HOMOGENIZATION OF A DARCY-STOKES SYSTEM
MODELING VUGGY POROUS MEDIA

TODD ARBOGAST* AND HEATHER L. LEHR'

Abstract. We derive a macroscopic model for single phase, incompressible, viscous fluid flow in
a porous medium with small cavities called vugs. We model the vuggy medium on the microscopic
scale using Stokes equations within the vugular inclusions, Darcy’s law within the porous rock, and
a Beavers-Joseph-Saffman boundary condition on the interface between the two regions. We assume
periodicity of the medium, and obtain uniform energy estimates independent of the period. Through
a two-scale homogenization limit as the period tends to zero, we obtain a macroscopic Darcy’s law
governing the medium on larger scales. We also develop some needed generalizations of the two-scale
convergence theory needed for our bi-modal medium, including a two-scale convergence result on the
Darcy-Stokes interface. The macroscopic Darcy permeability is computable from the solution of a
cell problem. An analytic solution to this problem in a simple geometry suggests that: (1) flow along
vug channels is primarily Poiseuille with a small perturbation related to the Beavers-Joseph slip, and
(2) flow that alternates from vug to matrix behaves as if the vugs have infinite permeability.

Key words. Homogenization, two-scale convergence, Darcy-Stokes system, vuggy porous media,
Beavers-Joseph boundary condition

1. Introduction. A wvug is a cavity in a porous medium that is relatively larger
than the intergranular pore space. Vugular inclusions are especially common in car-
bonate rocks, and are endemic to many of the world’s groundwater aquifers and
petroleum reservoirs. Although small, vugs can significantly increase both the effec-
tive porosity and permeability of the medium. We consider in this paper a porous
medium with many small vugs scattered throughout its extent.

It is well established, both empirically and theoretically, that Darcy’s law governs
fluid flow in a porous medium on scales above the pore diameter [6, 23, 27, 29]. Since
the flow is expected to have a relatively low Reynolds number, the Stokes equations
should adequately model fluid flow in the vugs.

In 1967, Beavers and Joseph [7] determined experimentally that a free fluid in
contact with a porous medium flows faster than a fluid in contact with a completely
solid surface. Although thin boundary layers arise in both cases, the latter case is
generally modeled by assuming that all components of the velocity vanish at the
solid contact surface. In the former case, the experiments of Beavers and Joseph
demonstrate that the tangential velocity of the fluid cannot vanish. They proposed
to account for this slippage by imposing a boundary condition of the form

ovs _ o
dy VK

where 9/0y is the normal derivative, Uy is the tangential component of the Stokes
velocity, Uy is the tangential component of the Darcy velocity, K is the permeability
of the porous medium, and « is the dimensionless Beavers-Joseph slippage coefficient.
Saffman [24] justified this law theoretically, and showed that the term involving Uy
could be dropped (see also [15, 16]). Jones [18] reinterpreted this law so that it applies
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to curved boundaries and nontangential flows by formulating the boundary condition
in terms of the tangential component of the fluid stress tensor (see (1.6) below).

We model the vuggy medium on the fine scale using Stokes equations in the vugs,
Darcy’s law in the porous rock, and the Beavers-Joseph-Saffman boundary condition
on the interface between the two. We assume periodicity of the medium, and obtain
as our homogenized limit a macroscopic Darcy’s law governing the system over large
scales. To illustrate the ideas, we first derive this macroscopic model formally in §2,
and then we derive it rigorously by the two-scale convergence method [22, 4, 1, 14] in
85. In §3 we obtain the existence, uniqueness, and energy estimates results needed in
the analysis. In §4 we develop the needed generalizations of the two-scale convergence
theory needed for our bi-modal medium. The convergence of the homogenization is
demonstrated in §5. The final section presents a simple analytical solution to illustrate
the results.

Although our results would extend easily to R?, for ease of presentation we assume
that the domain € is Lipschitz and bounded in R%2. We assume that the geometric
vug and pore structure of 2 is periodic of period €Y', where Y is a reference cell for the
periodic tiling of unit volume |Y|. The portion of the domain consisting of the vugs
is denoted €25, and that consisting of the porous rock is Q. Let I' be the interface

R
between the two regions. Let 75 be the outer unit normal to 0€2,, and let 7 be a unit

tangent to I'“.
: S . : Opi Oy
Let D be the symmetric gradient, i.e., D(¢) is the matrix — +
2 Ga:j 8.%‘1

by 1 > 0 the fluid viscosity; K¢ = K(z/e) the Y-periodic, bounded, symmetric and
uniformly positive definite permeability tensor of the porous rock matrix; and a > 0
the Beavers-Joseph slip coefficient. The fluid velocity and pressure in the Stokes
and Darcy regions are denoted ug, p§ and uj, p§, respectively. These satisfy the
following set of equations (wherein ¢ € L%(Q) is an external source or sink satisfying

1

) . Denote

the compatibility condition that its average over {2 vanishes, and f € (LQ(Q))2 is a
term related to body forces such as gravitation):

Vugular region (Stokes equations)

—2p€®V - DuS +VpS = f  in QF, (1.1)
V-ui=gq in Q2 ,

Rock matrix (Darcy equations)

WKt +Vpg = f in QF , (1.3)
V-ug=gq in Qg , (1.4)
Interface
ug My = UG -1 on I'* | (1.5)
!

2ns - Dul -7 =——==ul -7 onl*, 1.6
! Vi (16)
2ue”ns - Dug 15 = ps — p on I, (1.7)

Outer boundary
u; =0 on 90 N ONE , (1.8)
ug-n=0 on 90 NN . (1.9)
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The interface conditions represent continuity of mass flux (1.5), the Beavers-Joseph-
Saffman condition on the tangential stress (1.6), and the continuity of normal stress
(1.7). Examples of direct numerical simulation of these equations in a non-vuggy
context (i.e., in a medium with at most a few very large vugs) can be found in, e.g.,
[25, 13, 19]. In a vuggy context, see, e.g., [3].

The homogenization problem is to determine the behavior of the system as e — 0.
Note that in the equations we have scaled both the viscosity p and the permeability
K¢ by €2. This is the usual scaling for deriving Darcy’s law from Stokes flow (see [27]),
since as € — 0, flow paths (in our case vugs) become constricted, so a corresponding
decrease in viscosity is required to maintain flow rates. Moreover, when homogenizing
heterogeneity (see, e.g., [8, 26]), the ratio of permeability to viscosity should be fixed,
forcing a similar scaling of the permeability. These considerations then imply the
stated scaling of the Beavers-Joseph boundary condition.

Below we will need to distinguish the geometry of the reference cell Y, so let Y
denote the Stokes region, Y, the Darcy region, and I' the interface between the two.
We assume that both Y and Y; have positive measure, and thus also the 1-dimensional
measure of I is positive. As usual, x will represent a point in 2 and y a point in Y. In
the sequel, let || - ||, and (-, -),, denote the L?(w) norm and inner-product, respectively,
where we omit the domain w if it is €.

2. Formal Homogenization. We proceed to formally homogenize our system
of equations in the usual manner [8, 14, 17, 26]. We make the ansatz that we can
expand u§ and p§ (for £ = s,d) as

> T S T
uf = E e ug,j <x7 e) and pj; = E €' Py j (w, e) ,
j=0

=0

where the ug ;(x,y) and py j(x,y) are Y-periodic functions in y.

Substituting the above expressions into our system of equations (1.1)—(1.7), and
recognizing that V = V, 4+ ¢ 1V, we obtain the following equations. From the ¢!
terms of (1.1) and (1.3), and the € terms of (1.7), we see that

Vpl=0 inQxYy, (2.1)
V,p=0 inQxYy,
P —pi=0 onQxT. (2.3)

It follows immediately that p% and pg are independent of y and equal, so let

P°(z) = p°(z) = p%(x) on Q.

Now the €” terms of (1.1), (1.3) and (1.5), the e~ ! terms of (1.2), (1.4) and (1.6),
3



and the €l terms of (1.7) imply

_2va'Dyug +V1p0($)+vyp;($7y) =f in QxYs,
Vy-uf;:o nQxY,,
K (y) " ug + Vop® (2) + Vypy(e,y) = f inQxYy,
Vy-uEl:O in QxYy,
ug - 1 = ug - s on O xT'|
25 - Dyul - 7= — < w7 onQxI,
K(y)
2uns - Dyul - ms = pl — pl on QO xT.

With e; being the standard Cartesian basis vector in the jth direction, let (w;, ®;)
be the periodic solution of the following auxiliary or cell problem

=2V Dwj + V& =¢; inYs, (2.4)
V- w; =0 in }/:‘3 )

KW + Vo] =¢; in Yy, (2.6)
V-wl=0 inYy,

Wi ns = w;-i ‘Mg onl, (2.8)

!
2 Dwj-7=—-—=wi-7 onl, (2.9)
VK’
2ns - Dwj - ns = @5 — @? onl. (2.10)

Then by linear algebra, we can express u? and uJ as

0
an) = 5 3 (@) = G @) Jatlw) . £=sd (.11

J
Define the averaging operator vy by averaging v, in the following sense

1

v =— [ vy dy, (2.12)
Y1 Jy,

so that

) = (o) + o) = 5 3 (50 - 0 (o) ) @5 + )

J

Now let the matrix K be defined by

—8 — 1 s
d s
Then we see that
pK Yo +VpP=f inQ. (2.14)
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Finally, using the € terms of (1.2) and (1.4), we obtain
Vx-u2+vy~u%:q inQxY,, {=s,d,
so that if we again average over Y and sum, we obtain

1

1
v-uo+—/ V, - uldy+ vV, - uldy
Y| Jy, Yy, "V
=V-a +i ul ds+i ul-ngdS
TV oy, Y oy,

By the periodicity of u% in y, and the fact that ul - n, = fu}i -mg on I') we see that
V- -tig=gq onf. (2.15)

Thus we conclude from the formal analysis that %y should satisfy a Darcy’s law on
all of  (2.14)-(2.15), with effective permeability matrix K, independent of the fluid
viscosity and given by (2.13).

LEMMA 2.1. The tensor K, as defined by (2.13) and (2.4)(2.10), is symmetric
and positive definite.

Proof. The existence and uniqueness of a weak solution to (2.4)—(2.10) follows
from an analysis similar to that given below for Theorem 3.1. Note that (2.4)—(2.10)
is equivalent to the variational equation

e
2(Dwi, DY)y, + (w‘f T ~T> + (K 'wy, = (es : 2.16
(Dot Doy, + (ot o) (Kt = ety (10
for ¢ an infinitely differentiable and periodic vector function in Y such that V-4 = 0.

With ¢ = wj on Y, and ¢ = w}i on Yy (actually a sequence approaching the same),

we obtain that
|Y| Ki,j = (6i7u);)Y5 + (ei7w;-j)yd

B . a s 1.d 4
= 2(Dw}, Dwj)y, + (ﬁwi T, Wj ‘T)FJF (K wfwf)y,

and symmetry follows immediately.
To show that K is positive definite, take any A € R? and define

€)= Yl foryey .

Then, from (2.16), we conclude that
@
VK

and that K is positive semi-definite. To see definiteness, suppose that AT K\ = 0 and
conclude that each integrand above vanishes. But now (2.16) implies that

Y| AKX = 2(D¢*, DE%)y. + ( &7 7') + (K¢ ¢,

r d

VK

Since A is constant, we can take ¥y = A and conclude that A = 0 and, further, that K
is positive definite. O

0= 2(D§S,D¢)Ys + ( I T,¢-T) + (K—lgd’w)Yd =(\Y)y .
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3. Existence and A Priori Energy Estimates. In this section, we prove a
theorem which gives existence of solutions u¢ and p¢ to (1.1)—(1.9) for each e and
energy estimates for u¢ and p© independent of €. Let

VE=VQ) = {veH(div,Q) | v, = v|o: € H'(Q)},
Vo =Vo(Q)={veVi(Q)|v-n=0o0n 902N and v =0 on 92 NINE},

where 7 is the outward unit normal to €, and let W = L%(Q)/R.

We first recast the original problem (1.1)—(1.9) into a variational problem. Com-
bine equations (1.2) and (1.4), multiply by a test function w € W, and integrate
over §2. Then combine and multiply equations (1.1) and (1.3) by a test function
v € V¢, integrate, integrate by parts, and manipulate the boundary terms to obtain
the variational form of the system for u¢ € Vi§ and p® € W satisfying

€LQ
2#62 (Dug, Dv)g. + ( us - T, U ‘T>
“ O \VEe re

- (peav'U)Q—'_:U/((KE)_luil?U)Qz = (va)Q , UVE Vv()6 ) (31)
(V-uf w)g = (q,w)q , weWw, (3.2)
where u§ = u Qg and uf - ns = ug -1, on I'® is implicit from u® € V.

THEOREM 3.1. For each €, there exists (uf,p) € Vif x W satisfying (1.1)-(1.9)
weakly, i.e., (3.1)—(3.2), such that

€[ Vug]

os T Vellug - 7llve + u | + V- u + P < C U+ llal) (3.3)

with C independent of €.
In order to prove this result, we first prove a lemma related to Korn’s inequality.
LEMMA 3.2. There exists C independent of € such that for all v € V§(Q),

ac + €| Vo]

o <C (e||Dvs|

[[0s o + Vellvs - 7llre + [lvallag + €V - oll) -

If Qg4 is not empty, the above inequality holds for v € V¢(Q).

Proof. First we show that a similar result holds for o € V(Y) = {v € H(div,Y) |
vs = vly, € H'(Y,)}, and then we use a translation and scaling argument to pass to
all of . Suppose it is not true that there exists C' such that

1oslly. + [Vslly, < C (I1D8s ]y, + 195 - 7lle + 19ally, + 1V - 8lly) - (34)
Then there exists a sequence {0,}52; € V(Y') such that
[0n,slly, + IVinslly, =1 (3.5)

and

R R R R 1
||Dvn78||Y5 + an,s 7llr + ||Un7d||Yd IV - ply < n (3.6)

The last two terms on the left-hand side above tell us that ¢,, ¢ — 0 in H(div, Yy),
and (3.5) implies that 9, s — 0, weakly in H'(Y;) for some 95. Let © be the extension
by zero of 95 to Y. Since 9, is bounded in H(div,Y’), it converges weakly, and we
conclude that in fact

b=  in H(div,Y) .
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Since
||ﬁn7d ’ 77||(H0152(I"))* < C”ﬁn,d“H(div,Yd) -0,

where the norm on the left-hand side is the norm of the dual space of Héé (T (see
[20]), we conclude that 94 -1 = 05 -1n =0 on I'. On the other hand, ||, s - 7||r — O,
so that 05 -7 = 0 and further that 95, = 0 on I'. Now Korn’s inequality can be applied
on Y, to show that

[on,sllv, + [IVOn,s

Ys < C”D@n,S‘

Y, -

But the left-hand side is one by (3.5) and the right-hand side tends to zero by (3.6),
contradicting the assumption that (3.4) fails to hold. Now we have inequality (3.4)
for any 0 € V(Y'), wherein C does not depend on e.

We remark that we also have the inequality for functions defined only on an open
subset Y, C Y, as long as Y, N Yy is not empty. When Y, C Y, we can obtain the
same inequality provided that we have the boundary condition o = 0 on some positive
measure subset of 9Y,.

By the structure of 2, we can write it as Q = U €Y, where €Y’ = (e(Y—i—ﬁi)) ne,
ieT
7; is some vector whose components are integers, and Z is some appropriate index
set. Let v € V() and define for y € Y, 9'(y) = v(e(y + ;) € V(Y). By our
remark above, if 9Q intersects the interior of a cell (i.e., 2 is not tiled exactly by
scaled translates of Y), the inequality (3.4) still holds on that truncated cell since
v € V. Thus (3.4) holds on each Y, so

195

yi + Vi

ve < C (D88 + 1188 - 7l + o4l + 1V - 1y )

and if we sum over all 7 and make the change of variables z = e(y + ;) on each Y,
we obtain

e os] a + ¢ 2 los - Tlpe + € ual

Qg + ||Vvs|

: < C<\|Dvs| g + HVvH) ;
which gives the desired resultv € V.

For v € V¢, as long as (1 is not empty, we can adjoin any truncated cell to an
entire cell lying beside it (at least for e small). Since there will be a portion of I" within
this new composite cell, we have the inequality (3.4) on the composite cell regardless
of the outer boundary conditions. Hence, if 04 is not empty, the theorem holds also
forallv e Ve. O

Proof. [Proof of Theorem 3.1] The theorem follows from the inf-sup theory of
saddle point problems [5, 10, 11, 12]. For u,v € V() and w € W, we have the
bilinear forms

epo

a®(u,v) = 2ue?(Dug, Dv e—|-<
(1.0) = 206 (D Do + (o

Us * T, Vs ~7-) + (H(K6)71Ud,U)Q§ ,
F(
bv,w) = (w,V -v)q .
Then (3.1)-(3.2) can be rewritten as: Find (u€,p¢) € V§ x W such that

a(u,v) —blv,p%) = (f,v), veVy, (3.7)
buf,w) = (q,w), weWw. (3.8)

N



We endow Vi (§2) with the norm
ullle = (lull® + IV - ull® + €| Vus|{) 2

for which it is complete. We claim that

€L
(\/ﬁus T, Vg -T)FE < Cellus - 7]

so that that both a¢ and b are bounded (i.e., continuous) with constants independent
of €. To see the claim, compute

rellvs - 7lloe < Cllulllell[ollle , (3.9)

ellus Tl = €3 llus 7l
€L
= ey el - 7R
€L
< €2 ZC’|\11||YJHQ||H1(Y§)
€T
< Ce S Null ey lull s ey
1€T
é
<5 D [lully; + Ellullfn v
1€T
é
= 5 [l + €l o))
< CllfullP . (310

Moreover, a is coercive on Vi N{v € Vf : V-v = 0} by Lemma 3.2, with bound
independent of e.

It remains to show the inf-sup condition, but this follows from the corresponding
condition known for the Stokes system on (2; that is,

. (V-v,w) . (V- v, w)

inf sup ———= > inf sup ———

weW yevg |[[0][lel[w]l — wew a2 [[[v]lle/wl]
(V-v,w)

> inf sup ————>~v>0,
weW ye i)z 2[|vl ()2 l|w]|

for some ~ independent of ¢, since (H§)? C Vi and 2|v|| (g2 (a2 = [|v]]]e.
Now the inf-sup theory provides the existence and uniqueness of a solution to our
system (3.7)—(3.8) [12]. Moreover,

[uflle + lpll < CAULFI + Mgl (3.11)

where C' depends on ~, the coercivity bound for a¢, and the continuity bounds for a¢
and b, each of which is independent of e. Finally, (3.11) and (3.10) imply (3.3). O

4. Two-Scale Convergence Results for Bimodal Media. In this section we
make note of some slight extensions of the two-scale convergence results of Allaire [1,
14]. Lemmas 4.1 and 4.4 can be deduced easily from the proof of Theorem 2.7 in
[1]. We include the following statements and proofs for clarity and completeness. We
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first recall that D(Q; C°(Y)) is the set of infinitely differentiable functions in  x Y’
that have compact support in €2 and are periodic in Y, and we recall the following
definition.

DEFINITION 4.1. If {u}, C L*(Q) and uo(z,y) € L*(Q x Y) are such that

1

lim | u(x)P(x,x/e)de = — / / uo(x,y) ¢(z,y) dy dx
«—0Jq Y] JaJy

for any function ¢ € D(Q; CF(Y)), then {u}c is said to two-scale converge in Q2 x Y

to ug(z,y), and we write this as

u* =~y MOAXY ase—0.

LEMMA 4.1. Let £ = s or d and x§ be the characteristic function on €. If u® is
such that ||u¢|| < C for some constant C independent of €, then a subsequence of xju‘
two-scale converges to some 1§ € L*(Q x Y) such that supp(¢§) C Q x Y,. Moreover,
if u¢ two-scale converges to ug € L*>(Q x YY), then XjUe = uolaxy, n QX Yy

Proof. Because [|xju|| < |Ju¢|| < C, a subsequence of xjuc two-scale converges to
some 1 € L2(2xY) [1]. Take a test function ¢ € D(Q; C(Y)) supported in 2 x Yy,
where k # (. Then ¢(z) = ¢(z, z/€) is supported in €, and

1 1
0= lim/ Xpuot dxr = —/ / Vo dy dx = —/ Vo dy dx
=0 Jo Yl JoJy ° Y1 JaJy, 0

This holds for all such ¢, so ¢£ =0on 2 x Y.
Now, take a test function ¢ € D(Q; CF(Y')) with support in © x Y. Then

/ Xeutop®dx = / u‘pcde
Q Q

so, taking the limit as € — 0,

1 ’ 1//
— dydr = — UpP dy dx .
|ﬂ4yﬂwy VT Jo Sy 107

An application of Lusin’s Theorem completes the lemma. O

Lemma 4.1 allows us to make the following definition and gives the following
corollary. Note that a function in D(Q; C3°(Y)) is considered to be only Y-periodic
in y, with no condition imposed on I'.

DEFINITION 4.2. If £ = s ord and {u$}. C L*(Q) is such that, for any function
6z.y) in D CF (V).

. . 1
lim w@ﬂwmmx|wAAﬂWmew@m

e—0 Je
14

for some ug(z,y) in L*(Q x Yy), then {u}. is said to two-scale converge in X Yy to
uo(x,y) as e — 0.

COROLLARY 4.2. If uj € L*(9)) and there exists C > 0 such that |[uf|o; < C
for all € > 0, then there exists a subsequence which two-scale converges in 2 X Yy to
up € L*(Q x Yy).

The following lemma is immediate and illuminates the connection between weak
and two-scale convergence.



LeMMA 4.3. If {uf}e two-scale converges to up(z,y) in Q x Yy, and 4§ denotes
1

the extension of uj by zero to ), then U§ converges weakly to m/y uo(x,y)dy in
12(9Q). '
The next results will be needed to prove our homogenization result. As usual,
H,(Y) denotes the Y-periodic functions in H*(Y).
LEMMA 4.4. Fix £ = s ord.
(&) If ugllo; < C and eV
Ug,p € (L2(Q;H71$(}/g)))2 such that some subsequence of {uj}. two-scale con-
verges in Q x Yy to ug and {eVu§}e two-scale converges in Q x Y, to Vyug .
(b) If [luglle; < C and ||V - ugllas < C for some constant C, then there erists
U € (LQ(Q;H(diV,Yg)))2 such that some subsequence of {uf}e two-scale
converges in & x Yy to ug and {V - ui,}g, extended to Q0 by zero, converges

weakly in L*(Q) t

a; < C for some constant C, then there exists

1
0 7 Vg - uoe dy. Moreover, V,, - ug ¢ = 0.
Y1 Jy,

Proof. For result (a), by Corollary 4.2, we have for some subsequence both

Up = upe nOQxYe,
eVug = 1o in QxY.

Let ¢ € (D( C;f(n)))z be such that ¢|oxr = 0, and let ¢¢(x) = ¢(z, z/€). Compute
(EVUZ¢€)Q; = —(U? €Vg - ¢+ Vy - (bs)ﬂz )
so that as € — 0,

(Yo,0,®)axy, = —(uo,e, Vy - d)axy, = (Vyuoe, d)axy, — (Lo, - 1, d)ax ov,\1) -

With ¢laxay, = 0, we conclude that ¥, = Vyuge. Then we further conclude that
ug,¢ is periodic in y € Yy, i.e., that ug, € (L?(9; Hy};é(Y(g)))2
For (b), Corollary 4.2 gives us two-scale convergence of u§ to ug ¢, and then weak

1
convergence of V - uj to Y|/ Vz - ug,¢ dy follows easily. To obtain V, - ug, = 0,
Y,
note that for ¢ € D(; Cgo(Y)),e

V- u§ ¢ dr = —/ ug - (Voo + e 'Vy¢°) da
25 25

By Corollary 4.2, the left-hand side and the first term on the right-hand side both
converge as € — 0. Thus we obtain

lim [ wup-Vy¢dr =0,

—0 Jqe
0

which implies that V- ug, = 0. O
LEMMA 4.5. If ug is such that ||ug|lq: and |[eVu|q: are bounded independent of
€ and T'° is a smooth submanifold of Q¢, then for ¢ € (D(€ C’;f(YS)))Q,

lim e(uf 7,6 T)re = V| (o, - 7.6 Thaxr
10



where ug s s the two-scale limit of u$ in Q x Ys. Moreover,

25% 6(“; *Ns, ¢ . ns)FE - ‘Y|_1(u0,s *MNs, ¢ . ns)QXF .

Proof. Let Let @ € (D(Q; C¥(Y5)))?*?* and @°(z) = ®(x,z/¢). Then
(eVug, @)ae = —e(ug, Vi - ©“)ac — (ug, Vyy - @“)ac + e(ug, @ - ns)re
Taking the limit of both sides as ¢ — 0, we obtain from Lemma 4.4
Y7 (Vyuo,s, ®axy, = =Y (uo,s, Vy - Paxy, + yg(l)é(ui, € - ms)re
This implies that
Y7 (a0 ® - e )erer = i e(uf, @ - ) (4.1

Since T' is smooth, the Tubular Neighborhood Theorem from topology allows us
to extend the normal vector field 7, on I' to a smooth vector field N(y) on Y. If we
do this locally, and patch the results together using a partition of unity argument, we
can obtain smooth vector fields after periodic extension. We can then define N¢ and
T¢ on all of Q by setting N¢(z) = N(x/e) = N(y) and T*(z) = T(z/e) = T(y).

Now take ® = T*(¢- T°)(N)" in (4.1), where ¢ € (D(Q; C(Y5)))?. This yields
the first result. Replacing T with V¢ gives the second result. O

In fact, the following more general definition makes sense and was previously
stated in [21], [2], and [9].

DEFINITION 4.3. If{ = s or d and {u§}. C L*(I'°) is such that, for any function
¢(z,y) in D(Q; CF (L)) which is Y -periodic in y,

: . 1
lim | wuj(z)p(z,x/e)dr = m/ﬂ/ruo(x,y) ¢(z,y)dS dx

e—0 Te

for some ug(z,y) in L>(Q x '), then {uj}. is said to two-scale converge on Q x I to
uo(z,y) as e — 0.

5. Proof of the Homogenization Result. We now prove rigorously the ho-
mogenization results obtained formally in Section 2. In the first theorem, we obtain
only weak convergence in H(div, ) x W to the solution of the homogenized problem.
In the second theorem, we show that in fact we have strong convergence of (u€, p®) in
L2(Q) x W.

THEOREM 5.1. There exists (u,p) € H(div,Q) x W such that the velocity u*
converges weakly to u in H(div,Q), p¢ converges weakly to p in W, and (u,p) is the
unique solution to the homogenized Darcy problem

pKu+Vp=f in Q

V-u=gq in Q
u-n=0 on 02 ,

—~~
N =
~

where the tensor K is defined by (2.13) and (2.4)(2.10).
Proof. By our energy estimates in Theorem 3.1 and the two-scale convergence
results of [1, 14], Corollary 4.2, and Lemma 4.4, for ¢ = s,d, there exists py(z,y) €
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L2(Q x Y) and ug(z,y) € L*(Q x Y) such that the following two-scale convergences
hold:

P°— po inQxY, (5.4)
ut — g inQxY, (5.5)
Up —= Upe inQxY,, (5.6)
eVug = Vyug, inQxY. (5.7)

Moreover, ug s € (LQ(Q;H#(YS))V,
vV uf = q, (58)

and

Vy-uo(z,y) =0. (5.9)

Let ¥(z,y) € C§°(Q2xY) be Y-periodic. Take v(z) = e¥(x,x/€) in the variational
problem (3.1), so that
(p5,Vy-¥)+0(e) =0 .
As € — 0, we obtain

(po,vy . W)QXY =0.

This implies that Vypo = 0, so that po(x,y) = po(x) only.
Next take ¥ € (D(; C;f(Y)))2 with V,, - ¥ =0, and let v(z) = ¥(z,z/€) in the
variational equation (3.1), so that

€ € eHo ¢ € e\—1,_ € €
2u62 Dug, DY) . + (us -7, U -7') + (u(K ug, V) .
( )QS /T,'E e ( ( ) d )Qd

= (P Vo ¥°) = (f, 1) .
Using Lemma 4.5, passing to the two-scale limit gives

po 1
2u(Dyug s, Dy ¥ | —=ws T,V T + (WK Tug g, ¥
M( y uo, Y )QXY (\/F 0, )QXF (/~L 0,d )QXYd

— (0, Va - W)axy = (f, ¥)axy -

Integrating by parts and collecting terms, we obtain
(=2uVy - Dyug,s + Vapo — f, V)axy, + (1K uga + Vapo — £, ¥)axy,

7"
+ (Uo,s T4+ 2ut - Dyug s - ns, ¥ - T> (5.10)
VK Y QxT
+ (2,L”]9 : DyUO,s *Ns, v ns)QXF =0.

It is a well-known result that if (®,U)gxy = 0, with V, - ¥ = 0 and ¥ €
D(,C5°(Y))?, then & = Vo for some ¢ € L*(Q; H'(Y)) [28]. Restrict to ¥ €
(D(2;C5°(Ys)))? to obtain

(_2,uvy ) DyuO,s + Vapo — fa \II)QXYS =0.
12



Thus, there exists py s(x,y) € L*(Q; H'(Y;)) such that in Q x Yj,
—2uVy - Dyug s + Vapo — f = —Vyp1s -
Likewise, we obtain p1 4(z,y) € L*(Q; H'(Yy4)) such that in Q x Yy,
K g a+Vapo— f=—Vypia .
Thus for all ¥ € D(£; C;f(Y))2 satisfying the divergence constraint,
(=Vyp1s, V)axy, + (=Vyp1.d, ¥)axy,

+ (\l;%uo,s ST+ 2uT - Dyuo,s s . T>

QxTI
+ (21’”78 : DyUO,s M, U - 775)Q><F =0,
so integrating by parts yields
J1te’
—=ug,s - T+ 2u7 - D uo,,-n,,\II-T>
(vK ’ e QxT (5.11)

+ (2/~”75 . Dyu(),s *MNs — Pl,s +p1,d, v nS)QXF =0.

By noting for example that there exists a weak solution (see [28] or the proof of
Theorem 3.1) ¥ € L?(Q; (H# (Y)?), w € L?(Q; L*>(Y)/R) to

AV +V,w=0 on QO xY,,
Vy-¥=0 on 2 XYy,
U.ns=0 on 2 xI',
\I/-Tzﬂuos~7'+2m'-Duos-ns on 2 xI',

U =0 on Q x (OY;\T) ,

and by the fact that D(Q; C3(Y)) is dense in L*(Q; H},(Y)), we obtain that each in-
dividual term in (5.11) vanishes. We then finally obtain that the two-scale variational
equations (5.9) and (5.10) are equivalent to

—2uVy - Dyuo,s + Vapo(2) + Vyp1s(2,y) = f inQxYs, (512
Vy-ugs =0 inQxY;, (513)

pK " tug g+ Vepo(z) + Vypra(z,y) = f inQxY;, (5.14)

Y, - tgq =0 inQxYy, (5.15)

2ums - Dyugs - 1s = p1,s — P1.d onQxT,  (5.16)

27 - Dyug,s - s = —%Uo,s -7 onQxI. (5.17)

Let (wf, ®%) and (wd, <I>‘j) be Y-periodic solutions to the auxiliary problem on Yj
and Yy given in (2.4)—(2.10). Then, because the above problem has a unique solution,
it is clear that we can express ug s and ug,4 as in (2.11):

N
wosles) = 13 (fjm - Zf(m))w§<y> ,

j=1
13



where ¢ = s or d. Averaging over Y and Yy as in (2.12), we get

Uy = Ug,s + Uo,d

- Mlyé (56 =0 ( [ s+ [ i)

= %(f — Vpo) , (518)

where K is as in (2.13).
By Lemma 4.3 and (5.8), we obtain the weak convergence results in L?(Q)

1
p° = 57 | pol@,y) dy = po() , (5.19)
Y1)y
1
ut — —/ uo(x,y)dy = o , (5.20)
Y1)y
g=V-u*=V-4y=gq. (5.21)

Setting p = po and u = ug, (5.18)—(5.21) gives the theorem, since convergence on the
boundary of the domain is trivial. O

THEOREM 5.2. Let (ug,po) € L?>(Qx Y) x W be the two scale limit of (u€, p¢) as
before. Then u€ — u§ converges to 0 strongly in L*(2), where u§ = u(x,z/€), and p°
converges strongly to po(x) in W.

Proof. Since (g, po) satisfies (5.1)~(5.2) and p and K are smooth, if f € H'(Q)
and g € L?, then py € H?(Q2). It follows that iy € H(Q) and V,ue(z,y) € L*(Q).
We also know that Vyug(z,y) = 0 € L?(2 x Y;), so ug(z,z/€) € V. Since D(R) is
dense in V¢, we can use u§ as a two-scale test function. By two-scale convergence

lim a*(u€, uf) = a(ug, ug) ,

e—0

where
a(v,z) =2 (Dyv, Dyz)q .y + (st T, Zs 'T) + (uKﬁlv,z)QXy .
° \/E QxI ¢

Similarly,
lin%) a‘(ug, ug) = alug, ug)
by two-scale convergence. Subtracting, we obtain 1in% a(u® — ug, uf) = 0.
We can also show that liH(l) af(u,u) = a(ug, ug). Since
af(u,u) = b(us, p) = (f,u), (5.22)
(u,p%) = (¢, ) , (5.23)

we know that a®(uf,u®) = (f,u)qe + (¢,p%)qe. Taking the limit of both sides as
€ — 0, by our weak convergence results in Theorem 5.1, the right hand side converges
to (f,@o)a + (¢, po)a- By (5.2), ¢ =V - g, so integrating by parts gives that

S

lim a®(u, u®) = a(ug, ug) ,
e—0

14



since g satisfies the system of equations (5.12)—(5.17). Finally, by the symmetry of
ac(+,-), we have

. €/, € € € €y __
lim a®(u® — ug, v —ug) =0,

e—0
and by Lemma 3.2, we see that 1in(1J {lluf = gl L2y + €llV(ug = uf )2, } = 0.

Now we show the strong convergence of the pressure p¢ to pg in W. By the inf-sup
condition for Stokes,

(wa V- U)
sup ~————= > | lwllo ,
very  |1v[

there exists a sequence v¢ such that ||v¢]|; = 1 and
i
(P =0, V- 0)qc > 5 Ip" = pollo - (5.24)

By Theorem 3.5 in Appendix A of [14], there exists vo(z) € H(Q2) and v (z,y) €
L2(; H;E (Y)/R) such that (possibly after passing to a subsequence)

v€ == g and Vo — Vyu(x) + Vyvi(z,y) .

Note that we can assume v is such that its average over Y is zero. It follows that

hI% (p07v : UE)QE = (pOav * Vo +/ Vvl dy) = <p07v : UO)Q ;
- Y Q

by the periodicity of v;. Now,
11_% (pe’ V- UE)QE = ll_% (pe’ V- (UE - ’UO))QE + (pO, V- 'UO)Q
= lir% a®(u, v — o) + (po, V- v0)q -
e—

Finally, we can show

!i_{% a(uf, v — vp)

= lim {ZM(eDuE, eD(v" — vo))Q

—0

+ (ua\ / %u; T,/ e(v — ) - T) . + (Kl v — ’U())QZ }

= lim {%(EDW — up), €D(v" — vo)) g,

(et = ) v o)

+ (,qul(uE —ug), v — UO)Q3

€
s

+ 2 (eDug, eD(ve — UO))Q;

+ (ua\ / iug s Ty Ve —vg)s - 7')
K e

+ (K~ tu§, v¢ — 'Uo)Q;}
=0 ,
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where the first three terms above converge to zero because 1111(1) [lu¢ — wollo = O,
€E—>

lir% €[[V(u® — u§)llo = 0, and because v¢ — vy is bounded in H'. The final three

€E—

terms above converge to zero by the two-scale convergence results for v¢ (and because
one term has an extra factor of €). Putting everything together, we have that

lim (p© — po, V- v%) = 0

as € — 0. By (5.24), p® — pg as € — 0 strongly in W. O

6. A Simple Analytical Solution of the Auxiliary Problem. It is not so
easy to construct analytical solutions to the auxiliary problem (2.4)—(2.10), except at
least in the following case. Let Y = (0,¢) x (0,¢) be a square of side length ¢ > 0.
With Yy = (0,¢) x (0,h) and Yy = (0,¢) x (h,¢) repeated periodically, we have a
horizontally layered medium. Note that I' consists of two segments, yo = h and, by
periodicity, yo = 0 < ys = /.

When j =1, it is easy to verify that the solution is

wi(y) = ;(—y§+hyz+\g?h)e1 : (6.1)
wiy) = Key (6.2)

which has flow in the y;-direction only. It follows from (2.13) that Ky = 0 (so K is
diagonal), and
VK

_ 1/1 K
Kihi=>—=h+-"h>+Kl-h)). A4
11 £<12h + oor h*+ K(¢ )> (6.4)

This should be contrasted to the situation in which the porous matrix is replaced
by an impermeable medium. Then w? =0 on I', and we have the well-known problem
of Poiseuille flow in a pipe. The solution is

wi(y) = —%le(h —y2)er , (6.5)
di(y) =0. (6.6)

In this case, we would compute the effective permeability for a unit pressure drop in
the y;-direction (which corresponds to the forcing function e;) as

h3
12¢°
which is the first term on the right side of (6.4).

If instead we assume the vugular region is impermeable, the bulk flow would be
reduced from the porous medium case by the geometric factor (¢ — h)/¢:

~ {—h
K11, parcy = 7 K. (6.8)

K11 Poiseuille = (6.7)

This is the last term on the right side of (6.4). Thus, when considering flow in the
direction of the vugular channel, we have the representation

Kll = Kll,Poiseuille + Kll,Beavers-Joseph + Kll,Darcy ) (69)
16



where

VK

Sad h? (6.10)

Kll,Bcavcrs—Josoph =
represents the Beavers-Joseph interface effect of fluid slippage. This term increases
the Darcy-Stokes flow from the arithmetic average of the pure Stokes “pipe flow” and
the pure Darcy flow. Note that we generally have K < h? and a = O(1). Thus
K 11,Poiseuille 18 the leading term and K 11,Beavers-Joseph 1S the next order term in the
expansion.

When j = 2 in the auxiliary problem (2.4)—(2.10), it is easy to verify that the
solution is

l
wa(y) = 5 Kez (6.11)
P5(y) =2 (6.12)
h
®5(y) = ;7= (L= 12) - (6.13)
Again Kis = Koy =0 and
. ¢
Ky = ;K . (6.14)

In this case, the flow is entirely in the ys-direction.

It is well known and easily verified that one dimensional flow across a porous
medium of permeability &k, for distance h and ko for distance £—h results in a flow rate
Lkq ko
hko + (€ — h)ky’
which is the harmonic average permeability. If we apply this result to our case,
assuming that the vugular channel has infinite permeability, we obtain exactly (6.14).

In conclusion, this example suggests that the effective permeability represents
an average of two extremes. When the vugs are interconnected in some direction,
we have primarily Poiseuille flow behavior, with a low order correction term for the
effective permeability related to the Beavers-Joseph slip (and an even lower order
correction related to flow entirely in the porous matrix). When the flow is along
paths that alternate from vug to matrix, the fluid behaves as if it were flowing in a
porous medium with the vugs having infinite permeability.

that is the same as that in a uniform medium of permeability k =
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