19)

By M1 we denote a linear mapping which maps 
1 onto R � Q = (�1; 1)2 and Ai

to the vertex (�1; 1). We may assume R � Rr0;�0
� Q with some r0 2 (0; 1) and

�0 2 (0; �
2
), with Rr0 ;�0

as de�ned in (2.8). Let ~u = u �M1 and ~up = up �M1. Then
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~up 2 Pp(Q). For non-integer 
 and any � � 0, and integer 
 with � > 0, we have by

Theorem 2.9{2.10

k~u� ~upkH1(Q) � Cp
�2
(1 + log p)�

�

; (3.20a)

and for integer 
 with � = 0 by Theorem 2.11 we have

k~u� ~upkH1(Q) � Cp
�2


; (3.20b)

where C is independent of p. Because M1 is a linear mapping (3.18) follows immedi-

ately from (3.20).

Combining the estimate of the upper and lower bounds of errors of the p-version

in the H1-norm derived above, we now conclude with the optimal error estimate for

the elliptic problem on polygonal domains.

Theorem 3.4. Let u and up be the solution of the problem (3.1) on polygonal domain


 and the �nite element solution of the p-version in S
p

D
(
;�), respectively. Then

there are constants C1 and C2 independent of p such that

C1p
�2
 (1 + log p)

��

� ku� upkH1(
) � C2p
�2
 (1 + log p)

��

;

where 
 and � are given in (3.8), which represent the strongest singularity of the

solution of the problem (3.1). �� is given in (3.10).

Remark 3.2. We have rigorously proved the optimal convergence of the p-version of

the �nite elementmethod for two dimensions. The mathematical tools and techniques

can be generalized to three dimensional problems.

Remark 3.3. Whether C1 and C2 are asymptotically the same remains to be an-

swered yet. Nevertheless, the same order on the the upper and lower bound of errors
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allows us to develop a-posteriori error estimators by extrapolation of computational

solutions, which will be reasonably reliable in practice if the di�erence between C1

and C2 is not very large.
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