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DECAY AND ANALYTICITY OF SOLITARY WAVES

JERRY L. BoNnab23 AND Y1 A. L13*

ABSTRACT. Sont traités dans cet article quelques aspects détaillés des ondes solitzires solu-
tions d’équations d’évolutions non linéaires, incluant les équations d’Euler pour la propagation
des ondes gravitationnelles a la surface d’un fluide idéal, incompressible et non visqueux. Deux
propriétés ont attiré notre attention. La premicére, déja décrite dans un article antérieur con-
cerne la régularité de ces ondes de translations. Dans le cadre de certaines classes d’équations
modélisant les ondes longues dans un milieu non linéaire et dispersif, nous avons montré que
les ondes solitaires s’obtiennent comme la restriction a 1’axe réel de fonctions analytiques
dans une bande de la forme {z : —a < ¥(z) < a} du plan complexe. Dans cette perspec-
tive, ’étendue de notre précédente discussion sur les équations modéles est considérablement
élargie. En outre, il est aussi montré que les ondes solitaires solutions des équations d’Euler
complétes ont les propriétés que la surface libre est donnée par la restriction a ’axe réel d’une
fonction analytique dans une bande du plan complexe et que le potentiel des vitesses est
la restriction au domaine du fluide d’une fonction analytique dans un ouvert d’un espace &
deux dimensions sur C?. La seconde propriété considérée est la décroissance asymptotique
des ondes solitaires vers un état au repos éloigné de leur maximum principal. Un théoréme
concernant 1’évanescence des solutions de certains types d’équations de convolutions unidi-
mensionnelles est énoncé et prouvé, montrant que la décroissance est liée a la régularité de
la transformée de Fourier du kernel k de convolution ainsi qu’a la non linéarité de I’équation.

Il est démontré que si la transformée de Fourier k appartient 3 H* pour s > 1/2, le taux
de décroissance de la solution est au moins aussi rapide que celui du kernel. Le résultat est
utilisé pour établir des propriétés asymptotiques des ondes solitaires solutions d’une large

classe d’équations modéles, et en particulier pour les ondes solitaires solutions des équations
d’Euler complétes.

ABSTRACT. Considered here are detailed aspects of solitary-wave solutions of nonlinear
evolution equations including the Euler equations for the propagation of gravity waves on the
surface of an ideal, incompressible, inviscid fluid. Two properties will occupy our attention.
The first, described already in an earlier paper, concerns the regularity of these travelling
waves. In the context of certain classes of model equations for long waves in nonlinear dis-
persive media, we showed that solitary waves are obtained as the restriction to the real axis
of functions analytic in a strip of the form {z : —a < ¥(z) < a} in the complex plane. In
this direction, the scope of our previous discussion of model equations is broadened consider-
ably. Moreover, it is also shown that solitary-wave solutions of the full Euler equations have
the properties that the free surface is given by the restriction to the real axis of a function
analytic in a strip in the complex plane and the velocity potential is the restriction to the
flow domain of a function that is analytic in an open set in complex 2-space C?. The second
issue considered is the asymptotic decay of solitary waves to a quiescent state away from
their principal elevation. A theorem pertaining to the evanescence of solutions of certain
types of one-dimensional convolution equations is formulated and proved, showing that decay
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is related to the smoothness of the Fourier transform of the convolution kernel k, as well as
the nonlinearity present in the equation. It is demonstrated that if the Fourier transform

k € H* for some s > 1/2, the rate of decay of a solution is at least as fast as that of the kernel
k itself. This result is used to establish asymptotic properties of solitary-wave solutions of a
broad class of model equations, and of solitary-wave solutions of the full Euler equations.

1. Introduction. This paper is concerned with two aspects of solitary waves that are
a reflection of their natural appearance as smooth, steadily propagating disturbances of
elevation or depression, asymptotically approaching a constant level on either side of their
crests. These attributes of the real phenomenon find mathematical expression in regularity
theory and decay results for solitary-wave solutions of nonlinear wave equations. It is our
purpose here to investigate these mathematical properties in the context of model equations
of Korteweg-de Vries-type, regularized long-wave-type and nonlinear Schrodinger-type, as
well as for the time-dependent Euler equations for the propagation of gravity waves on the
surface of an inviscid, incompressible fluid.

This program was begun in our earlier paper [14] where we considered model equations
of Korteweg-de Vries-type (KdV-type)

Uy + uz + uPu, — (Mu), =0, (1.1)
regularized long-wave-type (RLW-type)
ug + vz + uPu, + (Mu): =0, (1.2)

and Schrédinger-type
tug — Mu + |u[Pu = 0. (1.3)

Here, p is a positive integer, u = u(z,t) is a function of the two real variables z and ¢
and subscripts connote partial differentiation. The dependent variable u often represents a
displacement or a velocity in physical contexts, z is usually related to the spatial variable
in the primary direction of propagation, while ¢ is typically proportional to elapsed time.
The operator M which results from modelling dispersion is a Fourier multiplier operator
defined by

Mu(€) = a(€)5(¢), (1.4)

where a circumflex surmounting a function of the spatial variable denotes that function’s
Fourier transform and the symbol a is measurable and even, so that M maps real-valued
functions to other real-valued functions. A solitary-wave solution of (1.1) or (1.2) is a
travelling-wave solution ¢(z — ct) of the evolution equation, where c is a positive constant
and ¢ is an even function, usually but not always of one sign, and tending to zero at +oco.
Solitary-wave solutions of (1.3) have the form e“*¢(z — 6t) where ¢ has the same general
form as outlined for ¢. The existence of solitary-wave solutions for (1.1), (1.2) and(1.3)
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corresponding to a broad range of symbols, and including more general nonlinearities than
these appearing above, has been studied by Albert et al. [1], Benjamin et al. [5] and
Weinstein [22]. It is demonstrated in these papers that functions ¢ or ¢ representing
solitary waves are infinitely differentiable and, along with all their derivatives, members of
L, and L;. In [14], it was shown on the basis of quite reasonable assumptions on a that
such solitary waves ¢ or ¢ are in fact the restriction to the real axis of other functions @,
say, that are holomorphic in a strip of the form

{z:—00 < S(2) <00} (1.5)

in the complex plane C, where 0o > 0 depends on the solitary wave in question.

In the present study, model equations of the form (1.1)-(1.3) will be considered in which
the nonlinearity is considerably generalized to those having the form

F(u), = F'(u)u, (1.1-1.2a)

in (1.1) and (1.2) and the form
F(lul)u (1.3a)

in (1.3), where F : R — R is a suitably smooth real-valued function of a real variable.
Complementing the analyticity results to be derived in this setting, it will be shown that
the regularity of the function k(¢) = 1/(1 + a(¢)) determines how fast the solitary-wave
solutions of these model equations decay at infinity. Precisely, if ke H* for somes > 1 12,
then the corresponding solitary-wave solution decays to zero at +oco at least as rapidly as

does 1/|z|*. Moreover, if k has an analytic extension to a strip of the form displayed in
(1.5) for some o9 > 0 and satisfies the condition

sup f N |B(¢ +in)|*dé < oo (1.6)

[nl<e J -0

for any o with 0 < ¢ < 0y, then the corresponding solitary-wave solution decays exponen-
tially at the same order as does k.

The discussion centered on the model equations (1.1)—(1.3) illustrates in bold relief
the importance played by dispersion. Both the result of analyticity and that of decay of
solitary waves depend strongly on the presence of dispersion in the form of a symbol a
that grows appropriately at £oo. Of course, the nonlinearity is also important, especially
for the existence of such travelling waves.

Perhaps the best known of the model equations (1.1)-(1.3) is the Korteweg-de Vries
equation

Ut + Uz +UU + Uzzr =0 (1°7)

itself. Its solitary-wave solutions ¢(z — ct), ¢ > 1, have the exact form
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9(z) = 3C sech? (-\/2-—611), (1.8)

where C = ¢ — 1 and z = z — ct. They exemplify the properties of analyticity and decay
under discussion here. Indeed, the function ¢, in (1.8) extends to a function analytic in
the strip (1.5) with 0o = m/v/C and ¢, decays exponentially with the asymptotic form
3Ce~VCl=l as |z| = co. These aspects of ., which are obvious from its explicit form, will
be seen to follow from our general theory. In this case a(€) = £2, so that k(¢) = (C+£2)~1.
Thus k extends analytically to a strip of the form in (1.5), k satisfies (1.6) there and
k(z) = ﬁae“"@”l decays exponentially.

The KdV equation (1.7) has been derived as a model for quite a number of physical
situations, but it arose first as a physical model in [6] and in [11] where it was put forward
as a model derived from the Euler equations for the propagation of two-dimensional small-
amplitude, long-wavelength, water waves in a channel. In the present context, it is natural
to inquire whether or not the properties of analyticity and decay that are apparent for the
solitary-wave solutions (1.8) of the KdV equation (1.7) are shared with the solitary-wave
solutions of the full, two-dimensional Euler equations.

Extensive studies have been carried out of solitary-wave solutions of the full Euler
equations for two-dimensional motions on the surface of an incompressible, inviscid and
irrotational flow in a horizontal channel in the absence of surface tension effects. To form
the problem, let  be the flow region and let the coordinate axes be chosen to move at
the constant speed ¢ > 0 with the wave so that the y-axis passes through the crest and
the flow is steady in this frame of reference. Also, let ¢(z,y) be the velocity potential and
9¥(z,y) the stream function associated with the flow, both defined on the closure of the flow
domain Q. The flow is normalized so that the horizontal bottom y = 0 is the stream line
¥(z,y) = 0, the free surface is the stream line ¥(z,y) = 1, and the solitary-wave profile is
y = H(z) for z € R, where H(z) is an even function, monotone decreasing on R*. Thus

2= {(z,y) : 2 € R,0< y < H(z)}. The equations for the problem as just formulated are
as follows:

(1 1
56+ ) +gy=5c+gh  for y=H(a),

 $zHz —¢y =0 for y= H(z), (1.9)
Ag =0 in Q

( ¢y =0 for y=0,

where h is the depth of the undisturbed fluid so that H(z) — h as ¢ — Zco and g is
the gravity constant. Conventionally, the consideration of Equations (1.9) begins with
a change of independent variables from z and y to ¢ and . The advantage of viewing
z = z(¢,¥) and y = y(¢,¥) is that they are formally harmonic functions defined on the
known strip D = {(¢,9) : —00 < ¢ < 00, 0 < 9 < 1} and continuous up to the horizontal
boundaries of D. Thus questions of existence and so on are reduced to problems defined
on a fixed domain.



Fig. 1. The solitary wave

The existence theory of solitary waves for the problem (1.9) has been developed over
a period of more than four decades. In 1947, Lavrentiev [12] proved the existence of
small-amplitude solitary waves as the limit of periodic wavetrains. Friedrichs and Hyers
[8] proved the existence of solitary waves under the condition that the Froude number F,
defined by F? = c?/gh, is greater than, but close to one. Noticing the relation between the
existence of solitary waves and the value of the Froude number, Keady and Pritchard [10]
proved that solitary waves which are symmetric about their crest and strictly decreasing
away from the crest are only possible when F > 1 and H(z) > h for all z. McLeod
[17] derived the same result and showed that the total mass of the fluid is finite, i.e.
JZ° _(H(z) — h)dz < co. Amick and Toland [3] completed the proof of the existence of
solitary waves for any Froude number F' in the range (1, F.), where F is the Froude number
associated with the so-called wave of greatest height. They also showed that the solitary-
wave profile H(z) is real-analytic. In another paper [2], they demonstrated that (1.9) has a
family of periodic solutions which converge to a solitary-wave solution. Afterwards, Craig
and Sternberg [7] resolved the question of whether or not (1.9) has solitary-wave solutions
which are not symmetric or not monotone. They proved by using the method of moving
planes that when the Froude number F' > 1, any solitary-wave solution of (1.9) has an
elevation which is symmetric and monotone on either side of its crest with H(z) > & for
all z. Thus, a necessary and sufficient condition for there to be a solitary wave on the
surface of an ideal fluid in a channel has been obtained, namely that the Froude number
F lies in the range (1, F.), or what is the same, its wave speed c is greater than the linear,
nondispersive, long-wave speed 1/gh and bounded above appropriately. Later, Benjamin,
Bona and Bose [5] used topological methods to verify the existence of solitary waves for
F € (1, F.). In their paper, the following equation was derived:

7 sin w(t)

1 oo
“A#)= Ver v/—oc Ko —1) 1+ 3y f; sinw(r)dr &, (1.10)

where § = —w is the angle between the free surface of the solitary wave and the z-axis,
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and the constant v and the function k are defined by

=9 _ /2 ¢l
7= and k(¢)_\/;-1n(coth s )

respectively, where ug is the speed of the solitary wave at its crest. They showed that there
is a solution of (1.10) which is an odd function on the real line and nonnegative on (0, c0).

Our contribution to the theory of solitary-wave solutions of the two-dimensional Euler
equations is to show that such solutions are the restriction of functions analytic in a strip in
one or two complex dimensions, depending on which dependent variable is being considered.
To accomplish this, we will rely upon the integral equation (1.10). The exponential decay
of the solitary wave, discussed already in [3] and (7], will also follow as a corollary of our
general approach.

It is worth noting some of the numerical approximations of solitary-wave solutions of the
Euler equations (Longuet-Higgins and Fenton [15], [16], and Hunter and Vanden-Broeck
[9]) that have informed our collective view, especially of large-amplitude waves.

The outline of this paper is as follows. After introducing some notation in Section 2,
a theory of decay properties of solitary-wave solutions of model equations is presented in
Section 3. In Section 4, interest is concentrated on analyticity of solitary-wave solutions of
model equations of the form (1.1)-(1.3) with general forms of nonlinearity and of the full
Euler equations. The text finishes with a short conclusion and an appendix containing a
proof of a technical point.

2. Notation. For any complex number z € C, the real part and the imaginary part of z
are denoted by Rz and Sz, respectively.

By L, = Ly(R) for p in the range 1 < p < 00, we mean the standard class of pth-power
Lebesgue-integrable functions on the real line R with the usual modification if p = co. The
standard norm of a function f € L, will be denoted by || f ||,. The inner product of two
functions f and g in L,, denoted by (f, g), is the integral

(ho)= [ " f@7E e,

where the overbar connotes complex conjugation.

The space of all infinitely differentiable functions with compact support in R is denoted
by C&° = C°(R).
The Fourier transform of a measurable function ¢ defined on R is written ¢ and is

defined to be : -
() = — z)e%dz.
#6) = o= [ dla)eitea

The inverse Fourier transform of ¢, denoted by ¢, is defined as

#e) == [ dereia
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For any s € R, the Sobolev space H* = H*(R) consists of all functions f which are

tempered distributions such that ||f||,) = (f:o(l + |C|2)’|f(C)|2dC)5 < co. The space

H® is the intersection H™ = (| H".
scl
The convolution of two functions f and g defined on R is written f * g, and f o g is the

frequently appearing, related integral
(fog)e)= [ FA-at)at.

By a solitary-wave solution of (1.1) or (1.2) for a given, general nonlinearity F(u), and
a dispersion symbol a, we shall mean a function ¢ : R — R such that ¢ is a continuous

function with | llim ¢(z) = 0, and such that for some positive constant ¢ > 1, p(z — ct)
Z|—00

defines a weak solution of (1.1) or (1.2) in the sense that

(99:((6 - 1)I+ M)g') - (F(¢)!g’) =0

(¢, ((c = 1)I + cM)g') — (F(p),g") =0

for any g € C°(R), where the inner product is that of L;. A similar definition will be
adopted later for solutions of (1.3). As already mentioned, the existence of such solutions
for a wide range of symbols a and certain classes of nonlinearities F' has been dealt with
in the recent works of Albert et al. [1], Amick and Toland [4], Benjamin et al. [5], and
Weinstein [22).

For any z € R, the greatest integer less than or equal to z is denoted by [z].

3. Decay properties of solitary waves. In this section, we begin with a study of
solutions to a class of nonlinear convolution equations of the form

f=kxG(f), (3.0.1)

where f is an unknown function, k is a given integral kernel satisfying certain decay
conditions to be specified presently, and G = G(u) is a measurable function, bounded on
bounded sets, and satisfying the growth condition |G(u)| < M|u|" for all small values of
|u| and some constants M > 0 and r > 1. The results obtained in the discussion of (3.0.1)
will be applied to solitary-wave solutions of the model equations (1.1), (1.2) and (1.3) with
general nonlinearity F, as well as to the full Euler equations.

3.1. Decay of solutions to the convolution equation (3.0.1)

The following preliminary lemma states inequalities which will find use in establishing
the ensuing main theorem.



Lemma 3.1.1. Let | and m be constants satisfying 0 < | < m — 1. Then there is a
constant B > 0 depending only on | and m such that the inequalities

I= dt < —
./o Q+e)m(1+[z—t)™ = (1+elz))
0 ! 1
II = / |t| dt < ﬂ
—oo (L4 €lt)™(1 + [z — ¢))™ (1 + el=|)™
hold for any € with 0 < € < 1 and any real z with |z| > 1, while the inequalities
* dt B
IIT = <
/., 1 +e)™(1+ [z —t)™ = (14 ¢lz[)™’
0 dt B
IV = <
./—oo (L+eft)™1 + |z =)™ = (1 + €)™

are valid for the same range of € and any z € R.

Proof. First, consider the case when z > 1. Write the integral I as

,/,, A+ 0+z—0m +,/; T L (T I L

: 1 — 1 € 1
Since (1+et)(1+z—t) = 1+etez [1+et + 1+z—t]’

I < 2m-1ml -/a: [ em . 1 P 2mml
'S Atete)™ J, 1+et)™ (1+z-t)™ =~ (m-1)(1+ex)™’
whereas, I; can be estimated straightforwardly by

1 ® (y+z) dy
I, <
P2 (1t ez)m /; 1+y)m

zi

z! * dy .
E (1+ ez)™ _/0 1+y)™  (m—=1-1)1+ezx)™’

It follows from these estimates of I; and I, that there is a constant B independent of
both € and z in the ranges being considered such that

!
I< ﬂ_
T (1 +e=z))

When z < -1, [t + z| <t — z for any ¢ > 0. Therefore, it transpires that

(3.1.1)

S ;
I< dt.
N /o (1+et)™(1+ |t +=2)™

Since —z > 1, it follows from the above argument that (3.1.1) still holds for ¢ < —1 and
0 < € < 1. The inequalities for II, III and IV may be obtained in a similar way. O




Theorem 3.1.2. Suppose that f € L with! llim f(z) = 0 1s a solution of the convolution

equation

f@) = [ " k= - 0G(f(1) dt,

—0o0

where the measurable function G satisfies |G(u)| < |u|" for any u € R and some constant
r > 1 and the kernel k is also a measurable function satisfying the condition k € H* for
some § > % Then f € Ly N Ly and there ezxists a constant | with 0 < | < s such that
|z|'f(z) € Ly N Lo

Proof. If 8 < 0o, choose an [ > 0 such that s > [ + %, otherwise choose any constant [ > 0

and another number, still denoted by s for the sake of convenience, with s > I + % It
follows from Lemma 3.1.1 that the inequality

® 2 dt Blz|?
-/o (1+et)?2(1+ |z — t])2e = (1 + €|z])* (3.1.2)

holds for some constant B and any z and € with [z|] > 1 and 0 < € < 1, where B is
independent of both these variables.

Define k. by ke(z) = Il—-|l-? ;f(z) for z € R. Since f € L, he(z) € L2, and because
r>1and lim f(z) =0, for any § > 0, there is a constant N > 1 such that

|z|—o0

If(z) <6 (3.1.3)

for almost all |z| > N. Choose § < z=+131}=||k|| and let N be such that (3.1.3) holds for
(s)
the chosen value of §. Then using the Schwarz inequality leads to the following estimate:

= =] 31 = -]
[ @ide< [Tl gt [ ke - ga¢e) dd

N

< [Tt ( /”(1+|zﬂt|)2’|k(z—t)t’dt)%( ~ ({ijlf?’;‘fi.)%dz

< 20kl (l:o |h£(z)1zd3)% (/: ﬁ /: (;ﬁﬁf?fgﬁa dz)% . (3.1.4)
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Applying Fubini’s theorem and the inequalities (3.1.2) and (3.1.3) to (3.1.4) yields

(/: |h€(z)|2d:c) :
. 21 g, 3
S 23”;"”(!) ([— |G(f(t )[2 / (1 + ez)z‘(li |t _ a.}l)za dt)
- - A
<2 B ”k”(s} (([-m +,/_N ) |G(f(t))| (1 + eltl)za dt) +
. N oo z2l z %
+ 2°||kl|(s) (_/_N IG(f(2))I? j;v 1+ ez)z‘(li [t — z|)2* dt)

! (3.1.5)
< 2‘63 ”k”(a) ((/ / ){f( 1+ |t|)23 ) +

3
, 7 o (g 2l g
+ 2l ( [ ecsepea [~ EESS )

_N o H
=2‘6B%ui=u<.>(( /_ + jN )|he(t)|2dt) +

- N %
+2° Mkl ( j . IG(f(t))th) ,

where M = ( ffom %;fi—z) ®. A similar computation yields the inequality

-N Z N oo 3
(j |he(z)|2dz) sz’sB%nén(,)((f_ + [ )me(t)m) .

1

- N a
+2°M||k[s) ([N IG'(f(t))Izdt) :

Adding inequalities (3.1.5) and (3.1.6) leads to the estimate

(Ferd
<2'+163=||k||()((j f )|h (t)l“dt) 5
(

IG(f(¢ )Izdt) :

(3.1.6)

B

+ |h (a:)|2dz)

28+1MH k |] (3;



or, because of the restriction on §,

—-N b oo 3
( / |he(==)|=dz) + ( ] |he(=c)|2dz)
—0o N
22+ M| k||, :
~ 1 —2¢+1§B3 ||k||(,)
Let ¢ — 0 and apply Fatou’s Lemma to (3.1.7) to obtain
-N H 00 3
( f 12[2] f(:c)|2dz) + ( f 22| f(z)]zda:)
—0o N

2 M [kl o 2\
I - 23-{-16‘82 “ku(‘) (f |G(f(t))| dt) ]

(3.1.7)

which implies (1+|z|')f(z) € L; or, what is the same, f € H'. Since f(z) and 1/(1+¢|z|)*
both lie in L, it follows that for any € > 0, f(z)/(1 + ¢|z|)* € L;. To show that f € L,

one may estimate the following integral by using Fubini’s theorem, the Schwarz inequality,
Lemma 3.1.1 and Inequality (3.1.2):

= [f(=)ld= = * |k(z — t)| dz
[, 25 < [ eww [T A=

< [T et ([ a+le -t ike - opae)”

had dz 3
(./N (1+|z—t|)2’(1+e:c)2‘) dt (3.1.8)
s11s 1 i |G'(f(t))|dt
< 2|k (0B / AL

gt O e gy [
< 2|kl 5B} (] [ )(1 e 2B [ ea

Arguing similarly leads to

f@)de e oy ([N F(t)
[. Wt efalyr < 2 1HI0E (/ +f, )(1+e|t|

+ 27/l oy B} [ 1G(£(e)at

(3.1.9)
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It follows from (3.1.8) and (3.1.9) that

N £ dt 2°+1|k|(,) B}
(./_oo +£\' ) (1 + €|t])® = 1 _2s+1”k“(a)632 [ |G (f(t))ldt

Using Fatou’s lemma as € — 0 gives

- 2741]|& |y B}
(/ / ) F@)ld 1 — 2‘+1|[k||(,)5B |G(f(t))! dt,

and hence f € L.
To show |z|'f(z) € Leo, multiply both sides of the equation f = k * G(f) by |z|' and
apply the inequality |z|' < B(|z — t|' + |¢|') with 8 = max{1,2!"!} to obtain the estimate

lf@I <8 [ le -tk -GN +6 [ Ik - DG dt. (31.10)

Since k, |z|'k, G(f) and |z|'G(f) all lie in L, it follows that the right-hand side of (3.1.10)
is the convolution of L,-functions, and therefore is a bounded function. a

Remark. It is clear that Theorem 3.1.2 still holds if |G(u)| is bounded on any bounded
subset of R and the inequality |G(u)] < M|u|", where M > 0 and » > 1, is valid for
sufficiently small values of u. These conditions combined with the fact that f € Lo, imply
that (1 + |z|)'G(f(z)) € L; if and only if |z|'G(f(z)) is square integrable on (—co,—N] U
[N,00) for some constant N > 0. The just mentioned conditions on the function G are
also sufficient to obtain the other results in this section. For the sake of simplicity and
without real loss of generality, we shall continue to assume |G(u)| < |u|" to hold for any
u € R throughout Section 3.

Interest is now focussed on finding the largest number [ > 0 such that |z|'f(z) € L,.
Corollary 3.1.3, Corollary 3.1.4, Theorem 3.1.5 and Theorem 3.1.6 are concerned with this
issue. The outcome of our analysis is that { > s, which is to say that f decays to zero at
infinity at least at the same rate as does k.

Corollary 3.1.3. Under the conditions of Theorem $.1.2, f € H*, and |z|” f(z) € L,

where v is any constant with 0 < v < s if s < 0o and v is any positive number if s = oo.

Proof. Let | and s be defined as in the proof of Theorem 3.1.2, and let v; = min{s,l}.
Then, replace ! by v, in (3.1.10) and consider the resulting inequality. Since |z|"*k(z) € L,
and G(f) € Ly, it follows from Young’s inequality that the first integral on the right-
hand side of the modified version of (3.1.10) is an L;-function. Because |G(f(%))||t|"* <
GOl )1 and f(t)|t|F € Ly N Lo, it is deduced that G(f(¢))[¢|* € La.
When combined with Young’s inequality and the fact that k € L,, the latter point implies
that the second integral on the right-hand side of (3.1.10) is also an L,-function. Hence,
it is seen that f(z)|z|** € L,. If v; = rl < s, one may use the above argument to show
that f(z)|z|*? € L; for v = min{s,r?l}. Then repeating this argument at most finitely
many times leads to the conclusion f € H®. If k € H*, then [ > 0 can be chosen as any
positive number, and thus f € H®. O
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Corollary 3.1.4. Suppose that the functions f and G satisfy the conditions in Theorem
3.1.2 and that there is a constant o9 > 0 such that the integral kernel k satisfies the
inequality

f e2?1=l|k(2)[? dz < oo,

for any o with 0 < o < gq. Then e°l?If(z) € Ly N Lo for any o € [0,0,).

Proof. Since k € H*, it follows from Corollary 3.1.3 that |z|®f(z) € L1NLy for any s > 0.
We shall first obtain bounds for ||()"f(-)||1 for any integer n > 0, where (-) connotes the
function h(z) = z, and then use them to show that f decays exponentially.

Fix a constant ¢ with 0 < ¢ < ¢ and let

My = max{||(-)|f()" llos IG(£)ll2},
M; = (/00 ]k(x)[zez“"”ldz) i, and

—0o0

K= max{gnflh, VIO, S0, 4 4M1M2\/E} .

Clearly we have

160l < LERET (3.1.11)

for I = 0,1,2. Induction is now used to show that (3.1.11) holds for all integers I > 0.
Suppose that there is an integer n > 2 such that (3.1.11) is valid for any integer ! with
0 <! <n. When [ = n + 1, one may estimate the L;-norm of z"*!f(z) by Young’s
inequality as follows:

[[Qkass {01
= ()" (k * G(F()) Ila

n+1
<3 ("7 ueror P e (.112)

J
n+1 n+1 . ‘
<> ( P )]|(-)"+1‘Jk(-)||1||(-)JG(f(-))|||,-
j=0
Applying the Schwarz inequality and the definition of M, to ||(-)"*!~7k(-)||; yields
IC)™ k()1

oo 3 oo t
< (/ Ik(z)]282c|z|dz) (/ fz|2(n+1—j)e—2c|z| d&!) (3 ) 13)

(2n + 2 — 25)! (n+1—j)!
(2c)2(n+1—j)+1 S 2M; entl-j+1/2°

< V2M,

13



For any j with 1 < j < n + 1, estimate the other terms on the right-hand side of (3.1.12)
using the quantity M; defined above:

POl
= [ lebi6(s@)ldz

< / T e @)) (=] £ (=) de

(3.1.14)

<M, /_“’ |2l |f(2)| dz = Ma|(-Y 7 £()lla

Now applying (3.1.13), (3.1.14), the induction hypothesis and the definition of K to (3.1.12)
gives

[[Okaas (O

(n+1)! 1 (n+1-3)! -1
<2MMy o +2aMMe Y (") S IO T Ol
=

enti1+1/2 J entl-j+1/2 el
_ 2MiM;(n +1)! : (n+2)K™t? — (n+3)K™*% - K2 4+ 2K
- ont1+1/2 + (K —1)2

< (n+ 3K+ 2 L L) ot 3)IKn+2
- cnt? (n+2)(n+3) n+2 cnt? ’

i=1

< 2M, M, (Q_tl_)’+'§(n+1) (n+1—j)! (,+1)=K:)

This completes the inductive step and it is thereby concluded that Inequality (3.1.11) holds
for all integers [ > 1.

Applying (3.1.11) shows that

| i@l
o0 UI oo
PN | _lelis@e

o i1 1 w41 oo
Z L S+ 1)+ 2K,
=0 =0

Hence, if 0 < v < ¢/K, then f f(z)|e’!*ldz < co.
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To finish the proof, let vy = sup {u >0: [% |f(z)|e**ldz < oo} and observe the fol-
lowing inequality:

e < [ lh(e - glet-iaseletlar
roo (3.1.15)
< f k(2 — t)]e”1=~H | f(2) e | F(2)|" dt.

— 00

If 0 < v < min{vp,00}, then f(z)e**l € L,, which results from (3.1.15) and the facts
f(z)e*!*!l € Ly, f(z) € Leo and k(z)e*!?! € L,. In consequence, we have f(z)e*!®! € Loo.
Assume vy < g9 and choose a constant v > 0 such that %2 < v < min{vy, %2}. It follows
that k(z)e™!?! € L; and f(z)e’!*! € Ly N L. Replacing v by rv in (3.1.15), the right-
hand side of the inequality is seen to be the convolution of the L;-functions k(z)e™!*! and

(If(z)e!*))7, viz.

£ < [~ ke - e sl (1fler) a,

-0

and thus f(z)e™?* € L; N L, which is contrary to the definition of 4. Hence, v > oo,
which is to say that f decays at least at the same order as does k. a

In the next two theorems, sufficient conditions are formulated implying a solution f of
the equation f = k * G(f) decays to zero at infinity at the same order as k.

Theorem 3.1.5. Suppose that f = k x G(f), where f, k and G satisfy the assumptions
in Theorem 3.1.2. Suppose also there is a constant m > 1 such that ]JI:ZE[ |z|™k(z) =
Z—+100

Cy, where Cy, C_ € C and the adornments + correspond to limits at +oco and —oo,
respectively. Then it follows that

oo

Jim [l f(2) = C: [ _Gf(e) .

Proof. The identity zle 2™ f(z) = C4 ffooo G(f(t))dt is verified. The limit at —oo may
be proved in the same v‘:;.y.

First, it is shown that for any ! with 0 < [ < m, |z|'f(z) — 0 as |z] — oo, and
then this fact is used to verify the advertised conclusion. Choose any l; > 0 such that
m —1/2 < l; < min{m,r(m — 1/2)}. It follows from the hypothesis on k and Corollary
3.1.3 that |z|"k(z) — 0 and |z|"|G(f(2))| < (If®)|lz]*/")" — 0 as |z| — co. Moreover,
we know that k, G(f) € L; N L,. Applying these facts to the inequality

l*15@I <6 [ "z — tfh k(s — G(f(1))|dt + B / ~ k(= — Ol C(F ()] de
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shows that the right-hand side goes to 0 as |z| — oo, and thus |z|"* f(z) — 0, as |z| — oo.
Note that we can take § = min{1,2"7!}. If l; < m, then choose an l; with I; < I, <
min{m,l;7} and repeat the above argument to get |z|"2 f(z) — 0, as |z| — co. Continuing
this argument a finite number of times leads to the desired conclusion.
Since | liim |z|™k(z) = C4, there are constants Ny > 0 and A > 0 such that |z|™|k(z)| <
r|—o0

A and |k(z)| < A when |z| > Ny. For any € > 0, there is an N > Ny such that

-N

/,; IG(f(2))| dz < e, fN IC(f(2)) dz < &, _/ G(f(2))] dz < e,

oo -N —
f Ik(z)| dz < €, / k(z)|dz < ¢, and [{™|G(f(8))] < ¢
N

—CcO

for any |t| > N. Additionally, it may be assumed that [z™k(z —t) — C4| < € for any
t € (=N, N) and any = > N + Ny. Then the estimate

‘f(z)zm - C'+/

—00

oo

G(f(t))dt|

£ +

N
[ (ke =0 - ca)at) a "

Cs ( / ;N+ /. m) Gf(t)) dt

-N -N
g ! / |z — 2™ k(= — t)G(£(t))| dt + f_ |k(z — t)G(f(f))llflmd‘] +

z—Np z+4Np =)
2 (N +[ 4 f%) j2 — ™ k(2 — )G(F(2))] dt-+

_NO

+om-1 ]N |k(z — )G(f(2))||tI™dt
< [(IG(H)llx +21C4| +2™34 + 2™ N*||kll2 + 2™|k]l1] €

holds when z is sufficiently large. Since ¢ is arbitrary, it follows that

f(z) ~ f—:; /‘°° G(f(t))dt as ¢ — +400.

O

Note. In Theorem 3.1.5, the condition m > 1 is needed for the existence of a constant
8 > 1/2 such that £ € H?, so that Theorem 3.1.2 applies to the discussion.

In the next theorem, we shall consider the case wherein k decays exponentially.

Theorem 3.1.8. Suppose f = k*G(f), where k and G satisfy the hypotheses in Theorem
3.1.2. Suppose also that for some a9 > 0,

lim e”*lk(z) = Cy4.

z—too
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Then the function f satisfies the relations supe®!?!|f(z)| < oo and
z€R

iip_ e lf(e) = Ox [ eFoota(s(e) t,

z—ZFco

where, as before, C4, C_ and £ correspond to the limits at +0co and —oo, respectively.

Proof. 1t follows from Corollary 3.1.4 that f(z)e* 1%l € L; N Loo. The inequality

G(F@)le! < (1f(@)le® =)

then implies that |G(f(z))le°®!*! € L; N Loo. The remainder of the proof follows the
argument in the proof of the last theorem. (]

Remark. It follows from Theorem 3.1.2 that the integral kernel k also has a smoothing
effect on its solutions. Any solution f satisfying f € Lo and I]?m f(z) = 0 must be a
Z|—00

continuous and bounded function on R, even though k(z) itself may not be bounded and
continuous. This point will come to the fore for the Benjamin-Ono equation and the full
Euler equations. (The proposition becomes obvious upon noting f is the convolution of
the L,-functions k(z) and G(f(z)).)

One question not considered in this paper is the case when the integral kernel k of
Equation (3.0.1) decays to zero at infinity like 1/|z|™ for some real number m with 0 <
m < 1. Under this assumption, the argument used in this paper may not be effective,
since k is not in H* for some s > 1/2 and k is not in L;. One example in hand indicates
that the solution of Equation (3.0.1) may not decay as fast as the kernel k. We expect
to discuss this issue at a later stage using L,-based Sobolev spaces for values of p other
than 2.

We now turn to the application of these results about convolution equations of the
form displayed in (3.0.1) to the solitary waves that are our primary focus. As will become
apparent momentarily, the solitary-wave solutions of the model equations in (1.1), (1.2) or
(1.3) may be realized as solutions of convolution equations as in (3.0.1). The same is also
true of solitary-wave solutions of the Euler equations as seen already in (1.10).

3.2. Decay of solitary-wave solutions
We begin the discussion with the KdV-type equations in (1.1). Assume that for some
¢ > 1, u(z,t) = p(z — ct) is a solitary-wave solution of the equation

ug +uz + F(u), — Mu, =0.

Under conditions to be stated precisely in Theorem 3.2.1, one concludes that ¢ is a solution
of the convolution equation ¢ = 7}—k * F'(¢), where the Fourier transform k. of k. is given

explicitly as kc(¢) = 1/(c— 1+ a(£)) and a(£) = 0is the symbol of the dispersion cperator
M. We shall show next that for any ¢ > 1, k. € H* if and only if k =k = 1/(1 +a) € H*
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for some s > 1/2. Therefore, without loss of generality, it will only be required to discuss
the case ¢ = 2 in the proof of Theorem 3.2.1.

Suppose that k(¢) = 1/(1 + a(¢)) € H* for some s > 1/2. It then follows from
standard Sobolev-embedding results and an elementary application of the Cauchy-Schwarz
inequality that k € Ly, k € Cy(R) and k(¢) — 0 as |¢| — oo. Of course, k € L, as well.

1+a(é)
c—1+a(d)

hence the same properties just stated for k accrue to k.. For any ¢ € R, it follows from
Plancherel’s theorem that

Moreover, for any ¢ > 1, the quantity

is bounded above by B = max{1, -1;} and

2

d¢

= =]

1 B 1
c—14+a(f+t) c—1+a(f)

oo = =]
= / |ke(z)[? e — 1|2dz = / |ke(z)[?|2 sin t—zlzdz.
oo 2

—_0 -_

le(- + 1) — ko2 = /

— 00

On the other hand, a different calculation shows that

lke(- +2) — ()13
_ /“’ (1+ o€ +1))*(1 + a(€))”
—oo (e =1+ (€ +1))2(c — 1+ o(§))?

2 co
d¢ = B*_/ |k(z)|? |2 sin %lzda:

(= <]

2

1 1 de

1+a(+1t) 1+af)

> 1 1
<ol
- —oo |1+ a(é+t) 1+ af)
In consequence, we see that

L=

|k(z)|2|2sinf§-|2dz. (3.2.1)

[t zsin 5 P = kot + 0 - Rl < B

If s < 1, multiply both sides of (3.2.1) by 1/|t|**2°, integrate the resulting inequality with
respect to t over the real line R and use Fubini’s theorem to obtain

o * sin? & oo ® sin? &
/ Ike(=)[2dz / G a<B f _Ik(z)*dz / e

—00 -—

Changing variables in the integrals then yields

ad . ® sin? ¥ 2a ® sin? ¥
f 22 |ko(2) P de f Tk dy < B ] I2[2* |k(2)*dz f 2 gy,

It follows that
o0 o0
f 2% |ke(2) 2dz < B f 2% k()2 de,

—0co —00
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and thus k. € H*. If s = 1, multiplying both sides of (3.2.1) by 1/¢? and using Fatou’s
lemma as ¢ — 0 yields

[ et k@ide < B [ el ke da.

—00 -0

It follows that k. € H*. If s > 1, one may apply a similar technique to derivatives of k.
and k, that is to say, k., k', ..., k™ and k™, to show that k. € H?, where n is the integer
such that |s| < n < s. Vice versa, k. € H* also leads to k € H*.

Now we are ready to discuss decay properties of solitary-wave solutions to the model
equations under consideration.

Theorem 3.2.1. Letec > 1 be given and suppose that the function ¢ satisfies the conditions
1) i ]Iim o(z) =0 and ¢ € Lo, and 2) u(z,t) = p(z—ct) is a weak solution of the KdV-type
equation

U+ Uz + F(u)y — Muy, =0 (3.2.2)

in the sense that
(o, [(c —1)I + Mlg’) - (F(‘P):Qf) =0

for any g € CZ°. Suppose the symbol a of the dispersion operator M satisfies the smooth-
ness condition k = 1/(1 + «) € H* for some s > 1/2, the operator M maps C° into L,
and there are constants B > 0 and r > 1 such that the function F satisfies the inequality
|F(y)| < Bly|" at least for small values of |y|. Moreover, it is assumed that F' ezists and
is bounded on any bounded subset of R. Then ¢ is a classical solution of the equation

¢+ My = F(p)

and ¢ € H*. Furthermore, if there is a o9 > 0 such that k satisfies the condition

/ |k(z)[?e*1*ldz < oo

-0

for any o with 0 < o < 0y, then p(z)e’l?l € Lo, for any o € [0,00).

Proof. As discussed above, it is sufficient to consider the case ¢ = 2. Choose a9 € C$° such
that ¥(z) 2 0, supp¢ C (—1,1), and f:,o P(z)dz = 1. Let ¢o(z) = %d’(f)s Yo =Yo *¢
and F(p)s = F(p) *1,. For any g € C, it follows from the hypotheses on ¢ and the
fact (1o 0 g) € C that

(039 o (I + M)g') — (F¢), %0 0 ¢')
= (o, + M)(%a 0 9)') - (F(¢), (%5 0 9)') = 0.
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The notation vow is that introduced at the end of Section 2. On the other hand, it is also
seen that

(s Yo o (I + M)g') — (F(p), ¢o 0 9’)
= (¢, (I + M)¥;) 0 ) + (F(e), %5 0 9)
= —(((T+ M)Y,) * 9, 9) + (¥ * Flep), 9)-
It follows that
(T + M)p;) x ¢, 9) = (¥ * Flp), 9) =0
for any g € C2°, and thus '

(I 4+ M)p,) * o — g % F(p) =0 (3.2.3)

at least almost everywhere. Convolving both sides of (3.2.3) with k and using the fact that
#k *g=(I+ M) 'gleads to

' % = s * P! %
byr o= ke s Flo) (3:2.4)

Since ¥, ¥ — 0 and k * 1, * F(p) — 0 as |z| — oo, integrating both sides of (3.2.4) from

—o0 to z yields
1

V2r

1
Yo= V2ar

Because lin:‘L](p,, = ¢ and ].ilI(L]F(t,o), = F(¢), it transpires upon taking the limit as ¢ — 0
o— a—
of both sides of the above identity that ¢ = ﬁk * F(e).
Then it follows from Corollary 3.1.3 that ¢ € H® and F(yp) € L; N L2, and hence it
is concluded that My = F(¢) — ¢ € L;. Since F and ¢ are continuous, also as a conse-

quence of Corollary 3.1.3, it must be that My = F(¢) — ¢ is continuous, and thus ¢ is a

classical solution of p+ M = F(p). The other results are a direct consequence of Corollary
3.14. O

Yo *p(2) = —=k * Yo * F(p)(2),

or, what is the same,

k* F(p)o.

The discussion of solitary-wave solutions of RLW-type equations and Schrédinger-type

equations follows lines sufficiently similar to those just enunciated that we content ourselves
with summary statements of the outcome.

Theorem 3.2.2. Suppose that the function ¢ satisfies the conditions 1) ¢ € Lo and

I Iiim @(z) =0, and 2) for some constant ¢ > 1, u(z,t) = p(z — ct) is a weak solution of
I|—+00

the RLW-type equation
Uy + up + F(u); + Muy =0
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in the sense that
(s ((c =) +cM)g") — (F(p),g') =0

for any g € C2°. Suppose the symbol a of the dispersion operator M satisfies the smooth-
ness condition k = 1/(1 + ) € H® for some s > 1/2, the operator M maps C° into Ly,
and there are constants B > 0 and » > 1 such that the function F satisfies the inequality
[F(y)| < Bly|" at least for small values of |y|. Moreover, it is assumed that F' exists and
18 bounded on any bounded subset of R. Then ¢ is a classical solution of the equation

((c = 1) +cM)p = F(p)
and ¢ € H®. Furthermore, if k() is an analytic function on the strip
{zeC:|3z] < g9}

in the complez plane and

sup / k(€ +in)|*dé < o0

In|<o /-0

for any o with 0 < o < 09, then
sup [o(z)[e”1*! < oo
zER

for the same range of o.

Theorem 3.2.3. Suppose that the real-valued function ¢ satisfies the conditions 1) ¢ €
Lo and lim ¢(z) = 0, and 2) for some Q > 0, u(z,t) = e'**P(z) is a weak solution of

z|—o0

the Schrodinger-type equation
iug — Mu + F(ju))u=0

(or for some w > 16%, u(z,t) = e"(ozfz"'(”_%ez)‘)gb(z — 6t) 1s a weak solution of the
Schrodinger-type equation) in the sense that for any g € C°

c ?

(¢, (R + M)g) — (F(141)g,9) =0
((¢((w = /2T + J)g) ~ (4:89") ~ (F(14])#:9) = 0),

where the symbol a > 0 of the dispersion operator satisfies the condition k = 1/(1+a) € H*
(respectively, the symbol a(é — 6/2) of the dispersion operator M satisfies the conditions
a(€) = €2 + B(€) with B(€) > 0 and k = 1/(1 + a(€ — 6/2) + 6¢) € H?) for some s > 1/2.
Suppose also that the dispersion operator M (respectively, M) maps C> to Ly, and that
the function F is bounded on bounded sets and satisfies the inequality |F(y)| < Bly|" for
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all sufficiently small y € R for some constants B > 0 and r > 1. Then ¢ is a classical
solution of the equation

(QI + M)¢ = F(|¢[)¢

(respectively, the equation
(w—6%/2)I + M)¢ +i64' = F(|¢|)¢)

and ¢AS € H®. Furthermore, if there is a o9 > 0 such that k satisfies the condition

j |k(z)|?e??1*ldz < oo

—o0

for any o with 0 < o < 0y, then (z)e’l*l € Lo for the same range of values of .

Remark. When considering the analyticity of solitary-wave solutions of model equations
(1.1), (1.2) and (1.3) in [14], it was assumed that the solitary-wave solution ¢, its derivative
¢' and My were all elements of L,. As a matter of fact, if the dispersion operator M
satisfies the conditions in Theorems 3.2.1, 3.2.2 and 3.2.3 with the growth condition a(§) >
A|¢|™ for some constants A > 0 and m > 1, then it is inevitable that ¢, ¢’ and My
are Lj-functions. Indeed, it was shown that ¢, My € L, in Theorem 3.2.1, and then
@' € L is simply a consequence of the growth condition a(¢) > A|¢|™ with m > 1. A
considerable number of KdV-type equations, RLW-type equations and Schrédinger-type
equations fall under the aegis of this assumption. For example, if the symbol a(§) takes

the form a({) = Ei\;l ar|é|™ for some constants ar > 0, 7 > 1 and an integer N > 0,
then M maps C° to L; and k= 1/(1 + a) € H® for some s > 1/2. (Indeed, any
symbol a which is locally absolutely continuous and such that, along with its derivative,
is everywhere bounded by a polynomial has the property of mapping C° to L,. This
follows since MqS = a¢ and the right-hand side plainly lies in H® if ¢ € C.) The model
equations corresponding to such symbols include the Benjamin-Ono equation and the KdV
equation (1.7).

It is worthwhile comparing the results of our theory for the decay of solitary waves
with exact results in some cases where the solitary wave is known explicitly. We start
by applying Theorems 3.1.5 and 3.2.1 to solitary-wave solutions of the the Benjamin-Ono
equation

Uy + Uy + 2uu, — Hu,y, =0,

where H is the Hilbert transform defined by Hep(z) =  [% '.a(t) dt. For this case, the
solitary wave ¢ solves the integral equation ¢ = 72—;1: * p? and decays at exactly the same

rate as the integral kernel k., where kc(¢) = 1/(c — 1 + |€|). The reason is that k. can be

expressed as the integral
k f ye_le'y



and consequently

i, 2 ol = |z‘|‘i'f'm\[/ - 1)2 7 = \/gﬁ -t

It follows from Theorem 3.1.5 that

[ =]

lim z%p%(z) = \/_ <p2(z) dz = #ﬂi)—z- _/:: ©?*(z)dz. (3.2.5)

|z|—o0

Since the solitary-wave solutions of the Benjamin-Ono equation may be written in closed
form as
2(c—-1)

1+ (c—1)2%z2’

p(z) =

simple calculations show that

lim z?p%(z) = —2—--— and / ¢*(z)dz = 2m(c — 1).

|z|—oo -1

Thus in this case, (3.2.5) is directly verified. Notice that k. can also be expressed as

i | 1 *
ke(z) = ———=1In[(c — 1)%z? +—-——/ In[(c — 1)*z® 4+ n%le~"d;
c( ) \/2—71_ [( ) ] \/‘2; A [( ) n ] Ty
showing clearly that it has a logarithmic singularity at z = 0. However, the solitary-wave
solution ¢ is analytic in the strip {z € C : |92z| < 1/(c — 1)} due to the algebraic decay
property of k. and the growth condition on 1/k. = ¢ — 1 + [¢|.

Consider now the example of solitary-wave solutions of the generalized KdV equation

U+ Up + uPU, + Uzzr = 0,

where p is a positive number. It follows from Corollary 3.1.4 that any solitary-wave solution
o(z — ct) with ¢ > 1 deca.ys exponentially since ¢ satisfies the equation ¢ = 7;—“_}(36 *

©?*1/(p + 1), where K( \/?—70—-1-— a kernel whose Fourier transform is K(¢) =
1/(c—1+€2). Applymg Theorem 3.1.6 leads to the conclusion
1 [= =]
I Ve=1|z| — Vve=1|z| *+ve-1t, p+1
Jim e o(z) \/_(p D :Exilme Ke(z) e PPT(t) dt
1 +vec—1t, _p+1
= t)dt. 3.2.6
2,_c_l(p+1)j_me“ (1) (3.2.6)

Since these solitary-wave solutions have the exact form

e+ 1)(p+2)(c—1) Je—1
2 sech?/? (Tpa:) .

p(z) = (3-2.7)
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it is easy to see that

lim Ve Tlp(z) = &/2(p + 1)(p + 2)(c - 1),

|z|—o0

and

/m e‘/‘ﬁ‘cp”"'l(t)dt — /m e_m‘gop'*'l(t) dt

_ e+ )@+ -1
Ve—T1(p+2)

Equation (3.2.6) is again confirmed.

Attention is turned to solitary-wave solutions of the full, two-dimensional Euler equa-
tions. It was shown in the work of Friedrichs and Hyers (8] that when the Froude number
F = ¢/\/gh is greater than but close to one, solitary-wave solutions of the Euler equations
exist and are near in function space to solitary-wave solutions of the KdV equation as
expressed in (1.8) or (3.2.7) with p = 1. As mentioned above, the KdV-solitary waves cer-
tainly decay exponentially away from their crest. Craig and Sternberg [7] have discussed
the exponential decay property of the function y(¢,7) mentioned in the introduction cor-
responding to a solitary-wave solution of the Euler equations without the restriction that
the Froude number lie near 1. Here, we shall apply Theorem 3.1.2 and Corollaries 3.1.3
and 3.1.4 to the solitary-wave solutions w(¢) of Equation (1.10) to show that w(¢) decays
exponentially. From this it also follows that the Fourier transform @ of w has an analytic
extension to a strip in the complex plane.

Henceforth, the following notation will be adopted from the paper of Benjamin et al.
(5] (see (1.10)):

Fw(g) = 731:“f(¢) _
1+ 3y [ sinw(r)dr

Theorem 3.2.4. Let w(¢) be a solitary-wave solution of Equation (1.10) which satisfies
the conditions:

w(¢) = —w(—@) foranyp€eR and 0<w(g) <

|

for any ¢ > 0.
Then there ezists a constant vy, such that

sup |w(¢)le?! <

$ER

for any v with v < vy.

Proof. In the next section, we shall prove that if w satisfies the hypotheses of this theorem,
then w, sinw and F,w all lie in L; NL,. It will then follow that w(¢) is a continuous function
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on R with 1“)liim w(¢) = 0 since the integral kernel k in (1.10) is in both L; and L, and

|¢]|im k(¢) = 0.
Noticing that as |¢| — oo, 1+31f0“’1in woR — T fog‘ii“ ooa — M » Where p = 1/F? <

1 (see [5]), we rewrite the right-hand side of Equation (1.10) as k* Fyw = k* pw+k * G w,
where

v(sinw — w)
143y j: sin w(t)dt
37w fl: sin w(t)dt
(1+ 3y [ sinw(t)dt)(1 + 3y f;° sinw(t)dt)

Gyw =Fw—pw =
(3.2.8)

Then taking the Fourier transform of both sides of Equation (1.10) yields & = pkd+ kG @,
or, solving for w,
’.é —— Sinh E ——
D = —G = G .
v 1— pk 7 €cosh{ — psinh§ +(¢)

Since p < 1, the meromorphic function WE%%&EE has countably many poles located at

points { = in where the real numbers n # 0 satisfy the relation 7 = ptan7n. An application
of the residue theorem shows that its inverse Fourier transform can be expressed as

Bo) = VIS — R enal),

nel Mmtann, +p—1
for any |@¢| > 0, where {1,}52, comprise the poles of h on the positive imaginary axis,

numbered so that 7, < fn41 for n = 1,2,3,.-.. Therefore, w satisfies the following,
equivalent integral equation:

&

w(¢) = =

h * Gqw(P). (3.2.9)
Since

|Gyw| < v|sinw —w| + 372|w|/ sinw(t) dt,
|4l

oo
|sinw —w| < w? and lim sinw(t)dt =0,
[$l—o0 Jig|

with a slight modification in the proof of Theorem 3.1.2 and Corollary 3.1.4, one may
deduce that

w(¢)e’?! € Lo N C(R)
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for any v with 0 < v < 7y, where n; > 0 is the solution closest to the origin of the equation
n = ptann. It also follows from Theorem 3.1.6 that

. t * ;
lim e™l?ly(g) = o ] efmtG.w(t) dt,
¢—too mtanm +p—1J_o

which implies that vy > 7;. O
One consequence of Theorem 3.2.4 is the analyticity of the Fourier transforms @, ;i;;,

F,w and G,w stated in the following corollary.

Corollary 3.2.5. Under the conditions of Theorem 3.2.4, the Fourier transforms @, m,

Fyw and Gyw of the functions w, sinw, F,w and G, w, respectively, have analytic eztensions
to the strip {£é +in,|n| <wo}.

Proof. Because w(#)e’!?l € Li(R) N Loo(R), w(p)e*!®l € Lz(R) for any 0 < v < .
Moreover, |sinw| < |w|, |[Fyw| < |yw| and |G4w| < |Fyw| + p|w|. The conclusion follows
from the Paley-Wiener Theorem [19]. O

Remarks. One may also use Craig and Sternberg’s method to show this decay property
of solitary-wave solutions to the full Euler equations. The results are here obtained as an
easy corollary to our general theory about decay of solutions of convolution equations of
the form f = k * G(f).

The decay property of solitary-wave solutions to the Euler equations demonstrates the
important role played by the nonlinearity, and in particular by the inequality

|G(u)| < Mlu|" (3.2.10)

for some r > 1, which is satisfied by the convolution equations under consideration. Notice
that a solitary-wave solution w of the Euler equations satisfies both Equations (1.10) and
(3.2.8). It follows from Craig and Sternberg’s result [7] that w decays exactly at the same
order e~ "%| as the kernel h in (3.2.8), with 0 < n; < 7/2, but apparently more slowly than
the kernel k in (1.10), whose decay has the asymptotic form e~*1#!//2, In Equation (1.10),
the nonlinear term F.,w satisfies the inequality |F,w| < 7|w|, while the nonlinear term G w
in Equation (3.2.8) possesses the property |G w| < M|w|? for some constant M > 0 for
sufficiently small values of w. Thus the super-linear condition (3.2.10) is needed, together
with the decay condition imposed on the kernel k, in order that solutions of f = k * G(f)
evanesce at infinity at least as rapidly as the kernel. Without Inequality (3.2.10), the
results obtained in this section may not be valid. An additional matter worth mention is
that larger values of r > 1 in (3.2.10) do not necessarily imply a higher order of decay
in the face of a fixed integral kernel k. Solitary-wave solutions of the generalized KdV
equations provide a clear example. They all decay at the same order regardless of the
value of p > 0 appearing in the equation.

4. Analyticity of solitary waves. This section is devoted to extending the result on
analyticity of solitary-wave solutions developed in [14] so that the outcome will not only
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apply to more general model equations, but also to Equation (1.10) (repeated here for
convenience)

W(¢) = —— / b — ) —5nel® 4 (4.0.1)

V2r Jooo 1+ 3y [, sinw(r)dr

for solitary-wave solutions of the full, two dimensional Euler equations. For the Euler
equations once the free-surface variable is known to be given by a function which is the
restriction of an analytic function in a strip, it is natural to ask about the analyticity
properties of the velocity potential ¢ and the stream function 1. These will be seen to
have an analytic extension to an open set in 2-dimensional complex space C2. As a simple
consequence, it will be ascertained that all the streamlines are the restrictions of analytic
functions.

4.1. Regularity of solutions to nonlinear convolution equations

In [14], solitary-wave solutions of model equations of the form depicted in (1.1), (1.2)
and (1.3) were shown to be the restriction to the real axis of functions analytic in a strip
in the complex plane. This was accomplished under the assumption of a homogeneous
nonlinearity f(u), for (1.1) or (1.2) and f(|u|)u for (1.3), where f(z) = zP*!, say, with p
a positive integer. The general aim here is to extend the range of this result to include a
much broader class of analytic nonlinearities. This will be accomplished by reconsidering
the associated nonlinear convolution equations f = k * G(f).

The following three technical lemmas prepare the way for the further study of these
convolution equations.

Lemma 4.1.1. Let f and g be infinitely differentiable functions defined on some open
interval I € R. For z € I, denote by y the value g(z). For any integer n > 2, we have

THIED _ yo g

Zf“)y)zi'“)g ) (n=ia) (G1=da) . . . y(Ge1)
y“ J1y.‘u J2 ,,,yh-a.’
¢y Je—=2y Jo—1

where
0 = £9()
dzk ’
(3,-;;.) n-1  ji—l Je—-3—1j,-2—1
)IREEID DD DRI DD DI
fi=e-1ja=s-2  j,-2=2ji-1=1
and

G ienic) = G G2) - G2)

The proof of Lemma 4.1.1 is tedious, but stra.ightforwa.rd A sketch is provided in the
Appendix. The notations E(°‘“) and (. ) defined in Lemma 4.1.1 will be used

. . Jiv Je—250a-
throughout this section.



Lemma 4.1.2. For any integer n > 2 and any integer s with 2 < s < n, we have that

Z(m)(j " )(n—Jl)" TGy = )

1’--- ’J“_l

(4.1.1)
. . i amdeci=ls  Ge—a=1 _ snlnn—*~1
..(J’_z _Ja—l)J 2=Js-1 Js—lJ 1 - W'
Proof. First remark that the identity (see [20, p. 23])
m
AT e 1 1 o
> (7)e+irerm-iri = (24 D) @y rmm
=0 \J z v
of Abel implies that
m—1 . ) m—1
3 (‘;‘)(z +3) Y (m — j)m=i-l = (ii%‘L— +(m—-1)(z+m)™?  (4.1.2)
i=0

for any m > 1 and any z # 0.
Consider the left-hand side of (4.1.1) for s = 2 and an integer n > 2. Let r=j—1and
then apply (4.1.2) to obtain

nf (;") (n— )77t

B (1)
n—2 n—-31 _ 2n!nn—3
:n[n +(n-—2)n ]—m.

An induction on s is used to complete the proof. Suppose that there exists an integer s
with s > 2, such that the equality

Ja—3—1j,-2—1 I ' o
Z Z Z (il j—1)(1"51)1_"_1(51“3'2)31"”#1'”

Ji=s—1 Je-2=2j,-1=1

. . P . . . _ sl Il—s—l
' '(33—2 _JJ—I)J'_z Je-1 I(J‘__l).'h—l 1 _

(I-s)!
holds for any integer [ satisfying s < I. Let » = s + 1 and apply the induction hypothesis
to the left-hand side of (4.1.1) for an integer n with n > s + 1 to adduce

n—1 31 -1 1""1
z (]) (n— .fl n ji—1 (} )(31__32)11 j2—1
~1

Ji=s 32"8 1 Je
(Ja—1 — Ja)*-t Ji'“’ (4.1.3)

-1
(Jl —3)!
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Letting j = j; — s and applying (4.1.2) to (4.1.3) yields

n—a—1

(nsf!s)! ; (n ; -’) (s + )~ (n — s — jr=s=i=1
= (nsj'!s)! [n“;’*l +(n—s—1)n""2| = (3;?,:!71,;1_):_2

It is thereby proved that identity (4.1.1) holds for all integers n and s with 2 < s <n. O
Lemma 4.1.3. The identity

n—2

S (5) @+ iy i1y
n—2 414
=(z+n;1) +(z+n—-1)""1—(z+n)"" 1+ ( )

+n(n—-2)(z+n—1)" +(n—1)(z +n—1)""

holds for any integer n > 2 and any number z > 0.

Proof. Tt follows from another version of Abel’s identities [20], namely

n

> (?)(z +3)Y Ny +n—j)i 7t = (1 + #) (z+y+n)" "+

=0 z 14y
+ (z+y+n)~1? _(n=1)(= +y+n)*2
y2 y(1+y) ’
that
= /n 1 1
-\j—1 _\—i-2 _ [ = n—2
;(J-)(mﬂ) (y+n—3j) (z+—-——1+y)(z+y+n) +
& (z+y+n)"! B (n=1)(z+y+n)*? B (z +n)*? 3 n(z +n—1)""2
Yy y(1+y) Y2 1+y ’

where y is any real number with —1 < y < 0. Taking the limit of both sides of the above
identity as y — —1 leads to (4.1.4). O

The way is cleared for a discussion of regularity of solutions to nonlinear convolution
equations, which is the subject of the next theorem. To establish the result in view,
the radius of convergence r of the Taylor series expansion of the solution f to the given
convolution equation is estimated at every point =z € R. It will be demonstrated that there
is a constant o9 > 0, independent of z, such that »r > oy, which implies f to have an
analytic extension to the strip {z € C: [z| < a9 }.
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Theorem 4.1.4. Suppose that f is a solution of the convolution equation f = k % G(f)
such that f € L, N Lo and illim f(z) = 0. If the Fourier transform k of the integral

kernel k satisfies the decay condition |k(¢)] < A1/(1 + Az|é|™) for some constants A,
Az > 0 and m > 1, and G(z) is an entire function defined on the complez plane C with
G(0) = 0, then there ezists a constant gg > 0 such that f has an analytic eztension to the
strip {z € C: |Sz| < 09}

Proof. Since G(z) is analytic at the origin with G(0) = 0, there is a constant M > 0
such that |G(z)| < M|z| for all z with |z| sufficiently small. This fact together with the
hypothesis f € L, N L implies that G(f) € Lz N L.

Next, it is shown that f, G(f) € H*™. It follows from the Plancherel theorem that for
any g € C°(R),

[ =] —

k(6)G(£)(£)i€a(€)de. (4.1.5)

(f,g')=(*,§")=(kff;"(}),§i)=]

Because of the decay condition satisfied by k, there is a constant A3 such that |§§:(E )I < As,
and thus

(h9) < 4s [ [0 ¢ < 45 [P, ol = 451Gl

This implies that f' exists in the sense of distribution, and that f' € L,(R), or what is the
same f € H'(R), with || f'||2 < A3]|G(f)l|2.

Because f' € L, and 284D — @'(#(z))f'(z), we have (G(f))' € L, also. Thus (4.1.5)
and the Parseval theorem imply that

f=kx(G(f))".
It follows that f, G(f) € H' and f', (G(£))' € Leo.

To prove that f, G(f) € H™, one may argue inductively. Suppose that there is an
integer m > 1 such that f, G(f) € H™, and

9 =k = (G(f)Y, (4.1.6)

for all integers j with 0 < 5 < m. Then for any g € C° and for j = m, (4.1.6) and the
Plancherel theorem lead to the relation

(f{m)’ gr) _ (k « (@)™, g,)
= (= @ ™)7) = [ M@ ™ (ericaterae.
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Use the inequality |££(£)| < A3 again to obtain the norm estimate

(5™, )| < 44 f Z 9(6)| 1(GW’“’(&)‘ d¢

< 4sdll2 || (G(F) ™

2

= 4slgla || (0™

This means that f(™*1) exists in the sense of distribution and fm+) ¢ L,(R) with
- (m)

IFm+D12 < As[|(G(£))]],-
Now compute (G(f)) ) by applying Lemma 4.1.1 thusly:

w — f(n)Gf(f)+
i G(’) f) (s,n) n 'y i 5 - (4°1'7)
+; 8!( Z (jl,--- ,j,_z,j,_l)f( j )_f(J Jj )...f(J )

for any integer n > 3. Formula (4.1.7) applied when n = m + 1 shows that (G(f)) (m¥3)
may be expressed in terms of derivatives of G and f with orders not greater than m +
1. Hence the induction hypotheses, the boundedness of f() which follows from |f(| <

||}'c||2||(G(f))(J)”2 for any integer j with 0 < j < m, and the fact f(™*1) ¢ L, lead to the

conclusion (G( f))(mH) € L,. By induction, we adduce that f and G(f) € H* and that
the following two relations hold for any integer m > 1,

F =k (G(H)™ and | £ < 45| @(5) ™

. 1.8

19
Next we estimate the L;-norm of (G(f)) ™ forn =1,2,.--. Since £ is a continuous and

bounded function defined on R, its range R(f) is a bounded subset of R, and hence of C.

Let v be a closed Jordan curve whose interior contains R(f) for which d = dist (v, R(f)) =

inf zer [§&1 — f(z)| > ||k|l2- Let My = I:E:LE.'-.\.J:{|G(£)|} The Cauchy formula for the nth
£1€7 v

derivative, applied to the entire function G at a point f(z) implies

. n! G(¢
(5@ = 5 | g

and this leads to the estimate

[EM @) . Mkl _ M
n! = 2pdntl  gntl?

(4.1.9)
valid for any z € R, where |y| represents the length of 7.
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We aim now to derive L,-bounds to supplement the L..-bounds in (4.1.9). To this end,
define two constants

and

_ 2+ 16kl
o =max (o asbts g + R |

It is obvious that
, < a"n"! (4.1.10)

| (G’ f) (ﬂ)

for n = 1,2, with this definition of a. We claim (4.1.10) is valid for all positive integers.
To use induction, suppose n > 2 to be such that (4.1.10) holds for any integer m with

) (n+l)”2 by applying (4.1.7), (4.1.8), (4.1.9), the induction
hypothesis and Lemma 4.1.2 results in the inequality '

1 < m < n. Estimating | (G(

A3M2

H(G(f))‘“*”H
n+1

(8,n+1) 1 .
Z = Z: () n+ ) |f(n.+l—.11) ” ”f(.h—h) f(.?s—l) ”oo
=2
AM 3 ot [ m1
E de+1 ) (} L )

Ast
1Js—237s—1
|

(N

|(er)™

: ||(G(f))"‘"'"

Jieas-»

AsMy ooy N AsMRll3T n+1 ) (=i
< Sprew s R 20E 3 (U0 lew ),
8=2 ji=s-1
'Z(aul’h)(j : )aj‘_j’(jl — ) (4.1.11)
2y 3 Ja—1 e

.o ajl—z_ja—l(ja_z — js_l)jd—Z_J.a—‘l.““‘la’jl—l(js_l)jl—l.—l
_AsMy . R AM|lE|T N (a1
=g 2" +Z de+1 Z: B )

a=2 1=s—-1

@ (s — )5 5t ” (5) (n—hl

(J1—s+1)!

Ay +'§A3Mzuku;"(s—1) a™(n +1)ln™~*
= da d*+ (n—s+1)!

IG(Hllz +

=2

n—1
n+1\ ahjlji=t . e
+ . —..._an h o n—=7n 1 .
S () SRR - )

ji=s—1
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Let j; — s+ 1 =j and use Lemma 4.1.3 to deduce

'f (n+1) ATy
Pl 71 ) (G1—s+1)!

_ (n+1)’

N n—3+2'

Z( s+2)(3+3_1): fn—s+2-7 -1 4 )

j=0
n+1)! n""* n—a n—a
- (n(—s+)2)![s— R G i
+(n—s+2)(n—s)n" "1+ (n—s+1)n""*].

It follows from (4.1.11) and (4.1.12) and the definition of a that

e+,
Ay [ IR (s = DIlE]3
< At + 2+ 1GH)2 (n+1)'§ & (n - s +1)!

A M (1 _ n+$1 s — k a—1
S AR C O PICRR Wy ;( oIk ]

+ 2+ IGU) e | < a™i(n + 1),

< 1)" A3 M.
< (n+1)"A3Mza™ [3d2

Thus Inequality (4.1.10) holds for any integer n > 1.
For any z € R and any integer n > 2, (4.1.8) yields

@ 2| [ e

< 2Pl £ 7 < 243 || (6(5)

-<_ 2A§a2ﬂ-—l(n _ l)ﬂ—znﬂ—l"

CeN

and

JIRCEOICTO sl

||(G(f))(n+1)”2 < 22"+ (n 4 1)m,

(@)™ =2

<2,

In consequence, it is seen that

’f(n) ‘/V/_Asan—llznn -1 = oo
¥+ ae
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It follows from the above two inequalities that f and G(f) have Taylor series expansions
about any point z € R with radius of convergence R > i , a quantity which is independent
of the point z. Therefore, there exists a constant o9 > 1/ae for which f and G(f) have
analytic extensions to the strip

Seo ={2€C: |92| <00}

a

One interesting consequence of Theorem 4.1.4 is that the analytic extensions of f and
G(f) are also La-functions in S,,. This leads in turn to the conclusion stated in the next
corollary, that the Fourier transforms of f and G(f) decay exponentially at infinity.

Corollary 4.1.5. The Fourter transforms f and 6(-?5 of f and G(f) satisfy the inequal-
tites
oo - 2
/ |f(t)| e?#ltdt < oo,
—_— 00
o0
L.

respectively, for any p with 0 < p < E!E

2
e?Hltdt < 0o,

Proof. Let z = z 41y be any point satisfying |y| < g with 0 < g < 1/ae. Then the Taylor
expansion of f at zg =z is

(n) (2 n
£ = Zf() —Zﬂ)

n=0 n=0

(o) L8 (ot

n=0

and thus

The above inequa.lity and the Pa.ley~Wiener theory [19, Theorem IV] imply that

||

is valid for any p with 0 < u < al—e

2
e2bltldt < oo,
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The other inequality may be verified similarly. O

Remark. In adducing analyticity of f in Theorem 4.1.4, we have actually used only
two properties of G: (i) G(0) = 0, and (ii) G is an analytic function on an open set U
containing the range R(f) of the solution f for which G is continuous up to the boundary
AU of U and

dist (U, R(f)) = inf |z~ f(2)| > [kl
ze8U

This observation allows one to extend Theorem 4.1.4 in the following way.

Corollary 4.1.6. Suppose that f is a solution of the convolution equation f = k * G(f)
such that f € L;N Ly and | ]fm f(z) = 0. If the Fourier transform k of the integral kernel

k satisfies the decay condition |k(£)| < A1 /(1+ A3|€|™) for some constants Ay, A, > 0 and
m > 1, and G is an infinitely differentiable function whose domain contains the range R(f)
of f, having all of its derivatives bounded on R(f) and satisfying the condition G(0) =0,
then f, G(f) € H*®. In addition, if G is an analytic function on an open set U containing
R(f), G is continuous up to the boundary 8U of U and

dist (8U, R(f)) = aicléil. |z — f(z)| > ||k||2,
ze8dU

then there ezists a constant o9 > 0 such that f and G(f) both have analytic extensions to
the strip {z € C: |Sz| < 7¢}.

It is worth summarizing the overall view of solutions of the nonlinear convolution equa-
tion f = k * G(f) gleaned from the preceding development.

Theorem 4.1.7. Suppose that f is a solution of the convolution equation

f(z) = (k* G(f))(=)

such that f € Lo, and | ]|1m f(z) = 0. Suppose also the measurable function G satisfies the
Z|—o0

condition |G(u)| < M|u|™ for some constants M > 0 and r > 1 and all sufficiently small
values of |u| and the integral kernel k satisfies the condition k € H* for some s > 1/2.
Then f 1s a bounded and continuous function with (1 + |z|)*f(z) € L2 N L.

Furthermore, under the condition that the Fourier transform k of k is an analytic func-
tion on the strip {z € C: |Sz| < 09} satisfying

sup / k(€ + in)|*dé < oo

[nl<o J -0
for any o with 0 < o < 09, then e”1*|f(z) € Lo for all such values of .
In addition, if G = G(z) is an analytic function, satisfying the property (ii) in the last
Remark, and |k(€)| < A1/(1 + A2|€|™), where Ay, Az > 0 and m > 1 are constants, then
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f and G(f) have analytic extensions F and G(F) defined on a horizontal strip {zeC:
|S2| < v} for some constant vg > 0 with F' and G(F) satisfying the inequalities

(=)
sup j |F(z + iy)|? dz < oo,
ly|<v J—oo

sup ]m |G(F(a: +£y))12 dz < 00

lyl<v J—o0
for any v with 0 < v < vy, respectively.

As pointed out in Theorems 3.2.1, 3.2.2 and 3.2.3, solitary-wave solutions of the evolu-
tion equations under consideration can be expressed as solutions of convolution equations
of the form ¢ = k x G(p). Therefore, the conclusions of Theorem 4.1.7 apply to these
solutions when k and G satisfy the hypotheses of the theorem.

In the next subsection, it will be demonstrated that solitary-wave solutions of the Euler
equations fall into this category as well.

It was proved by Amick and Toland (3] that solitary-wave solutions of the full Euler
equations are real analytic functions, but the issue of how far solutions could be extended
into the complex plane was not addressed. To cast light on this question, one might adopt
the method Lewy used in his work [13], which is connected to the problem of local extension
of a harmonic function satisfying certain boundary conditions. However, it will be seen in
the next subsection that the technique just developed can also be used to tackle the issue
of analyticity of these solitary-wave solutions.

4.2. Analyticity of solutions w(@) to Equation (4.0.1)

In the work of Benjamin et al. [5], it was shown that Equation (4.0.1) has solitary-
wave solutions w(¢) which are odd functions on R and non-negative for ¢ > 0. Moreover,
because |w(¢)| is bounded by the L,-function |k * (1/¢)|, w(¢) < n/3 for any ¢ > 0 and

I¢1|im w(¢) = 0. Here, we intend to show in Theorem 4.2.2 that a solution w of Equation
—+Cc0

(4.0.1) is necessarily an element of L; N L,, as long as w is an odd function and 0 < w < 7/2
on the interval (0,00). We will then be able to conclude that w satisfies the conditions
imposed on the solutions in Theorem 4.1.4.

We begin by exposing a few basic properties of the kernel k.
Lemma 4.2.1. The function k(¢) = \/-%_ln (coth 1!421) has the following properties:

_1-_2-I-_1.,r1¢,|

2V2 X e
1. k(¢)= 7= > e for any || > 0, and
n=0

2. k(¢)e!?l € Ly(R)N Ly(R) for any § with 0 < & < g
Proof. The Taylor series expansion

1+=z 2, 2zl
1 -
n(l—-z) Z2n+1

n=0
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is valid for any = € (—1,1). Take z = e "l4//2 to obtain the first property. The second
property is a direct consequence of the first. O

Theorem 4.2.2. Suppose that the measurable function w(@P) is a solution of Equation
(4.0.1) and that it satisfies the conditions

w(¢) = —w(—@) for almost every p € R and 0 < w(¢) <

Y]

for almost every ¢ > 0.

Then sinw(¢), w(¢) and Fow(¢p) € Ly N L,.

Proof. Assume that sinw(¢$) ¢ L;. Then for any fixed number ¢ satisfying 0 < € < 1/2¢,
there exists an A > 0 such that

1

= 4.2.1
3ey (4.2.1)

M
/ sinw(r)dr >
0

for any M > A, where ¢ = [ k(t)dt + 1/2.
Since k(@) is even, Equation (4.0.1) can be expressed as

_ 1 . vysinw(¢ —t)
“(9) = \/2_17./; k(t)l + 3'7_]'(;‘"“t sinw(7)dr

1 e ysinw($ + t)
+— / k(2 dt =I+1I,
V2r Jo ( )1 + 3y f:“ sin w(7)dr

say. Consider the integral

/A ” ITe %%d¢ = % fo ~ k(t)dt

where § is any constant in the range 0 < § < ¥ for which [ k(t) cosh(6t) dt < ¢. It follows
from (4.2.1) and the hypotheses on w that

-/°° ysinw(¢ + t)e % dé,

A 143y f:’“ sinw(r)dr

[« =] _6¢ oo oow —54
fA ITe %%d¢ < ey /0 k(t)dt / (¢ +1t)e~??dg

A

L= =] = =]
= e'y/ k(t)dtf w(r)e 8"V dr (4.2.2)
0 A+t

oo oo
< e‘y_/ k(t)e“dt/ w('r)e_‘srdf.
0 A

Now consider the integral

oo ==] oo - _ —6¢
/ TeS%dg = —— f k(t)dt / 75‘““’& De ™ 4.
A Var Jo A 143y [ “sinw(r)dr
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Let = ¢ —t and use (4.2.1) to obtain
. —6n
] Te%dp = — / k(t)e*dt f vsinw(n)e dn
A

A—t 1437 [ sinw(7)dr

_ L [T et ysinw(n)e”’ .
= 7= k(t)e®tdt (/ +L_t) T [ sinw('r)d'rdn (4.2.3)
< e*rf k(t)e™ J‘dt/ w(n)e $"dn + 7/00 tk(t)dt.

It follows from (4.0.1), (4.2.2), (4.2.3) and the inequality [ k(t)cosh(6t)dt < & that
/ w(p)e=4dp = f Te-%%dg + / [Ie=%dg

< 2ey /:D k(%) cosh 5tdtj; w(p)e %%de + « /:Q tk(t)dt

< 26‘75/00 w(p)e%d¢ +'T/m tk(t)dt,
A 0

whence

mw e~ 9 . -
/A ($)e*dp < =T — /; th(¢)dt.

Applying Fatou’s lemma yields
/ w(¢p)de =/ lim inf w(@)e~*¢d¢ <
A A §—0
o 7 oo
< lim inf f w(p)e 0%dp < oz f th(t)dt < oco.
" —

§—0 2evc Jo
The hypotheses on w and the above inequality imply w € L;(R).
However, since |sinw| < |w|, it follows that sinw € L;(R), a contradiction. Hence the
assumption is false and sinw € L;(R).
Because both k(¢) and sin w(¢) belong to L;, Young’s inequality implies

[wlls < lIk* Bywlly < vk +[sinwl|ly < vkl sinwl]s.

This means that w € L;(R). Because w satisfies the convolution equation (4.0.1), it is
plainly continuous. Consequently, both sinw and w belong to L;(R). Using the inequality
|Fyw(¢)| < |ysinw(@)| then yields Fyw € Ly N L. O

A consequence of Theorem 4.2.2 is that w, sinw and F,w are all H*-functions, as was
pointed out in the work of Amick and Toland (3], and Benjamin et al. [5]. Appropriate
estimation of norms of sinw and F,w will allow us to conclude the three functions w, sinw
and F.,w have analytic extensions to a strip in the complex plane. Since the verification of
the relevant estimates closely follows the style of the proof of Theorem 4.1.4, it will only
be outlined.
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Theorem 4.2.3. Suppose that w is a solution of Equation (4.0.1) satisfying the conditions
in Theorem 4.2.2. Then w, sinw and Fyw all lie in H*(R). Furthermore, there ezists a
constant o > 0, such that all three functions have analytic extensions to the strip

So={w=¢+ipeC: [¢| <o}.

Proof. Using the fact that the Fourier transform % of k in Equation (4.0.1) satisfies the
inequality |[£k(€)| = |[tanhé| < 1, one obtains formally the estimate

(o™, )| = [ komemeici@e < [ |ie||dEmamie|
< 1Al (E@) 2 = [ Fll2[[(Fyw)™ 2,

for any f € C2° and any integer m > 1. This implies immediately that

ol <o), w2
for all m > 1. Note also that formally,

(sinw)™ = i L = w™ cosw + (w')" sin (w + E) +

don 2
(4.2.5)
sm(w+ =) (m)(J ) (nmts), (Gumi .
+ n—ji),(J1—j2) . .. w(Jl‘—vl)’
; Z *y Ja-1

and
(Fry® = 7R 37T, () (ainw) 07 (Fr) ™™ (4.2.6)
w — 5
! 143y fn sin w(t)dt

for any integer n > 1. Since it is known from Theorem 4.2.2 that F,w € L,, it follows
from (4.2.4) that w € H'. It then follows from (4.2.5) that sinw € H?, and afterward from
(4.2.6) that F.w € H'. Continuing this argument inductively leads to the conclusion that
w, sinw and Fyw all lie in H*°.

Define the two positive quantities

s = max {I(sin ) IFT, [(E@)IF, [(sine)IET ],

and

a= ma.x{a;, =+ (14 || Fywll2) (e — 1), (7 + | Fywll2), [[k||2e”kﬂz} _
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Then the inequalities

(sinw)(“‘) ] & aZn—1pn-1
2

L

(F"r“’)(n)

S aZnnn—-l, (4.2.7)

(sinw)(“) < a2n+lnn—1,

o

hold for n = 1,2. Arguing by induction in a way similar to that used in evaluating
1(G(f)) (“)”2 in the proof of Theorem 4.1.4, and making use of the relation

W™ =k x (Fyw)™ (4.2.8)

for m > 0 together with (4.2.4), Lemma 4.1.2 and the expressions (4.2.5) and (4.2.6)
for (sinw)™ and (Fyw)™, respectively, one determines that (4.2.7) holds for all integers
n>1.

The inequalities in (4.2.7) together with (4.2.8) show that the functions w, sinw and
F,w all have Taylor series expansions about any point ¢ € R with radius of convergence
not less than 1/a’e. This implies the desired conclusion. O

An immediate consequence of Theorem 4.2.3 is the exponential decay property of the
Fourier transforms of the functions w, sinw and Fyw.

Corollary 4.2.4. The Fourier transforms @, .'F—;;J and sinw of w, Fyw and sinw satisfy
the inequalities

(= o]
f l&(2)| e2#1tldt < o,

— 00

||
/.

respectively, for any p with 0 < p < ;i;.

2
e?Hldt < oo,

— 2
sinw(t)i e*1tdt < oo,

Proof. This follows from the Paley-Wiener theory as in the proof of Corollary 4.1.5. 0O

Thus far, we have discussed analyticity of the solution w(¢) to Equation (4.0.1). Notice
that w(¢) is actually the boundary value of the harmonic function w(¢,%) at the top of the
region {(¢,%) : —00 < ¢ < 00,0 < 9 < 1} of its definition. The value —w(¢,?) represents
the angle between the streamline indexed by the value ¢ and the positive real axis at the
correspondingly transformed point (¢,%) in the flow region. In addition, w(¢,%) can be
expressed as the integral

w(@9) = o= [ K-t D) Reia (4.2.9)
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where

1 In coshﬂzﬂ + sin 1’%&
V2 <:oshﬂ2ﬂ — sin 1241’

whose Fourier symbol is k(¢,%) = %‘i’;—;‘%{. Thus it is natural to speculate that w(¢,)

possesses analyticity properties similar to those of its boundary value w(¢). As a matter of
fact, one conclusion that can be easily drawn by applying the argument in Theorem 4.2.3

to w(@,) is that it has a continuous extension to the infinite rectangular cylinder
{(w1,9) : —c0 < Rw; < 00, |[Swy| < 0,0 <9 <1}

in such a way that the extension is a holomorphic function with respect to w; and it is
a C*°-function with respect to both w; and 1. In the next section, it will be shown that
w(¢,1) and its complex conjugate can in fact be extended to functions holomorphic with
respect to two complex variables.

4.3. Analytic extension of the function w(@,v)

k(?sa':b) =

To show analyticity of w(¢,) and its complex conjugate In g(#,%) in the next theorem,
advantage is taken of both analyticity and the exponential decay property of the function
F,w(¢) which is the derivative with respect to ¢ of the boundary value at 3 = 1 of the
function In g(¢, %), where g(¢,%) is the speed of the flow normalized so that ¢(¢,%) — 1
as |¢p| — oo (see [5]).

Theorem 4.3.1. Suppose that w(@) is a solution of Equation (4.0.1), satisfying the con-
dittons in Theorem 4.2.2. Then the corresponding harmonic function w(¢,y) has an ez-
tension as a holomorphic function w(wy,w;) defined on the open set

D, = {(w1,ws) : |Swy| + |[Rwz| <1+ p},
in C?, where the constant p is defined by

p = max {a > 0;/60 |F:?o(£) ’ e?oltlge < 00} . (4.3.1)

Proof. For any constant v with 0 < v < p,let D, = {(w;1,w2) € C? : |Sw;|+|Rw;| < 1+v}.
We shall show that the integral

(o uz) = <= [~ Mewn) Fra(@)e g (43.2)

defines a holomorphic function on the open set D,. For any point (w1,w;) = (¢ + i7,% +
in) € D,, the following estimate is valid:

k(s wa) Fra(e)el

| cosné sinh ¥€ + isin n€ cosh P& — r

- € cosh ¢ Fyo(£)e™! (4.3.3)
< 3ell¥I—1+IrDI¢l F:z(f) — 3e(IFw1|=1+[Rwa|)[€] Ff@(f) ’ )

- €
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Because F‘:u is an analytic function by Corollary 3.2.5 and m(ﬁ) = 0, thereis an M > 0,

such that .
F‘r“"(E )

3
for |¢| < 1. It follows from (4.3.1), (4.3.3), (4.3.4) and the definition of D, that

<M (4.3.4)

fm |E(fsw2)m(£)|e|"ﬂd§‘ <2M ' elmélde+

—0oo -1

+ 3/ [f;';;;(f)|e(lfﬁ|—1+lfl)l-fld£
[§1>1

1
<o [ 0rMgers [ FG(©l g < oo.
-1 [£1>1

Therefore, w(w;,wz) is a well defined and bounded function on D,. For any point
(w1,wz) € D,, thereis a § > 0 such that if |Aw,| < §, then |Rw,| + [RAws| + |Swy| -1 <
|Rw2| + 6§ + |Swi| — 1 < v. For such a § and such values of Aw,, the inequality

k(¢, w2 + Aw,) — k(€,w,)
AtD2

1 -
'/.o aa.w—kz(f,‘lU2 + GA‘I.Uz)dG

) (4.3.5)
_ ] cosh (w, +9A1m)£d9 < o(IRwal+|RAw,|-1)[¢|
0 cosh{ -
implies that
k(€, ws + Aw,y) — k(fs w2)m(5)e—iw1€
Awg (4.3.6)

< e([Rw2|+8+|Sw|-1)[¢| l p‘;;,(f)l _

Because v < p, it follows from (4.3.1) that the right-hand side of (4.3.6) is integrable over
R with respect to {. An application of the Dominated-Convergence Theorem then yields

© k(€, wa + Aw,) — k(£, ws)

lim
o0 Aw,

&‘Iﬂz —0 _—

Fw(g)e " 4d¢

_ / T Ok e ) () g
—ca 8?.02 ! R

The last computation shows simultaneously that w(w;,w;) is complex differentiable
with respect to w; and that its partial derivative 2 is bounded on D, . Similarly, using

8103
the estimate
e—'s'w1{(e—iAw1£ _ 1)

‘gé(e,wz)m(ﬁ ) iAW L (4.3.7)

< 2618w+ ASwy [+ {Rwa 1) ¢] lﬁr;,(f)|
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and the Dominated-Convergence Theorem again shows that w(w;,w;) is also complex
differentiable with respect to w; with ;’T'f’l bounded on D,.

Thus, w(w;,w;) is an analytic function on D,. Because D, is the union of such open
sets D,, it follows that w(w;,w3) is a holomorphic function of w; and w; on D,. Moreover,
(4.2.9) and (4.3.2) show that w(w;,w;) is an extension of w(4, ). a

Now consider the complex conjugate In g(¢,%) of w(@,%), expressed in the form of the
inverse Fourier transform

* cosh 9§ —
\/_ o £ cosh £

That In ¢ is indeed the conjugate of w follows upon checking that the right-hand side of
(4.3.8), call it g, and w(¢, ) satisfy the Cauchy-Riemann equations:

In g(¢,%) = — R w(¢)e ¢ de. (4.3.8)

39 Ow 8_9 Ow

26 " o9’ B 04
This means that g(¢$,v) = Ilnq(¢,%) + const. Since lbliif?ooln q(¢,%) = lim g(¢, ) =0,

|¢]—
9(¢,¥) =Inq(¢,9).
Like w(¢, ), In g(¢,%) also has an analytic extension to a holomorphic function, denoted
by In g(w1,w2), of two complex variables in D,, a fact which may be proved by an argument
similar to that used in the proof of Theorem 4.3.1.

Theorem 4.3.2. Suppose that w(¢) is a solution of Equation (4.0.1), satisfying the con-
dittons in Theorem 4.2.2. Then the complez conjugate In g(¢,v) of the harmonic function
w(P,) can be extended as a holomorphic function ezpressed by the integral

cosh 'wzf

\/2—71_/0‘: € cosh ¢ ‘Y“’(E)emmlsdg (4.3.9)

In Q(wl ’ w2

defined on the open set D,.

Remarks. It is worth noting that the two holomorphic functions w(w;,w,;) and
In g(wy1,w2) preserve complex versions of the Cauchy-Riemann equations, viz.

Blnq Ow * cosh wlf —iwy €

Bwn ng \/_ “cosh € Fro(g)e™™d, 4310
3.1

Olng sinh wz€ ( )

= = e~ w1
Bw, 3101 \/z_w,/_m cosh ¢ 7 (§) .

In addition, by studying the integrals in (4.3.2) and (4.3.8), one may also obtain ex-
ponential decay properties of the two harmonic functions w(¢,®) and Ing(¢,?). Take
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the function w(¢,9) for example. For any ¥ € [0,1], it follows from Corollary 3.2.5 that
%%Z%F w(€) is a holomorphic function of ¢ defined on the strip {{ € C: |3¢| < n;}, and

o sinh ¥(§ +ip) o i 2 .
~/—oo (¢ +ip)cosh (€ + ;‘p)F‘Y“”(E +ip)| d€ <

for any po with 0 < gy < ;. The Paley-Wiener theorem implies that

/ h lw(¢,)|?e*1*ldp < 0o

00

sup
0< u<po

for any o with 0 < & < 7m;. In consequence, the convolution equation (4.2.9) implies
w(¢,¥)e’!®l € L, for any fixed ¢ € [-1,1].

Recall that if w = f(z) is the conformal mapping of the fluid region  to the strip
D = {(¢,9): —00 < ¢ < 0, 0 < ¢ < 1}, then

dz e~ w(®¥) cosw sinw

dw cq(¢ ¥ e (4.3.11)
3¢ % oY

Therefore, an analytic extension of the inverse function z = f~!(w) of w = f(z) can be
inferred from that of w and In gq.

Theorem 4.3.3. The function z = z(¢,9) + iy(¢,v) defined on D can be ezxtended to a
holomorphic function of two complex variables in the open set D,.

Proof. Let gi(wi,w2) = %ﬁ’r} and gz2(wy,wz) = ﬁ%“(i%ﬂ, where g(w;,w,) is de-

cg\wy,w2
- wy , 1w s Slnu Cosw COS8 W _
fined as g(ws, wz) = €2 A*1:92). Since gt = —Rey,,, — 2rg,,, and 5t = 22w,

—,—si“;“qwl, it follows from the definition of ¢ and (4.3.10) that

we = (0 Q)w, = —qWu,, and guw, = ¢(In Q)w, = qWu,,

8g1 __  sinw cos w 892
and thus, gl = — %% 7 Ww, + W, = aw . Because D, is a simply-connected domain,

it is adduced from Cauchy’s theorem [18] that there is a holomorphic function X (wy,w,),
un.iquely determined up to an additive constant and defined on D,, such that g =g

and 2 3;? = gp. Similarly, the relation —9-‘- —‘-—9—)- , which is also verified by using (4 3.10),
implies the existence (see [18] again) of a holomorph.lc function Y(wl,'wz), unique up to
some additive constant, defined on D, and such that 8:; = —gs and 2¥ wz = g1. Because of
(4.3.11), we see that g; and g; are a.na.lytic extensions of the partial derivatives of z(¢,%)

and y(¢,%). It follows that X (w;,w2) and Y (w;,w2) can be chosen in such a way that
they are analytic extensions of z and y. O

To obtain an analytic extension of the conformal mapping w = f(z), we shall apply the
Open-Mapping Theorem. The use of the open-mapping result requires some estimates for
related functions. The next theorem deals with this issue.
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Theorem 4.3.4. Provided that o = max |w(@)| < 7/2, there ezists a constant p > 0 for
which the functions

1

iw(wy,wz)
7
cos w(wy,wz)’

tan w(wy,w,), e

the first-order derivatives of w and the second-order derivatives of the functions X and Y
are all bounded holomorphic functions on the open set

S = {(w1,w2) € C: |Sw1| < p, [Swe| < g, [Rwz| <1+ p}.

Proof. It follows from the proof of Theorem 4.3.1 that w, In ¢ and their partial derivatives
are all bounded holomorphic functions on the set D, = {(w1,w2) € C? : |Sw;| + |Rw2| <
1+ v} for any v with 0 < v < p. Then the functions e*“(¥1:%2) g and the second-order
derivatives of X and Y, expressed in terms of sin w, cosw, ¢ and first order derivatives of
w, are also bounded functions on D,. Fix a v € (0,p), and let M be a simultaneous upper
bound for all of these functions on D,. To finish the proof, we show that there is a 4 with
0 < p < v/2 such that | cosw(w;,w;)| has a positive lower bound on S,.

Let € be a positive number such that when |z| < ¢, |sin z| 4 2|sin® z/2| < (1 —sin )/2,
where a < 7 by hypothesis. It follows from the definition of M that the inequality

|Aw| = |w(wy,wz) —w($,¥)| < M|wy — @] + M|wz — 9| <e (4.3.12)

is valid if ¢ = Rw,, |Swy| < min{v/2,e/2M}, [R(w2 —¢)| < min{r/2,e/4M} and |Sw;| <
€/4M, where ¢ € [-1,1] and Aw = w(w;,w2)—w(¢$,?). Having so chosen ¢, one then infers
the existence of a positive constant p < /2 such that (4.3.12) holds for any (w1, w2) € S,

by choosing ¢ = Rw; and ¢ € [—1,1] satisfying the identity |Rw; — 9| = iIni; i |Rw2 —n|.
n€l—-1,
Then it transpires that

| sin w(wy,w2) — sinw(P,¥)| = | sin Aw cosw(P, ) + (cos Aw — 1) sin w(¢, )|

4.3.13
< |sinAw|+2|sin2%l < (1 —-sina)/2. ( )

Because w(¢,%) is a harmonic function on the closure D; of the domain
Dy ={(¢9): —c0 < p<00,-1< ¥ <1},

and since a = 1;13;: lw(®)| = max lw(#,—1)| and I¢l|i31mw(¢,1,{)) = 0 for any ¢ € [-1,1],

it follows from the Maximum Principle that the inequality |w(¢,%)| < « holds on D;.
This result and (4.3.13) lead to the inequality |sinw(wi,w;)| < (1 + sina)/2 for any
(w1,w2) € Su. Then |cos? w(wy,ws)| > 1 —|sin? w(w;y,w;)| > 1~ (1+sina)?/4 > 0 holds
for any (w;,w2) € S,. O
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With the above preparation, we begin investigating the analyticity of the velocity po-
tential and the stream function by studying the holomorphic mapping § : D, — C%.

Because the Jacobian of the mapping (;E) is

cos W sin w

X X 1
det | ,*? Y2l =det| & 4 |=——=+#0
le sz _ sl:qw C(::; w cz qz 7£

§ is a locally homeomorphic mapping, and therefore it maps D, to an open
subset of C?. Our results in the next subsection will follow from this property and the fact

that (;()

on D,,

is a conformal mapping of D; onto the closed set

Dy

U = {(2,y) : —o0 <z <00,—H(z) <y < H(z)}.

4.4. The velocity potential ¢ and the stream function ¢

As mentioned already, Benjamin et al. [5] proved the existence of a solitary-wave solu-
tion w of (4.0.1) such that

w(¢) = —w(—¢) forany ¢ €R, and 0 <w(¢) < ¢/3 for any ¢ € [0,00). (4.4.1)

Using these properties, we shall prove that the corresponding holomorphic mapping
o is a homeomorphism of D; onto ;.

(%)l

Theorem 4.4.1. Let w be a solution of (4.0.1) satisfying the conditions of (4.4.1). Then

§ corresponding to w is a homeomorphism of Dy onto Q.
Proof. It follows from Theorem 4.3.1, Theorem 4.3.2 and the maximum principle that w
and In g can be extended to harmonic functions which are complex conjugate to each other
on D; with the symmetry properties

the holomorphic mapping

w(¢s¢) = —w(_¢a¢)s w(q&,i,b) = —w(é? —'lb)'.' (4‘4‘2)

for any (¢,%) € D; and, moreover, max |w(¢,?%)| < T
(¢.4)€D; 3

Choose any constant N > 0, construct the closed path [ in D; as

I={lg| <N, =1}U{¢=—-N,[$| <1}U{|¢| < N,9 = -1} U{¢ = N, [)| <1},
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and let D; be the interior of I. Fix a point of the form (—N,%o) € . Then for any point
(N,v) €, consider

(35) = (Ko - X2 _ ( TN St ds+ I, —%cﬂ)

ay ) = \Y(N,9) - Y(-N,40) ) = [7 ool ‘

If 9 # 1o, AY # 0 since cosw(¢,%) > 0 on D;. If ¥ = 39, AX # 0, for the same reason.
In a similar way, one may show by using (4.4.2) that ,E is an one-to-one mapping

of | onto a closed path I'. Then it is a conformal mapping of D; onto the interior of T'.
Since N is arbitrary, this leads to the desired conclusion. O

In Theorem 4.4.2, use will be made of the norm |z] = 4/|21|? + |22|? forany Z'= (21,22) €
C?. Denote the ball of radius r with the center (z19,220) by B((zlo,zgo),r) = {(z1,22) :
|(21,22) — (210, 220)| < r}. The technique of the next proof is adapted from that appearing
in Theorem 10.30 of Rudin’s text [21].

Theorem 4.4.2. Let w be a solitary-wave solution of (4.0.1) satisfying the conditions of
(4.4.1). Then the corresponding velocity potential ¢ and the stream function 9 defined on
Q both have analytic extensions as holomorphic functions on the open set

Qo = {(z1,22) €EC* : —0 < z = Rz; < 00, |S2z1| < a, |R2z2| < H(z) + a, |S22| < a}
for some constant a > 0.

Proof. Using the fact verified in Theorem 4.3.4 that the second-order derivatives of X and
Y are bounded on S, it is seen that corresponding to € = 1/2¢, thereisa § with 0 < § < p
such that for any (¢,%) € Dy, if (w1, w;), (w10, w20) € B((d;, 1,!-),6), then

(X(wl,wz)—X(wm,wzu)) _J (w1—w1u) < 1 (wl—‘wm)
Y (wy,wz) — Y(wi0,w20) (%) \ wy — wso wz — Wag

25 » (443)

where

J — le sz
(¢1¢} - le sz (¢ v.,) 1

cis the steady speed of the flow at infinity and § is independent of the choice of (¢,%) € D,.

wy — Wi
Wz — Wao

7 (wl_wlo)‘z 1 (wl—wlo) >1
(%) \ wy — wao cq(P, %) |\ w2 — w2o c
it follows from (4.4.3) and the Schwarz inequality that

X (w1, wz) — X (w10, w20)
( )

Y(w1 ) wz) - Y(‘wm, wzo)
1

wy — Wio = w; — Wio
Wz — Wao w2 — Wao

2c
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Thus by the Open-Mapping Theorem (cf. [18]), ({f) is a one-to-one mapping of the ball
B((qi,i,b),ﬁ) onto an open set V, whose inverse is also a holomorphic mapping denoted

by (i) Let z = X(¢,v), and y = Y(¢,9). We shall show that there is an a > 0

independent of (¢,%) for which B((z,y),a) C V.
Let (b1,b2) € B((¢,%),6) be any point such that |(b1,b;) — (¢,%)| < §/2. Then
B((b1,52),6/2) C B((¢,%),6) and for any (w1,wz) € 8B((b1,b2),6/2), it follows from

(4.4.4) that
Gl 36| o o

Let (A1,)2) € B((X(b1,52),Y (b1,b2)),6/8¢c). Then (4.4.5) and the choice of (A1, Az) yield

the estimate
. X(wl,wg)—z\l)
mn (Y(wl,‘w'2)-/\2

>2
(w1,w2)€8B ((b1,b2),6/2) 8¢

On the other hand,

p §
8¢’

(=)

The last two facts and the Minimum-Value Principle imply that the mapping (1{ B :\\1)
— A2

has a zero in the ball B((bl,bz),b'/Z), which is to say (A1,A2) € V. Since (A1,Az) is
an arbitrary point in the ball B((X(by,b2),Y (b1,b2)),8/8¢c), it follows immediately that
B((X(b1,b2),Y(b1,b2)),6/8¢c) C V. Thus it is concluded that B((z,y),8/8¢c) C V.
Hence, for any point (z,y), the velocity potential ¢ and the stream function 3 both have
analytic extensions to holomorphic functions & and ¥ defined on the ball B((z,y),é' / 8c) .
It follows from uniqueness of analytic extensions that ¢ and 9 can be extended as analytic

functions to the set U _ B((=,y),6/8c). Therefore, if the constant a is chosen as a =
(z,¥)€ED;

6/16c, say, then Qo C U __B((=,y),6/8c), which leads to the desired conclusion. ~ O
(zIU)GDI

Remark. The analytic extensions ®, ¥ of ¢ and 9 also satisfy the Cauchy-Riemann -
equations, a fact which may be verified as follows. At any point (z10,220) € 0, it follows
from Theorem 4.4.2 that there is a neighbourhood V of (21¢,220) and a neighbourhood

U of (w10, w20) = (@(zw, zzo),‘I‘(zm,zm)) such that (Q

v is a conformal mapping of V

onto U. Differentiating the equations

zZ1 = X(wl N ‘I.Ug),

29 = Y(w1,w2)

48



with respect to z; and z,, respectively, on V, where w; = ®(z1,22) and wy = ¥(21,22),
leads to the relations

Xy Koy ..\ (1 Xegy K ®.,\ (0O
Yo Y, ¥z, ) \0)’ Yo, Yo, Uz, ) \1)°
Solving these equations shows that ®,, = c?q?Y,,, ®., = —c?¢*Xu,, ¥z, = —c?¢?Y,,

and ¥,, = c?¢’Xy,. The result now follows since X and Y satisfy the Cauchy-Riemann
equations (see Theorem 4.3.3).

An immediate consequence of the last Remark is that the mapping f = ¢ + i3 can be
extended to a holomorphic function of one complex variable on the domain Q, = {(z,) :
—00 < z < 00,—a— H(z) < y < H(z) + a} in the complex plane.

Corollary 4.4.3. Under the conditions of Theorem 4.4.2, the conformal mapping w =
f(z) = ¢(2) + 1(z) defined for z in the flow domain Q has an analytic eztension to the
open set Qg ={z=z+1iy: —0c0 <z <o00,—a— H(z) <y < H(z) + a}.

Proof. The restriction F(z,y) of the holomorphic function F(z1, 22) = ®(z1, 22)+1¥(21, 22)
to the open set 2, hasits real part ®(z,y) and its imaginary part ¥(z,y) satisfying Cauchy-
Riemann equations as verified in the preceding Remark. It follows that the restriction of
F(z;,2;) to Q,, as an extension of f(z), is an analytic function of z =z +iyon Q,. O

The last part of this section is focussed on analytic extensions of the functions which
are determined by the streamlines in the domain D;.

Theorem 4.4.4. For any number A € [—1,1], there ezists a constant p > 0 such that the
streamline ¥(z,y) = A for (z,y) € D; defines a function y = Hy(z) which has an analytic
extension to the sirip {z € C: |Sz| < p}. In particular, when A =1, this eztension is that
previously obtained for the solitary-wave profile H = H;.

Proof. 1t follows from Theorem 4.4.1 and Theorem 4.4.2 that the holomorphic mapping
(J;:) is a homeomorphism of the line {—c0 < ¢ < 00,9 = A} onto the streamline

¥(z,y) = A, and at each point (z¢,y0) on the stream line, 9 has an analytic extension as
a holomorphic function ¥(z,z22) of two complex variables in a neighbourhood of (zg, o).
Since 9, = ¢, = cqcosw # 0 on the domain D;, applying the Implicit-Function Theorem
leads to the conclusion that there is a neighbourhood Vy C C of z¢ on which there is
a unique holomorphic function H)(z) satisfying the equation ¥(z,Hx(z)) = A and the
condition Hx(z¢) = yo. Here, we want to show that there is a constant p > 0 independent
of the choice of (z9,yo) on the streamline, such that the disk D(zg,p) = {z € C: |z—z0o| <
p} C V. This fact implies the stated conclusion.

The latter point may be proved by using Theorem 4.3.4 and Theorem 4.4.2. Notice that
at each point (zo,yo) on the stream line, Hy(z) satisfies the equation

Hy(z) = yo + / " tan 6(8(t, Ha (1)), ¥(t, Ha (1)) d¢

Zo
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on Vg, where § = —w. When using a fixed-point theorem to show existence and uniqueness
of the solution H) in a disk D(zo,p) about zo, if the radius p depends only on bounds for
the function tan 6(®,¥), the first order partial derivatives of tan §(®,¥) and the neigh-
bourhood of (zg,y9) where the analytic extensions ¢ and ¥ of ¢ and 7 are defined, then
the desired result follows. It was proved in Theorem 4.4.2 that ® and ¥ are defined in a
neighbourhood of (zg,3o) that contains the ball B((zo,¥0),5/8¢c) with § independent of

3: maps B((z0,0),8/8¢) into the ball B((¢o,A),8)

contained in S,, where the functions mentioned above are all bounded as proved in The-
orem 4.3.4. Therefore, the choice of p can also be made independently of (zg,yo) and the
theorem is established. O

the choice of (zo,y0) € D;, and

5. Conclusion. Two aspects of solitary-wave solutions of nonlinear evolution equations
have been considered here, namely the way they decay to a quiescent state away from
their crest and their regularity. These properties have been studied by viewing the relevant
solitary wave as a solution of a nonlinear convolution equation.

The regularity results show that solitary-wave solutions of nonlinear evolution equations
are generally real-analytic that are the restriction to the real axis of functions holomor-
phic in a strip in the complex plane centered about the real axis. The theory obtained
here broadens considerably the range of convolution equations that was treated under the
aegis of earlier results. One consequence is that the dependent variables corresponding
to solitary-wave solutions of the two-dimensional Euler equations for gravity waves in a
channel are shown to be the restriction of analytic functions.

The decay of solitary-wave solutions is seen to depend very strongly on the dispersion
relation appearing in the particular evolution equation. Our theory for this aspect appears
to be sharp in its application, at least in some cases. Again, in addition to model equations,
the two-dimensional Euler equations for surface water waves fall within the purview of our
general results.

Because the solitary-solutions of the Euler equations are the restriction of analytic func-
tions, it might be hoped that the same qualitative feature will be inherited by their good
approximations, which is to say solitary-wave solutions of approximate evolution equations.
Indeed, model equations like the KdV-equation are derived from the Euler equations by
making a formal Taylor expansion of the solution with regard to certain naturally aris-
ing small parameters (cf. [23]). The coefficients of this expansion are functions of the
physical variables, and since their sum is an analytic function of these variables, it would
be surprising if the individual coefficients were not likewise analytic. Our theory shows
that for solitary-wave solutions, at least the lowest-order coefficients do indeed possess this
property. It would be interesting to extend the work of Friedrichs and Hyers [8] showing
that Euler-equation solitary waves are, for Froude numbers close to one, well approximated
by the KdV-equation solitary waves. We have in mind a result showing that these two
solitary-wave solutions, when viewed as analytic functions on a strip in C, become close
as F' nears 1.
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Appendix. Derivatives of composite functions.

Proof of Lemma 4.1.1. Induction will be used to verify the following identity, which is
valid for any integer n > 2:

a"f(g(z)) _

— (n)
dz,, f'(y)+ A1)
1
Z f( )(y) Z(’ n)(’ ) (ﬂ—h}y(il—.‘i:) . y(is-x)’
—2 * 3Jo—1

where y = g(z), ¥ = ¢(¥)(z) and
[nsm) n—1 ji1—-1 Je—3—1j,—2—1
2= h;—l :':;—z N :‘.§=z 5.?—;1 .
When n = 2,3, the right-hand sides of (A1) are
¥ f'(y) + @) f'(v)
and
v f' () + %(y)g (j) yC Y0 4 (') ()

=y f'(y) + @) O (y) + 3"y ' (v),

respectively. Thus (A1) holds for n = 2,3 by inspection. Suppose that there is an integer
n > 3 such that Equality (A1) holds. Taking the derivative with respect to z of both sides
of Equality (A1), we have

dn+1f g(z n n
—dz,f,,f ) _ )+ vy )+
f(’“)(y) (o:m) Y (i) y(Gain) ..y amt)
Y e U PR o B e e
Z e )(y)z(‘ “’(, ; ) (n—myul—fz)...y(:':—ﬂ)'.
=2 1Js-1

To simplify the right-hand side of (A2), first consider the following expression for an s with
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Z(‘ ")(J )y(n—h)y(jl —j2) .. (y(j._z—j._l)y(j._l))'
- yJo—1
n— Ja—3—1j,-2—1
E Z Z (} Lo - )y(ﬂ-_jl)y(jl —j2) ...
1" 3Ja-1

Jl:’ -1 Jl 2—'231 1=1
..y(j-—z—.i.—l) (5.—1+1)+

-1 3:311121

+ E Ty (31 . l)y(n—jl)yc.«'rjz),..
b ’

Ji=s—1 Ji-2=2j,-1=1
.. (jl—2+1_jl—l) (jl-l)

Z "il 322 C)( ) -(J,i’l-i I)ytn—mym—jzl...

Ji=s—1 —2=2j,-1=2
. (J.—z+1 —Ja-1) (Jl—l)_l_

Jo-3—1j,-2-1 .
" Z Ty ( )( )...G:)y(n—mym—j,)...

Ji=s—1 Je-2=2j,-1=1
..y(.?a—?"'] J.—l)y(Ju—l)

n—1 Ja-3—1 ja—2 aes +1 .
Z Z Z )Cl) . (-73;3_1 )y(ﬂ"-.ﬁ)y(n—h)...

31'—5 -1 Ja 2—‘2J¢ 1=1
. (.‘i.-z+1—is—1) (J's—x)_f_

o i JIEI hil ) 61) ' G:)y‘““""y‘h"ﬁ)---

Jj1=8—1jz=8-2 Je—2=2
.y(Jl—a J-—z)y(J--z)y’_

When s = 2, formula (A3) yields

n

"'i (“) (y(n~j)y(j)) 3 (“ + 1) y (=) () _ gyt (m)
J

i=1 j=1

Therefore, the following identity holds for | = s — 2:

Ji-1—1 ai—1 Ja—2—1 )
Sy 8 () e

ji=s—1 i=e—1ji41=8—1-1 Ji-1=1
ylit-1=5) (y(.‘f'a —ji41) | ,y(j._:—j._l)y(j._,))' _
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-1 Ji-1-1

EE £ S0

ji=s-1 J1=8— lJH.l—a—I 1
' (jl—l) (j: + 1) (J':+1) (Js—z) g L
Ji Ji+1 /) \Ji+2 Je—1
.. y(.fl-:—jl)y(.?'r+1—.f:+1) (Gigr1—d142) . .. y(j"‘)+ (A5)

-1 Jl 1—1 Jl' =1 .f.—a—l

N S DI S (R

Ji=a—-1 J1=s—ljig1=0-1-2 Je-2=1
" y(n—jl)y(jl —jz) - y(ja-s_'ji—i)y{jl—2)y’.

Suppose that there is an integer / with 1 <! < s — 2 such that (A5) holds. Then use (A5)
to simplify the following expression:

n—1 Ji-2—1 Je—2—1
SRS VIS ol T )
ji=s—1 Jlm1=a—I+1 J--l—l 170" 3 J " 1y Je—1

. (y(ir-l—.fa)y(il —d141) ... y(j.-z—i.-x)y(.i.-l))r

n—1 JI'- -1 —2=1

(n—=j1),,(j1—72) . .,
Z Z E ()ls' ' Jly* :3!—1)y i

J1=s-1 Ji=s—1 Ja-1=1
e y(.fl—1+1—5l)y(1l“3;+1) .. y(f.—z—jo—l)y(ja—1)+

n—1 Ji-3—1 Ji—a s1—-1 Je—2—-1

5.5 £ § 50
n=s-1  jioi=s—l+lji=s—l+1jif1=e=1-1  ji-1=1
. (le_l ) (}jl )(jl+l) (jt—z) (n—j1) ...
1 — 1) \Ji+1/) \Ji+2 jo1)”
y(J':-1+1—J'1) (Gi—=dr41) .. .y(-f'—ﬂ_j'-‘) Ge-1) g

Ji—1—1 -1

—(s=1) Z Z Z '”J. ) 1(}1, : ,J.—z)

JI. =s-1 Jl_a IJ]'+1—8 —-1-2 J.l 2=1
y(“_jl)y(jl—ji) .. y(ja—a—j.-z)y(j.-z)y?

n—1 Ji-2—-1 Ji-1 -1 Jo-2-—1

LT S SR S (})

ji=s—1 Ji—1=s—l+1 j1=s—l jip1=s—1-1 Ja- 1—1

- (Jl 1+ 1) () ) G£+1) (ja—2) y("_j‘) o
Ji 1+1/ \Ji+2 Ja—1

y(.fl—r!-l—.fl)y(;': J:+1)y(jl+1-—jl+z) .. ,y(jn—z—j.—t)y(j.~1)+
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—(s=1+1) E Jlil Jf "‘j.il (jn“i.‘is—z).

ji=s—1 Ji=s—=1l—-1j41=0—-1-2 Ja—2=1
y(“—it)y(h —j2) ... y{i-—s-—j.-:)y(.f.-:)yf.

Continuing this procedure for descending integers [ from | = s — 2 to I = 1 allows one to

conclude
Z(a n)(J ) y{n-ua) . ..yu,_z—j._l)yu.))’
i st-—l

Je—2-1
_ (y n+1 ) (ﬂ+1—jl)y(jl_j2) o s
Y P

Jl‘—‘ -1 Jl '.I.—l
_y(Jl—z_Jo—l}y(J3—1)+

n— ‘1— .l— -1
1 n-1 Je-3 - (nmis)eGamia) (Aﬁ)
YYD L )ytrmingla—in) L
15" 9 Ja—2

J1=8—2 ja=s-3 Ja—2=1
. y(js—a_jl—i)y(js—2)y"

=Z(”"+”(j . )y(n+1—m___y(j.-s—j._x)y(;s._l)+

‘9 Je—1

(s—1,n) i v . A
E ' (n—ji1) (Ja—3—Fa—2),,(da=2),,!
—— 3 . y y .
(J " ,Ja—z) v

Substituting (A4) and (A6) into (A2) leads to

drt! z

S ot ) 44y 0+
n+l (4
+3 e A E)) 1Oy - 1“’(, ) (nmit) ...y la-2) 4
=3 8 -1 “9Ja-2
Z fle )(y) (E(a,n-i-l)(J n-l-]: )y(n+1—j1) ceglde-n) g
=2 Tade-1

Ge—im) (n—j1) (Fa-3) f)
J— 3 .. -
Z (J o :Ja 2) y Y
& A (ent1) [ m+1 ; :
)+ S f y)z (’ : )y(n+l—.11) g,

=2 Tl

Therefore, (A1) holds for any integer n > 2 by induction. O
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