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Area C CSEM Preliminary Exam
Monday, August 3, 2020

You may use your class materials (notes, textbook, old exams, cheat sheet,
etc.) on this exam.

1. Provide short answers and brief explanations where needed for the following questions. No
analysis is required. If you write more than a sentence or two, you are writing too much.

(a) What is Cauchy’s stress theorem? What principles does it rely on?

(b) Why is tensor consistency an important constraint on mathematical models of physical
systems

(c) What is material frame indifference, and why is it important?

(d) What physical phenomena give rise to the Cauchy stress term in the momentum equa-
tion, and why do we need a constitutive relation for this term?

(e) What physical principle is the following an expression of?

ρ0η̇0 + Div
q0

θ
− r0

θ
≥ 0

What is the physical meaning of each term?

(f) What physical phenomenon is expressed in the following equation:

∇× E = −∂B
∂t

and what is a common device that relies on this phenomenon?

(g) A particle with charge q is located at point x and is traveling with velocity v in an
electric field E and magnetic field B. What is the force on the particle?

(h) In quantum mechanics what observable is represented by the operator −ih̄∇
(i) A particle is in quantum state ψ(x). Write an expression for the expected value of the

position of the particle.

(j) In a quantum system with wavefunction ψ, you have precise knowledge of an observ-
able Q. What does this tell you about ψ?

Solve only two of the following three problems

2. A cube of incompressible material of dimension a is subjected to a shear load on the faces
normal to the x1 direction, resulting in a deformation that displaces these faces relative to
each other in the direction normal to one of the other faces (call it the x2 direction) by an
amount αa. The material has an incompressible neo-Hookean strain energy density function:

W (E) = µIE,

where E is the strain tensor, IE is its first invariant and µ is the shear modulous.
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(a) Determine the deformation gradient tensor (F), the right Cauchy-Green deformation
tensor (C) and the Green-St. Venant strain tensor (E) in the material.

(b) How much work was required to deform the material?

(c) Because the material is incompressible, there is a degeneracy in the stress relation, so
that the second Piola-Kirchhoff stress is given by

S =
∂W

∂E
+ pF−1F−T

where p can be determined from boundary conditions, in this case on the unloaded
sides. Determine S.

(d) What is the total load force.

3. You are interested in measuring the time varying magnetic field B(x, t) at a point x. It is
proposed that a planar circular loop of wire of radius a be used as a probe. We will use
Farady’s law to analyze how that might work.

(a) Let n be a unit normal to the plane of the wire loop and assume that a is small enough
that variations in B over the interior of the loop are negligible. If the center of the loop
is placed at the point x, what is the energy per unit charge gained/lost when the charge
moves around the loop once? Does it matter how fast the charge is moving?

(b) A real wire has resistance R, so that energy is dissipated at the rate I2R when a current
I flows through it. If the wire loop has resistanceRl, what is the current flowing through
the wire so that the energy imparted to the charges balances the dissipation?

(c) If an electrical resister with resistance R � Rl is placed in the wire loop circuit as
shown in the figure, then the effective resistance of the loop isR (Note: the wires going
from the loop to the resister are so close together that the net effect of the magnetic
field on them is negligible). The voltage difference between the two sides of a resister
is V = IR. What is V for the resister in the figure, if the loop is placed as in (a)?

(d) If one measures V , what can one infer about the magnetic field?

4. Consider a particle of mass m constrained to move only along the x axis in a potential given
by:

V (x) =

{
0 0 ≤ x ≤ a
∞ otherwise

(a) Write the Schrödinger equation (time independent) describing the motion of the parti-
cle, stating any boundary conditions the wavefunction must satisfy
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(b) Determine the energy levels and associated wave functions.

(c) Let Q̃ be the operator

Q̃ψ =
d2ψ

dx2
0 ≤ x ≤ a.

Is the associated quantity Q an observable? Why or why not? If so what is the physical
observable?

(d) What is the expected value of the kinetic energy of the particle if its wavefunction is
given by aψn + bψm, where a2 + b2 = 1 and ψi is the wavefunction associated with ith
energy level?

You are required to solve one and only one of the following two problems

5. We consider the Kepler problem for two bodies of masses m1 and m2 and positions r1 and
r2, respectively. The masses interact via the gravitational attraction, with a gravitational
constant G = 6.67 · 10−11 m3kg−1s−2.

(a) Write the potential energy of this system of masses in terms of m1, m2, r1, r2, and G.
[1]

(b) Write the Lagrangian for this problem. [1]

(c) Let us call R the position of the center of mass of this system, and r the position of m2

relative to m1. Perform a coordinate transformation in order to write the Langrangian
from (b) in the center-of-mass reference frame. The expression for the center-of-mass
coordinates is known from the lecture notes. [3]

(d) Check that each term in the Lagrangian obtained in (c) has the correct dimensions of
an energy. [1]

(e) The total angular momentum of this system is L = r×µṙ, where µ = m1m2/(m1+m2)
denotes the reduced mass. Using the Euler-Lagrange equation, show that L is a constant
of motion. [3]

(f) Show that the trajectory r = r(t) lies in a plane passing through the origin of the
reference frame and perpendicular to L. [2]

(g) We orient the Cartesian axes of the center-of-mass reference frame so that the z axis
points along the direction of the total angular momentum L. Determine the Lagrangian
of the system in the two-dimensional polar coordinates r and θ, having defined: [3]

x = r cos(θ), y = r sin(θ).

(h) Determine the canonical momenta p and pθ conjugated to the coordinates r and θ,
respectively. [4]
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(i) Using the results of (h) and the Legendre transform, show that the Hamiltonian of this
system can be written as: [3]

H =
p2

2µ
+

p2θ
2µr2

− k

r
.

(j) Using Hamilton’s equations, prove that the canonical momentum pθ is a constant of
motion. [1]

(k) Sketch the effective potential energy p2θ/2µr
2 − Gm1m2/r, and explain the physical

meaning of each term. [2]

(l) Discuss qualitatively the nature of the trajectory [r(t), θ(t)] for the case when the total
kinetic and potential energy of the system corresponds exactly to the bottom of the
potential well sketched in (k). Determine the radius of this trajectory. [3]

(m) Using the radius determined in (l), calculate the average Moon’s distance from Earth.
The masses of Earth and Moon are mE = 5.97 · 1024 kg and mM = 7.34 · 1022 kg,
respectively. [3]

6. A possible realization of a quantum computer consists of a semiconductor with an ordered
array of impurities, where each impurity atom carries an electron spin that serves as a quan-
tum bit of information. The spins are oriented parallel (↑) or antiparallel (↓) to the z direction
of a Cartesian reference frame, and interact with an external magnetic field whose compo-
nent along the z direction is B. We model each of these spins using a two-level quantum
system with energies E↑ = −eh̄B/m and E↓ = eh̄B/m. Here e and m denote the charge
and mass of an electron, respectively, and h̄ is the reduced Planck constant. There is no
interaction between spins.

(a) Write the canonical partition function Z of this system as a function of the temperature
T . [2]

(b) Using the definition of canonical partition function, show that the thermodynamic av-
erage of the energy of each spin at equilibrium is:

〈E〉 = − ∂

∂β
logZ, β =

1

kBT
,

where T is the absolute temperature and kB is Boltzmann’s constant. [3]

(c) Starting from the definition of Gibbs’ entropy, express the entropy associated with each
spin in terms of the partition function Z and the temperature T . [4]

(d) Combine the results of (a) and (b) to obtain the Helmoltz free energy of each spin at
equilibrium. [3]

(e) It can be shown that the thermodynamic average of the magnetization per spin can be
obtained from the Helmoltz free energy via:

〈M〉 = −∂F
∂B

.

Using this relation, express the average magnetization of the system in terms of e, h̄,
m, B, and kBT . [5]
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(f) Sketch the dependence of the average magnetization obtained in (c) on the magnetic
field B, at fixed temperature. Indicates the scales in your plot. [3]

(g) Describe the spin configuration of the system in the limit |B| � mkBT/eh̄. [1]

(h) Sketch the dependence of the average magnetization obtained in (c) on the temperature
T , at fixed magnetic field B > 0. Indicates the scales in your plot. [3]

(i) Describe the spin configuration of the system in the limit T � eh̄|B|/mkB. [1]

(j) The Curie-Weiss model discussed in the lecture notes exhibits a paramagnetic-ferromagnetic
phase transition at a critical temperature. Provide a tentative explanation for why, un-
like the Curie-Weiss model, the system studied here does not exhibit a phase transition.
[3]

(k) Calculate the magnetic field B required to achieve 99% of the maximum possible mag-
netization at room temperature (300 K). [2]



CSEM Area C Preliminary Exam
The University of Texas at Austin

Monday, May 24, 2021

The exam consists of three parts, Part A (short questions), Part B (long questions about topics
covered during the first semester), and Part C (long questions about topics covered during the
second semester).

You are required to answer all the short questions in Part A; one question in Part B; and one
question in Part C. The total numbers of points is 10 (Part A) + 30 (Part B) + 30 (Part C).

You can use your lecture notes. The deadline for submission is 3PM CST.

Part A: Answer all of the following ten short questions

1. (10pts total) Provide short answers and brief explanations where needed. No analysis is
required.

(a) (1 pt) What is the Cauchy hypothesis in continuum mechanics, and why do we need it?

(b) (1 pt) What are the physical principles expressed in the following relations and what is
the physical meaning of each term?

ρ̇ = −ρI : D

(c) (1 pt) Let F be the deformation gradient tensor. What is the kinematical interpretation
of the following relationship:

d

dt
(det F ) = (det F ) tr(F−1 Ḟ )

(d) (1 pt) What is material frame indifference, and why is it important?

(e) (1 pt) What is the difference between the Cauchy, first Piola-Kirchhoff and second
Piola-Kirchhoff stress tenors. Why do we have these different stress tensors?

(f) (1 pt) State the canonical quantization conditions for the position and momentum of a
particle.

(g) (1 pt) Sketch the bonding and antibonding wavefunctions of an electron in the H+
2

molecular cation .

(h) (1 pt) State the symmetry of fermionic and of bosonic wavefunctions under particle
exchange.

(i) (1 pt) Explain why we can think of light as a collection of discrete energy quanta called
photons.

(j) (1 pt) Explain how the notion of temperature arises in the context of statistical mechan-
ics.
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Part B: Answer one and only one of the following two questions (q. 2 or q. 3)

2. Consider a body undergoing arbitrary rigid motions

ϕ(ξ, t) = Λ(t) ξ + c(t)

where ϕ are points in the reference configuration, Λ(t) is a time-varying rotation, and c(t)
is a time-varying vector.

(a) (6 pts) Show that the following relationship holds between the 1st Piola-Kirchhoff ten-
sor P and the 2nd Piola-Kirchhoff tensor Σ:

P : Ḟ =
1

2
Σ : Ċ

with deformation gradient F and right Cauchy strain tensor C.

(b) (6 pts) Show that P : Ḟ vanishes for arbitrary rigid motions.

(c) (6 pts) Let the internal energy density e and heat flux q fields be given by constitutive
relations of the form:

e = α θ

q = −κ∇θ

where α and κ are scalar constants, and θ is absolute temperature. Show that the con-
servation equation for energy reduces to

ρ0 α
∂θ

∂t
= κ∆ θ + r0

with ρ0 and r0 density and heat supply in the reference configuration, and differential
operators ∇ and ∆ taken with respect to reference configuration space, ξ.

(d) (6 pts) Suppose the constitutive relation for e is replaced by a constitutive relation for
the Helmholtz free energy ψ and entropy η of the form

ψ = ψ̂(θ)

η = −dψ̂(θ)

dθ

for a given function ψ̂. Then, re-derive the conservation equation of energy in terms of
ψ̂(θ) and θ.

(e) (6 pts) Assuming a constitutive relation as in part (d), determine for which parameter
range of κ the Clausius-Duhem inequality is satisfied for arbitrary rigid body motions
and temperature fields. What is the implication (i.e., physical meaning) for those pa-
rameters, for which the inequality is not satisfied?
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3. (30 points) In a linearly elastic solid undergoing small (infinitesimal) deformations the sec-
ond Piola-Kirchhoff stress tensor Σ is given by

Σ = λ∇ · u I + µ (∇u +∇uT )

where u is the small displacement, I is the identity tensor and λ and µ are constants.

(a) (6 pts) Assuming no body forces and starting with conservation of momentum, derive
an equation for the evolution of u.

(b) (6 pts) Show that these equations admit two classes of wave solution, one in which the
displacements are in the direction of wave propagation, and one in which the displace-
ments are orthogonal to the direction of propagation.

(c) (6 pts) Determine the velocities of these waves.

(d) (6 pts) Determine the spin tensor W for this problem.

(e) (6 pts) What are the implications of these solutions on the shaking you would feel
during an earthquake?
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Part C: Answer one and only one of the following two questions (q. 4 or q. 5)

4. (30 points) We consider the time-independent Schrödinger equation for an electron in the
hydrogen atom:

− h̄2

2m
∇2ψ − e2

4πε0r
ψ = E ψ , (1)

wherem and e are the electron mass and charge, respectively, h̄ is the Planck constant and ε0
is the dielectric permittivity of vacuum. The proton is located at the origin of the reference
frame. r indicates the distance between the electron and the proton.

(a) (6pts) Let r, θ, and φ indicate the electron position in spherical coordinates. Consider
the function defined by ψ(r, θ, φ) = r−1u(r)Ylm(θ, φ), where Ylm denotes a spheri-
cal harmonic. Show that, after replacing this expression in Eq. (1), one obtains the
following equation for u(r):

− h̄2

2m

d2u

dr2
+
h̄2

2m

l(l + 1)

r2
u− e2

4πε0r
u = E u (2)

Indicate the intermediate steps in your derivation.

(b) (4pts) Determine the normalization condition that the function u must fulfil for the
wavefunction ψ to be correctly normalized.

(d) (4pts) Consider the function

u(r) = Ar exp(−λr)

where A and λ are real-valued positive constants. Express A in terms of λ by requiring
that the wavefunction ψ given in (a) be normalized.

(e) (6pts) After setting l = 0 in Eq. (2), show that the expectation value of the electron en-
ergy on the normalized wavefunction determined in (a), as a function of the parameter
λ, is given by:

〈E〉λ =
h̄2

2m
λ2 − e2

4πε0
λ

(f) (4pts) Determine the minimum of the expectation value 〈E〉λ with respect to the pa-
rameter λ, and express your result in terms of the Hartree energy.

(g) (3pts) Provide a physical interpretation for the energy minimum 〈E〉λ determined in (f)
and for the corresponding parameter λ.

(h) (3pts) Antihydrogen is the antimatter counterpart of hydrogen. It consists of an anti-
electron, a particle with the same mass of an electron but positive charge +e, and an
antiproton, a particle with the same mass of a proton but negative charge−e. This atom
of antimatter can be produced in particle accelerators. Find the energy of the ground
state of the antielectron in the antihydrogen atom.
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5. (30 points) We describe the vibrations of a silicon crystal as a set of N independent quantum
harmonic oscillators, all with the same oscillation frequency ω. We want to investigate the
statistical properties of this system within the canonical ensamble.

(a) (4pts) Let us assume that the first oscillator is in the n1-th quantum state, with n1 being
a non-negative integer, the second oscillator is in the quantum state n2, and so on. Write
the total energy of this system as a function of n1, n2, · · · , nN and ω.

(b) (6pts) Derive the canonical partition function Z for this system, and express your result
as a function of ω, temperature T , and number of oscillators N .

(c) (5pts) The canonical average of the number of phonons in each oscillator at the absolute
temperature T can be evaluated as:

〈n〉 = −1

2
− kBT

Nh̄

∂ logZ

∂ω
,

where h̄ and kB are the Planck and Boltzmann constants, respectively. Using this
expression together with the results of (a) and (b), show that the average number of
phonons 〈n〉 in each oscillator coincides with the Bose-Einstein distribution:

n(ω, T ) =

[
exp

(
h̄ω

kBT

)
− 1

]−1

.

(d) (5pts) Let us call u the vector corresponding to the displacement of a given atom in
the above crystal from its equilibrium site. Write an expression for the mean-square
displacement 〈|u|2〉 at the temperature T , as a function of the frequency ω and the
mass M of a silicon atom (Hint: This question does not require derivations, and the use
of the lecture notes is allowed).

(e) (4pts) The mass of a silicon atom is M = 4.66 · 10−26 kg, and the oscillation frequency
is ω = 14 THz. Calculate the average root mean-square displacement,

√
〈|u|2〉, of a

silicon atom at room temperature (T = 300 K). Compare your result with the equilib-
rium distance between nearest-neighbor atoms in the silicon crystal, 0.235 · 10−9 m.

(f) (6pts) In order to determine the melting point of a crystal, we can assume that the
solid/liquid phase transition occurs when the root-mean-square displacement of the
atoms in the solid reaches 50% of the interatomic distance at equilibrium. Using the
interatomic distance distance given in (e), determine the melting temperature of the
silicon crystal, and compare your estimate with the measured melting point 1683 K.
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CSEM Area C Preliminary Exam
The University of Texas at Austin

May 25, 2022

The exam consists of three parts, Part A (short questions), Part B (long questions on topics covered
during the first semester), and Part C (long questions on topics covered during the second semester).

You are required to answer all the short questions in Part A, one question in Part B, and one
question in Part C. The total numbers of points is 10 (Part A) + 30 (Part B) + 30 (Part C).

Part A: Answer all of the following ten short questions

Problem 1 (10 points; each question 1 point)
Provide short answers and brief explanations where needed. No analysis is required. If you write
more than a sentence or two, you are writing too much.

(a) Why is tensor consistency an important constraint on mathematical models of physical sys-
tems?

(b) What is Cauchy’s stress theorem? What principles does it rely on?

(c) What is the physical principle expressed in the following equation, and which quantities
require constitutive modeling?

ρ0
∂2u

∂t2
= DivFS + f0

(d) What physical phenomenon is expressed in the following equation, what is it called,

∇×B = µ0j + µ0ε0
∂E

∂t

and what is a common device that relies on this phenomenon?

(e) An electromagnetic wave is propagating in the direction of the unit vector e. What can you
say about the orientation of the electric and magnetic fields associated with the wave?

(f) Two commuting operators admit the same set of eigenstates: true or false?

(g) The Fermi pressure is a consequence of the Pauli exclusion principle: true or false?

(h) Explain very briefly how the notion of temperature arises in the context of statistical me-
chanics.

(i) The notion of spin of a particle arises from the principles of special relativity: true or false?

(j) Explain very briefly why we can think of light as a collection of discrete energy quanta called
photons.

EXAM # ____
Area C
May 2022
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Part B: Solve one and only one of the following two problems (2 or 3)

Problem 2 (30 points)
Consider a string of length L tensioned with a force F , with both ends motionless, as on a stringed
instrument (this is Austin, so say a guitar). Assume that any string displacement is confined to
a plane containing the string. Let x1 be the coordinate in the direction of the string, and x2 the
coordinate in the direction in which the string is displaced. The fixed ends of the string are at
x = (0, 0) and (L, 0) Finally, let w(x1, t) be the displacement of the string in the x2 direction from
x2 = 0, let ρ be the mass of the string per unit length, and let g be the acceleration of gravity which
is directed in the negative x2 direction.

(a) Let Ω = [a, b] be some interval in x1. Write an expression of conservation of x2-momentum
in the interval Ω, assuming that the displacement is small so that changes in the tension of
the string are negligible.

(b) Use the fact that the interval Ω is arbitrary to write a partial differential equation for w.

(c) What are the boundary conditions for the above PDE.

(d) What is the steady solution for w?

(e) If g = 0, what phenomenon does the equation from (b) describe.

(f) Again assuming g = 0, we seek solutions of the form w(x1, t) = sin(ωt)v(x1). What
are the possible values of ω (the eigenvalues) and what are the associated solutions v(x1)
(eigenfunctions)?

(g) If I want to make a guitar string with a fundamental frequency (lowest vibrational frequency)
that is lower (i.e. lower pitch), what properties of the string might I adjust, and how?

(h) This analysis was predicated on the assumption that the variations in the string tension are
negligible. Suppose the string is vibrating at its fundamental frequency with amplitude A
(i.e. the maximum displacement is A), the string diameter is d and the string material has
Young’s modulus E. Estimate the magnitude of the variations of string tension by assuming
that each point on the string is displaced only in the x2 direction. What condition must be
satisfied for this variation to be negligible?

Problem 3 (30 points)
Consider a solenoid which consists of wire wrapped many times around a circular cylinder of
length l and cross-sectional area A. There are N turns of wire per unit length. A current I flows
through the wire creating a magnetic field as shown in the figure. Symmetry requires that away
from the ends of the solenoid, the magnetic field in the interior is directed axially. Assuming that
l2 � A, the magnetic field is negligibly small outside of the solenoid. Under this assumption
determine the following:

Area C
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(a) Use the integral form of Ampere’s law to show that away from the ends, the magnetic field
B in the interior of the solenoid is independent of location and determine B. Hint: Con-
sider a loop consisting of two short axial segments, one inside and one outside the solenoid,
connected by two radial segments, as with the red loop shown in the figure.

(b) If the current changes, then the magnetic field in the solenoid must change. Use the integral
form of Faraday’s law and the result from (a) to determine the electromotive force (emf) in
a single turn of the solenoid winding due to changing current (the fact that the winding turn
does not exactly form a closed loop is negligible).

(c) Use the fact that the turns are connected serially to determine the total emf V in the solenoid.
Note that we are implicitly assuming that the ∂E/∂t term in Ampere’s law is negligible.

(d) The power required to drive a current I through an emf V is simply V I . Use the result of (b)
to determine the total energy required to bring the current in the solenoid from 0 to I .

(e) This energy, which is recovered when the current is brought back to zero is considered to
reside in the magnetic field in the solenoid. Use the above results to show that the energy per
unit volume in a magnetic field B is given by B2/2µ0.

(f) A similar analysis in a capacitor yields an energy density in an electric field given by ε0E2/2.
Use Maxwell’s equations to derive an evolution equation for the evolution of the energy
density e = 1

2
(ε0E

2 + B2/µ0) in an electromagnetic field, assuming that the current density
is zero.

(g) What is the energy flux?

Part C: Solve one and only one of the following two problems (4 or 5)

Problem 4 (30 points)
We consider a one-dimensional charged quantum harmonic oscillator subject to an external electric
field. The Hamiltonian describing this oscillator is:

Ĥ = − h̄2

2m

∂2

∂x2
+

1

2
mω2x2 − qEx ,

where m, ω, q are the oscillator mass, frequency, and charge, respectively, and E is the applied
electric field. We also define the creation and annihilation operators â† and â as usual:

â =

√
mω

2h̄

(
x+

h̄

mω

∂

∂x

)
, â† =

√
mω

2h̄

(
x− h̄

mω

∂

∂x

)
.
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(a) Show that the ladder operators defined above obey the commutation relation [â, â†] = 1.

(b) Using the above definitions of the creation and annihilation operators and the commutation
relation determined in (a), show that the Hamiltonian can be written in the following equiv-
alent form:

Ĥ = h̄ω

(
â†â+

1

2

)
− qE

√
h̄

2mω
(â+ â†) .

(c) Verify that the ladder operators are dimensionless and that the Hamiltonian in the last equa-
tion has the correct units of energy.

(d) The Hamiltonian in (c) is called a “shifted” quantum harmonic oscillator, because it can be
expressed as the Hamiltonian of a standard quantum harmonic oscillator (i.e. in the absence
of electric field) by defining “shifted” creation/annihilation operators as follows:

b̂
def
= â− qE

h̄ω

√
h̄

2mω
, b̂†

def
= â† − qE

h̄ω

√
h̄

2mω
.

Using these definitions, show that the Hamiltonian obtained in (b) can also be written in the
following equivalent form:

Ĥ = h̄ω

(
b̂†b̂+

1

2

)
− h̄2

2m

(
qE

h̄ω

)2

.

(e) Let us call |0〉 the normalized lowest-energy eigenstate (ground state) of the Hamiltonian in
the last equation. Show that the energy eigenvalue ε0 of this state is bounded as follows:

ε0 ≥
h̄ω

2
− h̄2

2m

(
qE

h̄ω

)2

.

(f) It can be proven that the ground state eigenvalue ε0 coincides precisely with the lower bound
given in (e). Sketch the dependence of the ground state eigenvalue on the electric field E.

(g) To better understand the dependence of ε0 on E sketched in (f), sketch the potential energy
of the oscillator as a function of x for the following three cases:

i) E = 0, ii) E =
1

q

√
2mω

h̄
h̄ω, iii) E = −1

q

√
2mω

h̄
h̄ω .

In your plot use dimensionless units by showing the potential divided by h̄ω and the position
divided by

√
h̄/(2mω).

(h) Using the plot in (g), explain why the energy of the ground state decreases upon application
of an electric field, and sketch the ground state wavefunction in each of the three cases
considerd in (g).

Problem 5 (30 points)
In a paramagnetic crystal, each atom carries a spin that can be oriented parallel or antiparallel to an
applied magnetic field. The energy of the parallel and antiparallel configurations are E1 = −µBB
and E2 = +µBB, respectively, where µB is the Bohr magneton and B is the magnetic field. Spins
belonging to different atoms do not interact.
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(a) Write the canonical partition function Z of this system.

(b) Starting from the definition of partition function in the canonical ensemble, show that the
canonical average of the energy of one spin in thermodynamic equilibrium is given by:

〈E〉 = − ∂

∂β
logZ, β =

1

kBT
,

where T is the absolute temperature and kB is Boltzmann’s constant.

(c) Using the results of (a) and (b), express the average energy of one spin in the canonical
ensamble as a function of temperature and magnetic field.

(d) Sketch the dependence of the average energy obtained in (c) on the absolute temperature,
for temperatures between 0 and 10 K, corresponding to an applied magnetic field B = 1 T.
Express the energy in meV, and indicate units and scales in your plot.

(e) Express the heat capacity per spin as a function of the absolute temperature T and the mag-
netic field B.

(f) Sketch the dependence of the heat capacity per spin on temperature, for temperatures be-
tween 0 and 10 K and for a magnetic field B = 1 T. Express the heat capacity as a ratio to
the Boltzmann constant and indicate units and scales in your plot.

(g) Explain why the heat capacity of this system vanishes (i) at very low temperature and (ii) at
very high temperature.

(h) In (a)-(g) we considered a paramagnet with two energy levels per atom. Now imagine a
different system with three energy levels per atom, say E1 < E2 < E3. Sketch the heat
capacity of this three-level system as a function of temperature, and motivate your answer.

Cheat sheet

S11 = E
∂u1

∂X1

for uniaxial loading

ε0∇ · E = ρ

∇ ·B = 0

∇×B = µ0j + µ0ε0
∂E

∂t

∇× E = −∂B
∂t

∫
∂Ω

ε0E · n dA =

∫
Ω

ρ dx∫
∂Ω

B · n dA = 0∮
B · dx =

∫ (
µ0j + µ0ε0

∂E

∂t

)
· n dA∮

E · dx = −
∫
∂B

∂t
· n dA

Bohr magneton: µB = 0.058 meV/T

Boltzmann constant: kB = 0.086 meV/K

Heat capacity: CV = d〈E〉/dT
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