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Abstract

In this paper, we develop a new variational form to simulate the propagation of surface
plasmon polaritons on graphene sheets. Here the graphene is treated as a thin sheet of current
with an effective conductivity, and modeled as a lower-dimensional interface. A novel time-
domain finite element method is proposed for solving this graphene model, which coupled an
ordinary differential equation on the interface with Maxwell’s equations in the physical domain.
Discrete stability and error estimate are proved for our proposed method. Numerical results
are presented to demonstrate the effectiveness of this graphene model for simulating the surface
plasmon polaritons propagating on graphene sheets.
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1 Introduction

The two-dimensional (2-D) material graphene was rediscovered, isolated and investigated by
Novoselov, Geim and co-workers [30] in 2004. The 2010 Nobel Prize in Physics was awarded to
Geim and Novoselov “for groundbreaking experiments regarding the two-dimensional material
graphene.” Since 2004, graphene has become a valuable and useful nanomaterial, and its study
has become a very hot research topic [4,12,35] due to its exceptionally high tensile strength, high
electronic mobility, high thermal conductivity, low absorption of light, and being the thinnest
two-dimensional material in the world.

Numerical simulation of electromagnetic wave propagation plays a very important role in

the study of graphene and its applications. The finite difference time-domain (FDTD) method
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(e.g., [1,11,14,15,19,24,40]) and the finite element method (FEM) (e.g., [3,6-8,10,16,17,21,31])
are arguably the two most popular numerical methods in computational electromagnetics, which
can solve Maxwell’s equations in various media. More details and references on the FDTD
method and FEM for Maxwell’s equations can be found in related FDTD books [34] and FEM
books [9, 22, 28].

Compared to many existing papers on simulation of graphene and its applications by FDTD
methods [5,27,29], there are quite limited publications on FEMs for graphene simulation, e.g.,
[23,37] are on discontinuous Galerkin time-domain (DGTD) modeling of graphene devices,
and [26,33] are on frequency-domain finite element simulation of graphene sheet. Recently,
Li and collaborators [18,20,39] have proposed and analyzed some finite element time-domain
(FETD) methods for graphene simulation. In [18,20,39], the graphene has been treated with
some thickness (though very thin). A major drawback of this approach is that a particularly fine
spatial mesh is needed for the graphene part, which makes the implementation time consuming.
Mathematical analysis of graphene model in time domain is very limited. In a recent work [38],
the authors investigated the effects of modulating the electronic doping of graphene in time
on plasmon dynamics, and they also established the existence, uniqueness, and regularity for
solutions to the resulting current equation. In this paper, we will investigate a time-domain
graphene model and treat the graphene as an infinitesimal thin conductive sheet. For the
first time a new finite element time-domain method is proposed and analyzed for solving this
graphene model.

The rest of the paper is organized as follows. In Section 2, we first present the time-domain
governing equations for modeling the surface plasmon polaritons on the graphene sheet. Then
we prove an energy identity and a stability for the system of the modeling equations. In Section
3, we propose a leapfrog type scheme for solving the modeling equations, and prove the discrete
stability and the optimal error estimate for our scheme. In Section 4, we present extensive
numerical results to demonstrate the propagation of surface plasmon polaritons appearing on

various graphene sheets. We conclude the paper in Section 5.

2 The governing equations and stability analysis

We assume that 2 is a bounded Lipschitz polygonal domain in R? with boundary 9. In our
previous works [18,20,39], we treated the graphene as a homogenized material of small thickness
with an effective permittivity. Here we adopt another way to treat graphene as a thin sheet of
current with an effective conductivity.

Considering that the interband conductivity is not that significant in most cases, we will
ignore it in this paper. For simplicity, we consider the T'FE, mode problem with electric field E =
(Es, Ey)' and magnetic field H = H,. From [39, (2.7)-(2.12)] (see also [18, (2.10)-(2.13)]), we

have the following governing equations for simulating surface plasmon propagation on graphene:

«HE =V xH, in (2.1)
wotH = -V x E—K,, in Q, (2.2)
ToatJ +J = O'0E, on F, (23)



where K is an imposed magnetic source function, J := J; (as denoted in [39]) is the induced
intraband surface current in graphene, ¢y and pg are respectively the permittivity and perme-
ability in vacuum, the positive constant 7y denotes the relaxation time, and the positive constant
oo denotes the graphene surface conductivity. Here I" represents the graphene sheet buried in
the domain Q. It appears as a line in our 2D domain (cf. Figures 1, 3, 5, and 7 shown later).
Finally, the 2D curl operators are defined as Vx H := (9,H, —0,H) and VX E := 0, FE,—0,E,.

According to [2, Fig.1], the boundary conditions on the graphene interface are:

fll X E1 = flz X EQ, on F, (24)

Hl—HQZJXfL on F7 (25)

which mean that the tangential electric field is continuous across the interface, and the jump
of the tangential component of the magnetic field along the interface is equal to the surface
current. Here H; and Hs represent the magnetic field above and below the interface, respective,
7t 1= (ng,ny)" is the unit normal vector pointing upward, and 77 and Ay are the unit outward
normal vectors from top and bottom subdomains of the interface. Here we denote the 2D cross
product J x fi := Jyny, — Jyng.

We remark that (2.3) was originally developed for a graphene sheet with small thickness
in [39]. For an infinitely thin graphene sheet, the surface current must lie within I', and so the

equation must be interpreted as
700 (J x 1) +J x v = 0o E X n. (2.6)

To complete the problem, we assume that (2.1)-(2.3) is subject to the perfectly conducting
(PEC) boundary condition:
U x E=0, on 99, (2.7)

and the initial conditions
E(z,0) = Ey(x), H(x,0) = Ho(x), J(x,0)|r = Jo(x)|r, (2.8)

where 7 is the unit outward normal vector on 02, and Eq, Hy, Jg are some given functions.

We want to remark that the system (2.1)-(2.8) can be used to model the propagation of
the surface plasmon polaritons on graphene, which is usually embedded inside other materials
such as vacuum. Moreover, the system (2.1)-(2.3) can be reduced to the standard Maxwell’s
equations in vacuum by setting J to be zero and ignoring (2.3).

Denote the Sobolev space
Ho(curl; Q) = {u € (L*(2))?*: Vxu € L*(Q), ¥ x u =0 on 9N}.
We can easily obtain the following weak formulation: Find the solution
E € L*(0,T; Ho(curl; Q) N H'(0, T (L*(2))?), H € H'(0,T; L*()),J € H'(0,T; (L*(I))?),
such that

(O E,¢) = (H,V x¢)—(J,P)r (2.9)



MO(atHv'(/J) = _(V X va) - (stw) (2'10)
(r00ed . x)r + (J,x)r = (00 E, X)r (2.11)

hold true for any test functions ¢ € Hy(curl;Q),v € L*(Q) and x € (L*(T))2. To obtain (2.9),
we use the integration by parts over Q and the boundary condition (2.5). Here and below we
denote (-, -) for the inner product over Q, and (J, ¢)p := [ J X7 ¢ x it ds for the inner product
on I'. Only J x n is determined by the differential and variational formulations, and only the
component x X n of x is used as a test function.

To simplify the notation, we denote the L? norm of u in Q as ||u|| := ||u||12(q), and the L?
norm of w on I' as |jul|r := ([, [u x Af* ds)'/2.

Theorem 2.1. For the solution (E,H,J) of (2.9)-(2.11), the following energy identity holds
true for any t € [0,T]:
t 2 t
ENG(t)—ENG(O)+/ —HJH%dt:_/ 2(K,, H)dt, (2.12)
0 90 0
where we denote the energy
-
ENG() = |alBIP + ol AP + TR 0 (2.13)

Furthermore, we have the following continuous stability:

ENG(t) < {ENG(OH / t:OKSHth} cexp(t), Vtelo,T]. (2.14)

Proof. By choosing ¢ = 2E ¢ =2H,x = U—QOJ in (2.9)-(2.11), respectively, then adding the
results together, we have

k)

d
& (B + woll? +

2
nJﬁ)+|J%=—mK&Hy (2.15)
(o) g0

Integrating (2.15) with respect to ¢t from 0 to ¢, and using the energy notation defined by
(2.13), we immediately have the energy identity (2.12).
Using the following Young’s inequality

t t
1
- [a e < [ GullHE + Pt
0 0 o

in (2.12), and dropping the nonnegative term fg To||J||2dt on the left hand side, we obtain

g0

ENG(t)

IN

t 1 t
[ENG(OH/ N|Ks|2dt] +/ poll H|[*dt
0 o 0

IA

[ENG(O) + /Ot :O|Ks|2dt] + /Ot ENG(s)ds. (2.16)

The proof of (2.14) is completed by the Gronwall inequality applied to (2.16). O



3 The leapfrog finite element scheme and its analysis

To design a finite element method, we partition the physical domain ) with I' as an internal
boundary by a shape regular triangular mesh 7, with maximum mesh size h. Without loss of
generality, we consider the following Raviart-Thomas-Nédélec (RTN)’s mixed spaces U, and V',

on triangular elements [22,28]: For any r > 1,

Uy = {uh S LZ(Q) : uh|K €pr_1,VK € Th},
Vi ={v, € Hcurl;Q) : vu|g € (pr_1)?® S, VK € T},}, S, ={F eptxz-P =0}

To handle the PEC boundary condition (2.7), we introduce the subspace
V%z{vhevh: UXxwv,=0 ondN}.

To construct the fully discrete finite element scheme, we partition the time interval [0, 7]
uniformly by points ¢t; = 7,7 = 0, ..., Ny, where 7 = Nlt denotes the time step size.

Now we can construct the following leapfrog type scheme: Given proper initial approxima-
tions of EY € V%,J% € Wy, Hé € Uy, for any n > 0, find E}™' € VY, J;LH_E e Wy (ie.,

n+%

3
I e Wy, x d), Hy "2 € U, such that

(0 Ey ) = (H 2V x ) — (T2 ), (3.1)
po (- Hy ) = —(V x Bt o) — (K2, 4n), (3.2)
TO<5TJZ+1a Xh>F + <jZ+1> Xh)F = UO<EZ+1,Xh>F’ (33)

hold true for any test functions ¢, € V?I, Y, € Uy and x;, € Wy,. Here we choose

Wi, = {wy, € (L*(Q))*: 3 vy, € V}, such that vy, x i = wy, on T'},
and adopt the following central difference operator and averaging operator in time: For any
time sequence function u”,

n+l _ ., n n+1 n
sarth — Wy w
T 2

Corresponding to the finite element spaces V', and Uj,, we denote II. and Il for the standard
Nédélec interpolation in space V', and the standard L? projection onto space Uy, respectively.

Furthermore, the following interpolation and projection errors hold true (cf. [22,28]):

[lw— HCUHH(CurLQ) < ChrHu”HT(Cur];Q)» VueH (cwrl; ), r>1, (3.4)
HU—HQUHLz(Q) SChTHuHHT(Q), VUEHT(Q), ’I“ZO7 (35)

where ||u|| - () denotes the norm for the Sobolev space H"(£2), and Hu”Hr(curlQ) = (] |u||?HT(Q))2+
|V x ul|? T(Q))l/z is the norm for the Sobolev space
H"(curl; Q) = {u € (H"(Q))?: Vxuec H(Q)}.

The initial conditions (2.8) are discretized as follows:

E) =TI.Ey(x), (3.6)



H}% - H2(H(70) + gatH(’O)) = H2 |:H0(:B) - ;—%(v X E0($) + Ks(x70)):| ) (37)

JZ x i =Tl [(J(-,0) + g@tJ(-,())) x n} ~ 1L, {JO X i+ %(UOEO — Jo) x n] . (3.8)
T0

where we use the Taylor expansion and the governing equations (2.2) and (2.3).

Below we will present the stability and convergence analysis for our scheme.

3.1 Stability analysis

To prove the discrete stability for the fully-discrete scheme, we denote the wave propagation
1

speed in vacuum C,, = ~ 3 x 10%m/s, and introduce the standard inverse estimate:

Veolio
IV X ¢nll < Cinh ™| Snll, ¥ én € Vi, (3.9)
and the trace estimate:
lénllL2w) < Corh™ 2l1Gnllz2(), ¥ 60 € Vi, (3.10)

where the positive constants C;,, and Cj,. are independent of the mesh size h.

Theorem 3.1. Denote the discrete energy:
m4 21 m+i
ENGais(m) = el E}|I* + poll H, "*[1* + ((J)HJh I3 (3.11)

Then under the time step constraint:

1 h h% €070
< .
7 < min (2 3C.C, 30, | — ) , (3.12)

we have: For any m € [1, N, — 1],

ENGais(m) <2 | ENGgis(0) + 7 Z |K§+1|2] exp(2m). (3.13)
Proof. Choosing ¢, = 27E"+2, U = 27‘H;.2+1, = %jﬁ“ in (3.1)-(3.3), respectively,

then adding them together, we have

1 +3 +3 7o +3 +3
o[ B2 = | BRI2) + o[ H} 2P — | Hy, 2||2)+;0(|IJZ E =175 1)

—n+1 n+i n n+3 n
FLT R = 7 (Y x B - (L x By
3 n n
7 [ I e — (B T | 2 (e, (3.14)

Now summing up (3.14) over n from n = 0 to any m < N; —2, and dropping the nonnegative
term —||Jh ||12~ on the left hand side of (3.14), we obtain

m m+3 3 m+3
co(|lB7 1> = [1ERI1®) + po(1H, 21 = [|H [1*) + (||Jh 3 - (17 112)



< 7 [(HEV X ER) - (1] V x B

r (B TR — (B, I ]—272 (K H, . (3.15)
n=0

By the inverse estimate (3.9), the Cauchy-Schwarz inequality, and the notation C,, we have
m+3 m m+32 _ m
T(H, 2V x Byt < 7CuyollH 2| - Conh ™ eo| | B
1 _ m+32 m
< 57O Cinh™ (ol |Hy™ 2 + eol B H?), (3.16)

which also holds true for m = —1.

Similarly, by the trace estimate (3.10) and the Cauchy-Schwarz inequality, we have

+§ 1 [0 T +§
T(EBRL T e <70,k [ el B I I
€070 o)
1 _1 [ oo To | ym+3
< ZrCuhT2 [ —(eo| [ETTYH 2 + 2T 2][2). 3.17
< 5rCulh 2 (el B+ 2 ) (317)
which also holds true for m = —1.

Finally, by the similar technique, we have

7" n 1
2 S (KT 03 Gl R

n=0

Ho n+3 n+i 1 n
< TZ[2<IIHh I 2|2>+O||Ks+1|2]
T m+ n+ n
< ZL0Hy 2|\2+TZHO||H 2||2+TZ K2, (3.18)
n=0 n=0

Substituting the above estimates (3.16)-(3.18) into (3.15), and choosing 7 small enough, such

as
1 1 a0 1
<2, 7C,Cinh ' < =, 7Cuh 2, [—2 < -, 3.19
= 2’ T -2 T €T~ 2 ( )
which is equivalent to (3.12), we obtain

1 m m+3 70 || ym+3
5 (ll B+ ol E 4 2 |)
n n+3
< ellBIP + oll 17 + 11} ||F+TZ R+ 7Y ol (320

n=0

Using the discrete Gronwall inequality, we immediately have

+3 70 +3
col B3 [ + puo [H |2 + ;OHJZ" I

1 Tt 1 LA |
< 2 lEoIIE2|2+uoIIH;$IIQ+UZIJEI%HZ%IIK?“IIQ] -exp(2(m +1)7), (3.21)

which completes the proof of (3.13). O
By Theorem 3.1, it is easy to conclude the existence of a unique solution to our scheme.

Corollary 3.1. Under the time constraint (3.12), for all n > 0, there exists a unique solution
Eittevy) Jm_2 xneWy,xn, H e Uy, to the scheme (3.1)-(3.3).



3.2 Convergence analysis

To prove the error estimate for our scheme (3.1)-(3.3), we introduce the error notations:

& = Elt,)— B} = (B(t,) - ILE(t,) — (B} — ILE(t,)) :i= Ej¢ — B}, (3.22)
Hp = H(ta) — H = (H(ta) — IoH(t,)) — (H —TLH(t,)) = Hfy — Hp,, (3.23)

where Ezn, H,?n represent the errors between the finite element solutions and the interpolations
or projections of the exact solutions, and EZS,H ne represent the interpolation or projection
errors.

Moreover, we need the following lemma.

Lemma 3.1. [22, Lemmas 3.16 and 3.19] Denote u™ := u(-,t,). We have

(i) Norun 3|2 = |2 < L Q)2 dt, Vu e HYO,T3LA(Q)), (3.24)

(i6) | s = L[ e < 7 ft"“ |8su(t)|? dt,  Yu € H2(0,T; L)), (3.25)
(i) furtE = L () el < T Ou()|2 e, Yu € H2(0,T5 LA(). (3.26)

Integrating (2.9) with ¢ = ¢, from t = ¢,, to t = t,,41, then dividing by 7, and using the
result to subtract (3.1), we obtain the error equation for E:

(B2 ) — (HE T2,V x ) + ("5 — J7T2 g0,
1 [t . 1 [ieer .
- ¢/ Hdt—H"*avwh)—w/ Jdt— I e, (327)
t T Jt

T

n n

where for simplicity we denote the exact solutions H"z := H(-, tny1)and T = J(otny1)-
Using the error notations (3.22)-(3.23), we can rewrite (3.27) as follows:

60(5TE2357¢11) (H, n+2 Vx ) +(J 2:1_57¢h>1“

= (6, Ey 7, ¢p) — (H, "*2 VX @)+ (Jhe 2, dp)r

netr 1 t"“ 1 [t n+i
H(HE -2 H dt,V x ¢p,) + (= Jdt —J"T2 p)r,  (3.28)
T Jt T Jt

n n

where we used the following simplified notations
n+2 n+d oo nt+l o« .
(Jhy 22 Op)r = J, 2 xn—=1I(J""2 xn)) - ¢, xnds, (3.29)
r
(J "+2,¢h>p = / (J”"’% X 7l — Hg(J”‘*'é X ﬁ)) <y, X 1 ds. (3.30)
r

Similarly, integrating (2.10) with ¢ = 1, from ¢t = thyy tot =t, s, then dividing by 7,
and using the result to subtract (3.2), we can obtain the error equation for H:

po (- Hp o) + (V x B ) = po (8- Hig o) + (V x ERd ™t )

1 t" § 1 t” 2
+(—/ VxEdt—V xE"™ )+ (f/ K, dt— K™ ). (3.31)
T t 1 t 1

n+g n+tsg



Finally, integrating (2.11) with ¢ = ¢, from ¢t = byppp tot=t,,s, then dividing by 7, and
using the result to subtract (3.2), we can obtain the error equation for J:
—n+1
70(0r Tt X + (T X)r — 0B X )r
—n+1
TO<5TJZ§17Xh>F + <JZ§ s Xn)T — UO<EZ§+1, Xh)T

1 [ta+3 —n 1 [tass
+<7/ ya—7 “,Xh>p—ao<(f/ +21:7chf—1:7"+1,xh)p. (3.32)
t T Jt

T
n+% n+%

With the above error equations, we can prove the following error estimate for our scheme
(3.1)-(3.3).
Theorem 3.2. For the scheme (3.1)-(3.3) with initial approximations (3.7)-(3.8), under the

time step constraint (3.12) and the following reqularity assumptions:
E c L™0,T; H (curkQ)), H € L>=(0,T; H"(Q)), J € L>=(0,T; L*(T)), (3.33)
OE € L*(0,T; H (curl; Q)), 0uKs,0x(V x E) € L*(0,T; L*()), (3.34)
0u(V x H) € L*(0,T; (L*(Q))?), 0uJ, 0uE € L*(0,T; L*(I")), (3.35)
we have: For any 0 <m < N; — 1,
ol BR' — B ol 15— HRP g TR g < O ),
0
where the constant C' > 0 is independent of T and h, and r > 1 is the order of the basis functions
in spaces Up and V.
—n+1i —n —=n
Proof. Choosing ¢, = 27’Eh;:_2, Yy, = 2THh:1, Xn = %Jh;;_l in (3.28)- (3.32), respectively,
then adding them together, we have

n n ”+2 n+2 ”+2 ”+2
(||E S = 1B 12) + mo (|| Hyy 2 1P = |1 Hyy 2 P )+*(||J 1B = 1Ty 2112

n+l n+ n+3 n
||J,m =[5V x B, — (0 < By
@t T <Ehn,J”+2>r]
+2reo(S, Epe 2 B t) — 20 (H) L2V x B ®) + 200 B )y
1 tn41 —n 1 tnt1 —n
+2r(H™ 3 — 7/ H dt,V x E +2)+2T<* Jdt—J"" 3 E +2)
tn T tn
+2rpo(8, Hyd ) +20(V x EpdH
1 by 1 n+l 1 t""*’% —n+1
+2T(*/ VXEdt—VXEnJr Hh”] )—|—27’(7/ K dt — Kn+1 H}m )
T tn+% T tn+%
2770 n n+1 —n+1 —n+1 n n+1
<5 Jhg'l’,] > <']h§ 7Jh"7 > 2 <Eh;17J >
27,1 ["n+3 n 1 [tass .
+j<,/ Jdt—J thl>p —2r<—/ P Ed-ET “) . (3.36)
0o T toil T toil

Summing up (3.36) from n = 0 to any m < N, — 2, we obtain

70

m m+3 3 m+3 L
eo (1B, 1P = [1ER,[17) + ol Hyy 117 — [1Hjz %) + g 1T 1= 1197, 117)



m 16
2T —n+1
Tor Z Ty |2 <D " Errs. (3.37)

Now we just need to estimate each Err;. Similar to the proofs of (3.16) and (3.17), we

immediately have

Err =7 [(Hy,, ¥ % Ef,) = (Hy ™,V < Eji)] (3.38)

]. _ = ]- _ 7n+ m
< 57CCinh ™ (ol |2 + col B, ) + 57CuCunh™ ol Hpy *112 + ol By 1),
and

m+3 1
Brra =7 [(B T e — (B T )] (3.39)

_1 go 1 70 +32 go 70
< fTCtr ,/%(EOIIE}Z,* I” + HJ’" *[12) + TCw \/60 (eol [ B, |I* + fIIJ o5

Using the inequality (a,b) < dl|al|®* + 35//b]/*, Lemma 3.1 (i), and the interpolation error

estimate (3.4), we have

Erry = 227'60 (6- E,; +2 En+2 ) < 227'60 (53|Eh+2||2+ [0, En+2||2>
< reods SUNERP +11ELP) Z / CH O BI oursiry . (3.40)
n=0

ol
Using the fact that V x Eh: ? € Uy, and the projection operator property, we have
Erry = —2TZ *2 LV x E”“) =0. (3.41)
By the definition of (3.30), we have
n+2 *n-‘rz

Errs =27 Z (Jhe 2 By, )r =0. (3.42)

Using integration by parts, the PEC boundary condition (2.7), the inequality (a,b) < §||al|?+

25 16/1?, and Lemma 3.1 (iii), we obtain

m 1 tnt1 .
Errg = QTZ(VXH"J“%—f/ V x H dt,E +2)
T Jt
n=0 n
m +2 ) m sl 1 trnt1 )
< 2701,2 Seeol [ By 2 I[> + = o IV > H™ 5 V x H di||
n+1)2 4T CUNO f1 2
< 10, aﬁeoz B 12 + (| Eqy 1) Z 106V x H||? dt.(3.43)

n=0

By the trace inequality and Lemma 3.1 (iii), we have
m 1 n+1 el
E — = J’n+ E 2
rry gz = / v

10



m

n+1 —n
w312 [ e o g

27 —1 3 tnt1
n+2 5  Chh T 9
2 g 1) E, + " — dt
T ( 760H || 4676() 4 /tn ||6ft']”1" >

1 ) Ct2 7_4h71 m tn+1
< nmz B+ 177+ S / 0u T2 dt.  (3.44)

IN

IN

By the L? projection property, we have

Errs =210 Y (5, HF  Hyt ) =0, (3.45)

Using the interpolation error estimate (3.4), we have

Errg = 272 (V x E;;gl,HZjl) <27C, Z (59M0||1T{”“|2 +— ||v X E”+1|2>
n=0 n=0

n+3 n+1 TCUEO - r
< 70y 59#02 |[Hy, 2‘||2+ || Hy,, 2| )+TZC’h2 |‘E|‘%W(O,T;HT'(curl;Q))' (3.46)
n=0 n=0

By Lemma 3.1 (iii), we have

Erryg = QTZ / 'VXEdt—VxE"HT
2

n=0

i n 1 t"+§
< 20,3 (Sl I+ 5112 [TV Ba-vx B ) an
"0 4(510 T tn+%

’VL+2 2 "+2 T4C’U€0 = tn+% 2
< 7C, 510#02 1 Hyy 2 117+ 11Hyy * 1) 010 Z 106V x E|[* dt.
n=0 n=0 tn«{»%

Similar to Errig, we have

BErry, = 272 /+ o dt — K7 (3.48)
n=0 +%
natd n T C € ntd
< rOudno SRR 1 ) + T Z/ Flowk.? d.
n=0

By the definition of (3.30), we obtain

2779 i n+1
Errig = 5 Ipt Ty Jr =0, 3.49
2= §< he )T (3.49)
and
2 _
BErrys = sz Z<JZ§1, Tahe =0, (3.50)
n=0
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By the trace inequality and the interpolation error estimate (3.4), we have

+1 _1 +1
Erryy = 7272 (Epdt T i < QTZ Coeh ™2 (|| - [Ty I
n=0 n=0

48 n Tc2rh2r—1 m
< nmz 15y 1 15 1) + 55— S Bl o it curty (351)
n=0

By Lemma 3.1 (ii), we have

27 o=, 1 [Tn+d n
E’I”I’15 = l <7/ " J dt — J Jh;_1>
[efs] n=0 T tn+%
7_515 m il nal m )
< — J; T2 J, e OuJ ||t dt. 3.52
< TR IR UOZ/ ioud R e (3.52)

Similarly, by Lemma 3.1 (iii), we have

Err = —2TZ / B T e
n=0 n+i
n n +
< T5162||J et Z/ 2||attE|\rdt (3.53)

Substituting the above estimates of Err; into (3.37), combining like terms together, and
dropping the last nonnegative term on the left hand side, we obtain

m m+3 3 m+3 1
co([[ B 1P = 1R, 1) + mo(| Hyy 2 I1P = [1HZIP) + (HJ 2 = 112,112
1 -1 5012 0 2y, L -1 02, 70 75 112
< 5TCCimh™ (ol [HR, I” + el By [I7) + 57Cerh ™2 ETT(eollEhnH +;0||Jﬁn||r)
1 m
iTCvCinh_l + ch59 + ’7'071510 + TCU(511> /L0||H +2 ||2

+<
1 1 _1 [ 00 m+1(2
+{ 57CCinh™" + S7Ch™ 2 [ —— + 703 + 7C, 06 + 707 | el [E, ||
2 2 €070

1 o 70140 70 70160
Loont 0, TO149  To15  TO6 0) ||Jm+2HF
2 €070 T0 T0 T0

+7(203 + 2C,d6 + 2d7)€o Z | Eq, |12 + 7(2C, 09 + 2Cy 010 + 2C,611) o Z ||Hn+2 &

200014 2515 200516 To n+1
( ZHJ 2|2

4T (3.54)
70 7o 7o =
€oCh?" TCyeoCh?"  TC2 21
+ 253 A HatEH%IT(curl;Q)dt_'_( U(Sg + ;:;14 )HEH%‘”(O,T;HT(curl;Q))
C 140 T C2r4p1 74 T
Y 0uV x H||? dt tr / O J||% dt
b [l x HIP de+ (B e [ oud
740\ €0 T 740\ €0 74 T
0, E|]? dt L / B K| dt 8 E||% dt.
G2 [ 10w s By e T [ s e+ g [0l
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Under the same time step constraint (3.12), by using the discrete Gronwall inequality and

choosing those d; properly, such as

1 1 1 T0 T0
9 10 11 801)7 3 7 167 6 80“7 14 16 80’07 15 87
we have
m m+3 T0 || ym+3
€0||Eh7]+1||2+:u0||th 2||2+;0‘|Jhn 2||%‘ (355)

1 1
< (ll B+ pollE P+ TR 412478 ) explazm + 1) < €02 479)
0
where in the last step we used the following initial approximation error estimates
|ES, — E°|| < Ch™, ||[HZ — H|| < C(h™ +72), ||J; = J?||p < C(h" +72). (3.56)

Finally, using the triangle inequality, the interpolation error estimate (3.4), and the L2

projection error estimate, from (3.55) we conclude the proof. O

4 Numerical results

In this section, we present several numerical examples to demonstrate the effectiveness of
our graphene model in simulating the propagation of surface plasmon polaritons (SPPs) on

graphene sheets. Our numerical tests are carried out by using FEniCS [25].

4.1 Test of convergence rates

The first example is developed to test the theoretical convergence rate of our numerical

scheme by a manufactured exact solution:

E, sin(27zx) sin(27y) sin(2nt)
E(z,y,t) = = )
E, cos(2mx) cos(2my)sin(27t)
Iz H% sin(2mx) sin(27y) (sin(27t) — 27 cos(27t) + 27 exp(—t))
I(z,y,t) = = " ,
Jy Hﬁ cos(2mz) cos(2my) (sin(27t) — 27 cos(27t) 4 27 exp(—t))
Hi(x,y,t) = T4 sin(2nz) sin(27y) sin(27t),
Hy(z,y,t) = sin(27x) sin(27y) (27 cos(27t) — 2w exp(—t)),

1+ 4n2
which satisfies the following graphene model equations:

e E=V x H —J+ f;, inQy, (
podiHy = =V X E+ fo, in Q, (
100 +J =0pE, onT, (
0 E =V x Hy—J+ f3, inQy, (

13



MoatHg =-VxE+ f47 in QQ- (45)

Here the added source terms f, f2, f3 and f4 can be calculated from the given exact solution
E H{,H; and J.

For simplicity, we choose the physical domain €2 = (0, 1)2, which is split into two subdomains
Q; =(0,1) x (0.5,1) and Qg = (0,1) x (0,0.5) with interface I' = {y = 0.5,z € [0,1]}. We apply
our developed scheme (3.1)-(3.3) to solve (4.1)-(4.5) with physical parameters ey = pog = 79 =
o9 = 1.

First, we solve this example with a fixed small time step size 7 = 1 x 10~* and various mesh
sizes for Ny = 1000 time steps. The obtained L? errors are presented in Tables 1 and 2 for the
RTN finite element spaces Uy, and V' with r = 1,2, respectively. Our results show that the
obtained L? errors are at least O(h"~%%) for r = 1,2, respectively.

Table 1: The errors obtained for Example 1 with N; = 1000,7 =1 x 1074, r = 1.

h |E — Epllr2@ rate |[[H — Hpl[r2q)  rate |J — Jnllr rate
1/4 | 1.9581 x 1072 5.0621 x 1074 9.8589 x 10~°

1/8 | 9.9814 x 1072 09721 24718 x 107*  1.0341 5.0621 x 10~ 0.9721
1/16 | 5.0220 x 1073 0.9909 1.1794 x 10~*  1.0674 5.0255 x 107>  0.9909
1/32 | 25152 x 1072 0.9975 5.4204 x 1075 1.1216 2.5285 x 107°  0.9975
1/64 | 1.2581 x 1072 0.9993 2.3716 x 107°  1.1925 1.2663 x 107>  0.9993
1/128 | 6.3045 x 107*  0.9968 1.2374 x 107> 0.9385 3.1693 x 1076  0.9990

Table 2: The errors obtained for Example 1 with N; = 1000,7 = 1 x 1074, r = 2.

h |E — Enllr2@ rate |[[H — Hpllr2q)  rate |J — Jullr rate
1/4 | 4.4129 x 1073 2.5281 x 1074 2.2218 x 107°

1/8 | 1.0730 x 1073 2.0400 1.2988 x 10~*  0.9607 5.4012 x 1076 2.0403
1/16 | 2.6160 x 10™*  2.0361 6.3906 x 10™° 1.0232 1.3113 x 1076 2.0422
1/32 | 6.8419 x 107° 1.9349 2.1809 x 10~° 1.5510 3.2979 x 10~7 1.9913
1/64 | 21824 x 107°  1.6484 4.0333 x 1076 2.4349 9.2774 x 10-%  1.8297
1/128 | 6.9954 x 1076 1.6414 1.0048 x 1075 2.0050 2.9704 x 10~% 1.6430

Then we test the convergence rate in terms of 7 by fixing 7 = ﬁ to guarantee the stability
constraint. The obtained L? errors are presented in Tables 3-4 for r = 1,2, respectively, and
they are at least O(71®). When r = 1, due to the time step constraint 7 = O(h), the theoretical
convergence rate should be dominated by O(h%®) = O(7%®), but our numerical errors are better
and almost O(h).
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Table 3: The obtained errors obtained for r = 1 by fixing 7 = 52

200"

h |E — Epllr2¢) rate  ||H — Hpllg2@q)  rate |J = Jrllr rate
1/10 | 8.0084 x 1073 2.0027 x 1074 4.1938 x 107°
1/20 | 4.0208 x 1072 0.9940 9.3324 x 107°  1.1016 2.0546 x 107> 0.9721
1/40 | 2.0126 x 1072 0.9984 4.1560 x 107  1.1670 1.0158 x 10=°  0.9909
1/80 | 1.0066 x 1073  0.9995 1.8654 x 10~°  1.1556 5.0491 x 10=¢ 0.9975
1/160 | 5.0537 x 107*  0.9940 1.0326 x 107>  0.8532 2.5194 x 107¢ 0.9993
Table 4: The obtained errors obtained for r = 2 by fixing 7 = %.
h |E — Epllr2@ rate |[[H — Hpl[r2q)  rate |J — Jpllr rate
1/10 | 6.7883 x 1074 1.0984 x 1074 3.5527 x 107°
1/20 | 1.6779 x 1074 2.0164 4.8473 x 107° 1.1801 8.4889 x 107 2.0652
1/40 | 4.5943 x 107> 1.8687 1.3049 x 107°  1.8931 2.1569 x 1075 1.9765
1/80 | 1.7540 x 107° 1.3892 3.5181 x 1076 1.8911 6.5890 x 10~7 1.7108
1/160 | 6.9715x 1076 1.3311  9.6548 x 1077  1.8654 2.1517 x 1078 1.6145
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4.2 Simulation of surface plasmon polaritons along the graphene sheets

To simulate the SPP phenomenon on the graphene sheet, we need to use a PML to surround
the physical domain 2. Here we adopt the 2D TEz Ziolkowski PML model in the PML region
Qpmi, which can be written as follows (cf. [32, p.157]):

0B =—egcD1E+V x H, —J, in Qppy, (4.6)
poOeH = —po(0y +0y)H, =V x E— K., in Qpnyy, (4.7
0J = —DoJ + eoD3E,  in Qpmi, (4.8)
O K, = poozoyH,, in Qpmy, (4.9)

where 0, (z) and o, (y) are the nonnegative damping functions in the z and y directions, respec-

tively, the diagonal matrices D; (i = 1,2, 3) are given as follows:
D, = diag(oy —0g,03 — O'y)a Dy = diag(aacvay)v D3 = diag(o.(0x — a'y)vo'y(a'y —04)).(4.10)
We propose the following finite element scheme for the above PML model in §2,,,,,;: For any
3 nt
n >0, find EX*Y 0072 e V) H'T2 KT € U, such that
n+i —=n+3 n+ n+l
60(57"Eh 27¢h) = _eo(DlEh 2?¢h) ( 2 VX ¢h) ( 27¢h)7 (
n "H'l n n
po(8- H ) = —po((0w + 0y )HZ, 9n) — (V x Byt gy) — (K25 ), (412
n —n+1
(57'Jh+17Xh) (DQ']h 7Xh) +60(D3E 7Xh) (
natl 1
(6 K07 on) = poloz0y HLyy : o), (
hold true for any test functions ¢, € V%,i/)h, wn € Uy and x;, € Wi,
To simplify the implementation, we merge the graphene scheme (3.1)-(3.3) and the PML
scheme (4.11)-(4.14) together by using subdomain dependent coefficients and rewrite them as

follows:

( <I+TDl>E2“,¢>h)=( o7 - T2y zv¢h)+T<HZ*5,vX¢h>

2 2
(I B = T(Coad 2 ), (4.15)
(ol + 2288 ) = (ot = TR T i g, ) = o9 B )
— 7(CiaK ) — (KL n), (4.16)
(74 323 ) 40+ 5077 e = (1 Tf?w:*i,xh) +rleoDs By wn)
= 5 e B ) (4.17)
(K on) = (KJ' 0n) + To(owoy HiE o), (4.18)

where we denote the identity matrix I = diag(1, 1), write H,; and J,j in the PML subdomain
as Hj, and Jy, and use the subdomain identify function
0, ifxeQ,

Cia = (4.19)
1, ifxe mel-
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In our simulation, we choose a physical domain Q = [-30,30] pum x [~10,10] pm, which
is surrounded by the Ziolkowski PML with thickness 12h, and 12h, in the x and y directions,
respectively, where h, and h, are the mesh sizes in the x and y directions, respectively. We use
a uniformly refined triangular mesh with 128 x 128 rectangles bisected into triangles.

The damping functions o, and o, for the PML are chosen as a fourth order polynomial:

oa() = amax(‘zld;dgo)‘l, when |z| > 30,
‘ 0, elsewhere,

where the coefficient 0,4, = —log(err) -5+ C,/(2 - dd) with err = 1077, and dd denotes the
thickness of the PML in the z direction. The function o, has the same form but varies with
respect to the y variables.
Example 1: A straight graphene sheet

In this example, we present a simulation of SPPs along one graphene sheet aligned horizon-
tally. The simulation setup is shown in Fig. 1, where a graphene sheet of 40um long is embedded
in domain 2. Outside of €2 is surrounded by the PML.

Figure 1: The setup demonstration (with a coarse mesh) for Example 1.

A pair of dipole source waves are placed at points (—27,1) pwm and (—27,—1) pm, and
imposed as K = sin(2n fyt)/h, and K, = —sin(27 fot)/hy, respectively. In our simulation, we
choose frequency fo = 10 T'Hz, relaxation time 79 = 1.2 ps, and the surface conductivity og

given by the formula:

*kpTTo ( fhe
o= ——""

o Tt 21n(exp(—l:3—cT) + 1)) , (4.20)
where the electron charge ¢ = 1.6022e — 19, the Kelvin temperature T = 300 K, the reduced
Plank constant 7 = 1.0546e — 34, the Boltzman constant kg = 1.3806e — 23, and the chemical
potential p. = 1.5 eV.

We use the time step 7 = 8.3 x 10717 s, and run the simulation for 10000 time steps. Some
snapshots of the obtained magnetic filed H, are shown in Fig. 2, which clearly show the SPPs

propagate along the graphene sheet.
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Figure 2: Example 1. Contour plots of H, at 1000, 2000, 4000, 6000, 8000, and 10000 time steps.

Example 2: Four adjacent graphene sheets

In this example, we simulate the wave propagation along four adjacent graphene sheets by our
FETD scheme. The simulation setup is shown in Fig. 3, where four graphene sheets of length
10 wm each is embedded in domain 4. A pair of dipole incident waves are placed at points
(—27,3.12) pm) and (—27,—3.12) um. We use the same simulation parameters as Example 1.

Some snapshots of the magnetic field H, are presented in Fig. 4, which shows clearly that the
SPPs propagate along the graphene sheets as demonstrated in the previous work [39].

Figure 3: Example 2. The setup (shown in a coarse mesh) for four adjacent graphene sheets buried
in Q.
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Figure 4: Example 2. Contour plots of H, obtained at 1000, 2000, 4000, 6000, 8000, and 10000
time steps.

Example 3: A tilted graphene sheet

This example is developed to simulate the propagation of SPPs along a tilted graphene
sheet by our FETD scheme. The simulation setup is shown in Fig. 5, where one tilted graphene
sheet situating on the line y = %ac with length 20v/5 pm is embedded in domain €. A pair
of dipole source waves are placed at points (—21,—6) wm and (—21,—8) wm. The rest of the
simulation data are the same as Example 1. The calculated magnetic fields H, obtained at
different time steps are presented in Fig. 6, which shows that the SPPs also propagate along
this tilted graphene sheet.

Figure 5: Example 3. The setup for the tilted graphene sheet.
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Figure 6: Example 3. Contour plots of H, obtained at 1000, 2000, 4000, 6000, 8000, and 10000

time steps.

Example 4: SPPs propagating along along a bifurcated graphene sheet

Finally, we present a bifurcated graphene sheet to demonstrate the flexibility of our FETD
scheme to handle a complicated geometry. The simulation setup is illustrated in Fig. 7, and the
rest simulation data are kept the same as Example 1. The obtained numerical magnetic fields
H, at various time steps are presented in Fig. 8 which shows that the SPPs can propagate
along this complicated graphene sheet.

Figure 7: Example 4. The simulation setup for the bifurcated graphene sheet (illustrated with a

coarse mesh).
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Figure 8: Example 4. Contour plots of H, at 500, 1000, 2000, 4000, 6000, and 10000 time steps.

5 Conclusion

In this paper, we develop a new formulation to simulate the surface plasmon polaritons
propagating on graphene sheets. We treat the graphene as a thin sheet of current with an
effective conductivity. A novel finite element method is proposed for solving this graphene
model. Numerical results demonstrate the effectiveness of this graphene model for simulating
the surface plasmon polaritons propagating on graphene sheets. The current error estimate
is sub-optimal and the loss of half-order accuracy is caused by those graphene interface terms
Err;,i = 2,7,14. We will continue exploring more efficient and optimally convergent schemes
in the future, since much works are needed for the time-dependent H (curl; )-interface problem
as pointed out in the last sentence of Conclusion in [13].
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